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The object of this paper is to investigate the representation %y induced by 
an irreducible representation %{¢ of a group G in an invariant subgroup H of G. 
In §1 it is shown that %y is either itself irreducible or is fully reducible into 
conjugate irreducible representations of H. In §2 it is shown that Wg is im- 
primitive unless all the irreducible components of %{, are equivalent. In fact, 
if is the representation space of %¢, and hence also of %, , and if we lump 
together all equivalent subspaces of % under %, , then the resulting subspaces 
M,, Re, «**, Rm constitute a system of imprimitivity of %-. If we define 
G’ to be the subgroup of G leaving one of these invariant, say 91, then the 
component of %{¢ in 9, is an irreducible representation A of G’, and Ag is 
expressible very simply in terms of Aor. 

These results hold for any group G and any ground-field P. In §$§3-5, how- 
ever, we make the assumption that P is algebraically closed. In §3 it is found 
that %¢- is the direct product of two irreducible projective representations of 
G’, one of which is actually a projective representation T of the factor-group 
G’/H. In §4 some progress is made on the question of whether or not a given 
irreducible representation of H can be embedded in some irreducible representa- 
tion of G, and in §5 we consider all possible ways of doing this. Two irreducible 
representations %_ and Bg, of G are said to be associate if %, and By have an 
irreducible component in common; associates differ only in the projective repre- 
sentation T of G’/H mentioned above. 

In the case when the factor-group G/H is a finite cyclic group of order k, 
associates can be described as differing from each other only by a factor which 
is a one-dimensional representation of G/H, and hence just a k™ root of unity. 
In the simplest case of all, when H is of index two in G, %¢ has just one asso- 
ciate 15 (besides itself) differing from %{¢ only in that we change the sign of the 
matrices corresponding to elements of G not in H. The situation may then 
be described as follows. If %¢ is not equivalent to 1% , then Wx is irreducible. 
If Xe is equivalent to XG , then %~ decomposes into two inequivalent (conjugate) 
irreducible components. If ®g¢ is another irreducible representation of G 
equivalent to neither Ag nor We , then $y can have no irreducible component 
in common with 9 a(= Wn). 

Virtually all of this theory is known in the case of a finite group G, and the 
greater part of it goes back to Frobenius. For the decomposition of %, into 


conjugates we must refer to Frobenius’ original paper.’ For the results of §2— 
Se 


'G. Frobenius, Uber Relationen zwischen den Charakteren einer Gruppe und denen threr 
Untergruppen, (S.-B. preuss. Akad. Wiss. Berlin 1898, 501-515), p. 506. 
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the imprimitivity of %¢ and its generation by %¢-—we may refer to Speiser® 
and van der Waerden.*® Theorem 2 below is a direct extension of Speiser’s 
Theorem 172 on p. 195 to arbitrary linear groups in any field. Frobeniys' 
knew the theory of associates, as described above, when G is the symmetric 
and H the alternating group, and Burnside’ has a close approximation to it 
when H is an invariant subgroup of prime index in any finite group G. Brauer’ 
was in full possession of these results for the case when G is the full orthogonal 
and H the proper orthogonal group, and Professor Weyl—to whom I am in- 
debted for interesting me in the problem—for the case of any group G containing 
a subgroup H of index two. 

Nakayama and Shoda’ have obtained the results of §§1-3 in the case of an 
irreducible representation of a finite group G by semi-linear transformations, 
H being the invariant subgroup of G consisting of those elements of G which 
effect the identical automorphism in the ground-field. In the concluding sec- 
tion, §6, I shall indicate briefly the modifications necessary to carry over the 
results of §§1 and 2 to this more general case. The results are valid for any 
group G, any invariant subgroup H of G, and any ground-field P. 


1. Futt RepvuciBitity oF Ay 


We begin with any abstract group G, any invariant subgroup H of G, and 
any ground-field P. The elements of G will be denoted by r, s, t, --+ , those of 
H by u, v, --+ , and those of P by small Greek letters. If u — A(u) is any 
representation 2%, of H by matrices in P, A(u) indicating the matrix correspond- 
ing to the element u of H, and if r is any fixed element in G, then the repre- 
sentation %% of H defined by u — A*(u) = A(r“‘ur) will be called a conjugate 
of %y relative to G. %y and %% evidently have the same degree (number of 
rows and columns of the representing matrices), and if %{y is fully reducible so 
also is A, and the irreducible components of %q are conjugates of those of 
Wn. 

If s — A(s) is any representation %¢ of G then we shall say that %¢ induces 
the representation %, of H defined by u — A(u). We propose to study the 
representations of H induced by irreducible representations of G. 

TuHeoreM 1. If %q is any irreducible representation of a group G in any field P, 





2A. Speiser, Theorie der Gruppen von endlicher Ordnung, (second edition, Berlin, 1927), 
pp. 191-199. 

’ B. L. van der Waerden, Gruppen von linearen Transformationen, (Ergebnisse der Math.., 
v. 4, 1935), p. 31 and pp. 75-79. 

4G. Frobenius, Uber die Charaktere der alternirenden Gruppe, (S.-B. preuss. Akad. Wiss. 
Berlin 1901, 303-315), §2. 

5’ W. Burnside, Theory of Groups of Finite Order, (second edition, Cambridge, 1911), 
Theorem VI on p. 337. 

6R. Brauer, Uber die Darstellung der Drehungsgruppe durch linearer Substitutionen, 
(Dissertation 1925), pp. 20-23. 

7T. Nakayama and K. Shoda, Uber die Darstellung einer endliche Gruppe durch halb- 
lineare Transformationen, (Jap. Jour. of Math. 12, 1936, 109-122), pp. 117-120. 
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and H is an invariant subgroup of G, then the representation Uy of H induced 
by We is either itself irreducible or is fully reducible into irreducible components 
all of the same degree. If Uy? is any irreducible component of Aw then all the 
other irreducible components of Un are conjugates of Ay relative to G, and every 
such conjugate of A must occur in the decomposition of Ax. 

Proor: Let R be the representation space of %¢ (and Y%,). If x is a vector 
in 9 we shall write sx for A(s)z, and if S is a subspace of R we shall denote by 
s& the subspace of R consisting of all vectors sz of R as x ranges over GS. 

If S is any subspace of invariant under Y%, , and r is a fixed element of G, 
then the space r@ is also invariant under %,. For if u is any element of H, 
then 


urS =r-r'urS CrS 


since r ur is in H, and uw C © for alluin H. Since the matrix A(r) is non- 
singular, the spaces S and rS have the same dimension (and the inclusions © 
might as well have been replaced by equalities). In fact, if e:, e¢, «++ , én is 
a basis of S, then re; , rez, «++ , Tén.is a basis of rS&. If we set 


ue; = p aij(ue;, 
7 
then 


UTE; = » ai(r ur)re;. 
2 
Hence, under this choice of coordinates in rS, u induces precisely the same linear 
transformation in r© that r ‘ur induces in S: the representation of H induced 
by %y in the invariant subspace rS is a conjugate of that induced by Y%,y in S. 

If S is irreducible under %, then so also is rS. For if XT were a proper 
invariant subspace #(0) of rS then r'X would be a proper invariant sub- 
space #(0) of S. 

Select now any subspace © # (0) of R, invariant and irreducible under %,y. 
IfS = R then Wy is irreducible. If G # R there must exist an element rz 
in G such that rr>S ~# GS; otherwise S would be invariant under Ag , contrary 
to the assumption that %¢ is irreducible. The intersection S N reS of S with 


2S is a proper invariant subspace of r2S, and since r2© is irreducible we con- 
clude that 


S N reS ane (0). 


Their sum S + ro is invariant under A, , and if it is ~R there must exist 
an element 7; in G such that rz is not contained in it. It then follows that 


(S + reS) N 73S = (0), 


‘ince the left-hand member is a proper invariant subspace of the irreducible 
invariant subspace 73S. 








536 A. H. CLIFFORD 


Continuing in this fashion, we construct a sequence of elements r,(= 1), 
12,73, °°* of Gsuch that 


(mS + rS + -++'+ 71-1S) NrS = (0), (¢ = 2,3, ---), 
But this means that the spaces r,{S are mutually independent, and since they 


all have the same positive dimension the total space § must be exhausted after 
a finite number of steps: 


R= S+nrS+--- +7. 


We thus succeed in decomposing ®t into a sum of mutually independent sub- 
spaces, invariant and irreducible under %y. We have already observed that 
the irreducible component of % in each 7,S is a conjugate relative to G of 
that in S. That every such conjugate must occur follows from the arbitrari- 
ness in the choice of 72 ; for the only restriction on rz was nS ¥ G, while if 
roS = S the two conjugates are equivalent. 


As an immediate corollary of this theorem, if %{¢ is any fully reducible repre- 
sentation of G, and if H is any subgroup of G that can be reached by a normal 
series from G, then 2%, is also fully reducible. 

If H is of finite index k in G, say 


G=nH+rnH+---+ rH, (r; = 1), 


then the number of irreducible components of 2% cannot exceed k. For the 
spaces 7; are merely permuted among themselves by any s in G, and hence 
their sum must be the total space . They are not a system of imprimitivity 
of %¢ , however, since they will not in general be linearly independent. 


2. IMPRIMITIVITY OF Wg 


A representation %¢ of G is said to be imprimitive if it is possible to decompose 
its representation space ft into a direct sum 


R= M+ Re t--- + Rn 


in such a way that the spaces ; are permuted bodily among themselves by any 
transformation A(s) in %¢. The spaces ®; are said to constitute a system of 
imprimitivity of A. 

Continuing with the situation described in Theorem 1, let 2%”, re a 
be a complete list of the inequivalent irreducible representations of H occurring 
in the decomposition of %y. Choose a coordinate system in the representation 
space ¥ of %f¢ which exhibits the full reduction of % , and for each 7(=1, 2,:°: ,m) 
let ®; be the sum of all the equivalent irreducible invariant subspaces of # 
belonging to %{?. 

THEOREM 2. 91, Re, «+: , Rm constitute a system of imprimitivity of Yc. 
Each of the inequivalent irreducible components i; of Ux occurs in Un the same 
number of times. If this number is l, and if the degree of each i? is n, then the 
degree of Aq is lmn. 
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Proor: In accordance with the decomposition 


R= RM+ M+ --- + Rn 


we write the matrices A(s) of %¢ in the form 


| Au(s) +++ Aim(s) || 
Pe See eee . 
A mi(s) >> + Amm(8) | 


For elements u in H, the matrices A,;(u) with 7 ¥ j are all zero, and the repre- 
sentation wu — Aj;(u) of H is a multiple of the single irreducible representation 
<". 

Let s be an arbitrary but fixed element of G. Since s ‘us is in H for all u 
in H, the equation 


A(u)A(s) = A(s)A(s*us) 


leads to 


Ai:(u)Ai;(s) = Ai;(s)B;;(u), (i,j = 1,2, ---, m), 


where 


B;(u) = A;,(s‘us). 


The representation u — B;;(u) is a conjugate of u.— A,;(u), and is therefore 
a multiple of a conjugate 6} of Uf’. 

This equation holds for all uin H. By a simple extension of Schur’s lemma’ 
it follows that A;;(s) = 0 unless %f? is equivalent to BY. For a fixed index j 
there can be only one index 7 such that this is so, since AY, ---, AY” are all 
inequivalent. Hence there can be only one non-vanishing component-matrix 
A;;(s) in each column of A(s), which means of course that A(s) merely permutes 
the spaces 9t1, --- , Rm among each other. 

Since %¢ is irreducible it is transitive, and all the spaces ; must have the 
same dimension. Since by Theorem 1 all the irreducible components of Ay 
have the same degree n, it follows that Wf, ---, X14” must each occur in Wy 
the same number of times 1. That the degree of Y¢ is lmn is obvious. : 

We may give a more explicit form for %¢ by introducing the group G’ leaving 
the first space 9, invariant. G’ consists of all elements s’ of G for which 
sR, = R,, or in other words such that Au(s’) is the non-vanishing component- 
matrix in the first row and column of A(s’). If we select elements 72, -+- , Tm 
in G such that ri = MR, then 


G=G' + nG’ +--+ + 7nG’. 


For each s in G throws ®, into some 9; , whence sr; is in G’. G’ is thus a 


(not in general invariant) subgroup of G of finite index m. 
eee 


"If %z and Sz are multiples of inequivalent irreducible representations of a group H, 
and A(u)C = CB(u) for all u in H, then C = 0; this is valid in any number field. 
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The non-vanishing component-matrix in the first column of A(r;) is A4(r)), 
We can choose a basis in each of the spaces Jz, --- , Im such that A4(r;,) js 
the identity matrix E of degree In. This is effected by the transform L”'A(s)J, 
where 


le | 


| 
b=| 








A mi(T'm) | 


From Aa(r;) = E we conclude at once that A;:(r;') = E, and hence 
A;,(ris'r;') = 2, Ain(ri)Au(s')Arj(r;") = A;,(s’) 


for all s’ in G’, since k = 1 and 1 = 1 are the only indices for which A x(r,) 
and A;,(r;') do not vanish. 

For a given s in G and a given index 7, there is a uniquely determined index i 
such that r;‘sr; is in G’, namely that of the coset r,@’ to which sr; belongs. 
Setting r;'sr; = s’, then s = rjs’r; and 


A;;(s) = Aun(r;'sr;). 


On writing A’(s’) in place of Au(s’), the component-matrices A;;(s) of A(s) 
for any s in G are given by 
Al(rz'sr;) if rz’ sr; is in @’ 
it a j is ? 
otherwise. 


From this we see that the representation %- of G’ defined by s’ > A(s’) 
must be irreducible, for its reducibility would evidently entail that of Yc. 
%¢ is the imprimitive representation of G generated by the irreducible repre- 
sentation %%- of G’. We add the final remark that %, = 1-%; the repre- 
sentation %, induced by %G, in the invariant subgroup H of G’ is simply the 
multiple 1 of the irreducible YU”. 


, 
3. STRUCTURE OF Wg. 


Since %¢ is completely known when we know 94. we may proceed to investi- 
gate the structure of the latter. In this section we shall assume that the ground- 
field P is algebraically closed. Since we shall now operate entirely within (i 
we may avoid a multitude of primes by replacing @’ by G, %@- by Uc. We 
deal now with the case m = 1, when all the irreducible components of %x are 
equivalent: AX, = 1-%;. Again denoting by n the degree of a, that of 
Ae is In. 


TuroreM 3. When all the irreducible components of Ux are equivalent, 
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%y = 1-A, and the ground-field P is algebraically closed, then Ag is the direct 
product of two irreducible projective representations of G: 


A(s) = C(s) x T(s), 


where T'(s) is of degree l, and C(s) has the same degree n as Ay’. s — T(s) is 
actually a projective representation of the factor-group G/H. 

Proor: We choose a coordinate system in ® such that the matrices A(u) 
of %, have the fully reduced form 


A,(u) 
A,(u) 


A(u) = , 














and write correspondingly® 


An(s) --- An(s)|| 


Each component A.as(s) of A(s) is itself a matrix of degree n. For elements 
uin H, Aqs(u) is zero if a # Band Aaa(u) = A;(u). 

By Theorem 1, every conjugate of %{ relative to G is equivalent to % 
Hence to each s in G there corresponds a non-singular matrix C(s) of degree n 
such that 


(1) 
H - 


Ax(s ‘us) = C~*(s)Ai(u)C(s) 
forallwin H. From 
A(u)A(s) = A(s)A(s‘us) 
we have at once 
A;(u)Aas(s) = Aas(s)Ax(s us), 


and consequently 
Ay(u)A ap(s)C"(s) = Aap(s)C '(s)Ax(u). 


Regarding s as fixed, this equation holds for all u in H, and hence by the second 
part of Schur’s lemma,’® Aag(s)C~"(s) is a scalar matrix: 


Aaa(s) = Yas(s)C(s), 


ie ee 


* Aii(s) should not be confused with the A1:(s) in §2; it really stands for Aj,(s’). In 
the case we are considering now, the developments of §2 are of course entirely absent. 

‘’ In an algebraically closed field, the only matrices commuting with an irreducible set 
of matrices are scalar multiples of the identity matrix. 
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The non-vanishing component-matrix in the first column of A(r;) is A4(r,), 
We can choose a basis in each of the spaces 32, --- , Rm such that A a(n) is 
the identity matrix E of degree In. This is effected by the transform L”'A(s)J, 
where 


\E | 
Aa(r2) 


| 
| 


L = || 











A atlTal | 


From Aja(r;) = E we conclude at once that Au(ri’) = E, and hence 
A;;(ris’1;) = 2, Alri) An(s'VAr(75") = Axu(s’) 


for all s’ in G’, since k = 1 andl = 1 are the only indices for which A ,(r;) 
and A;,(r;') do not vanish. 

For a given s in G and a given index J, there is a uniquely determined index i 
such that r;‘sr; is in G’, namely that of the coset r;G@’ to which sr; belongs. 
Setting r;'sr; = s’, then s = rjs’r;' and 


Ai;(s) = Au(r;'sr;). 


On writing A’(s’) in place of Ai(s’), the component-matrices A;;(s) of A(s) 
for any s in G are given by 


A'(r;'sr;) if rz’ sr; is in G’ 
ise (r; sr;) ifr " sinG’, 

otherwise. 

From this we see that the representation %%- of G’ defined by s’ > A’(s’) 
must be irreducible, for its reducibility would evidently entail that of Yc. 
%~ is the imprimitive representation of G generated by the irreducible repre- 
sentation %¢- of G’. We add the final remark that %, = 1-%’; the repre- 
sentation %{j, induced by 7, in the invariant subgroup H of G’ is simply the 
multiple 1 of the irreducible %{”. 


, 
3. STRUCTURE OF Wg. 


Since %¢ is completely known when we know %4- we may proceed to investi- 
gate the structure of the latter. In this section we shall assume that the ground- 
field P is algebraically closed. Since we shall now operate entirely within 
we may avoid a multitude of primes by replacing G’ by G, XG, by Uc. We 
deal now with the case m = 1, when all the irreducible components of %x are 
equivalent: A, = 1-%%?. Again denoting by n the degree of a7’, that. of 
Ae is In. 

THEOREM 3. When all the irreducible components of Xu are equivalent, 
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A, = 1-Uy’, and the ground-field P is algebraically closed, then Aq is the direct 
product of two irreducible projective representations of G: 


A(s) = C(s) X T(s), 


where T'(s) is of degree l, and C(s) has the same degree n as Mi. s — 1(s) is 
actually a projective representation of the factor-group G/H. 

Proor: We choose a coordinate system in ® such that the matrices A(u) 
of %, have the fully reduced form 


A,(u) 
Ai(u) 


A(u) = 














A(u) 
and write correspondingly” 
Ax(s) «++ Ax(s) 


An(s) eo Au(s) 


Each component Aag(s) of A(s) is itself a matrix of degree n. For elements 
uin H, Aag(u) is zero if a # Band Aga(u) = A;(u). 

By Theorem 1, every conjugate of Wf relative to G is equivalent to A. 
Hence to each s in G there corresponds a non-singular matrix C(s) of degree n 
such that 


A,(s‘us) = C~'(s)Ai(u)C(s) 
forallwin H. From 


A(u)A(s) = A(s)A(s us) 


we have at once 


Ai(u)Aap(s) = Aap(s)Ax(s ‘us), 


and consequently 
A,(u)A aa(s)C™"(s) = Aas(s)C (8) Ai(u). 


Regarding s as fixed, this equation holds for all u in H, and hence by the second 
part of Schur’s lemma,” Aas(s)C~'(s) is a scalar matrix: 


Aas(s) = Yaa(s)C(s), 


SS Es 


*Aii(s) should not be confused with the Aii(s) in §2; it really stands for A{,(s’). In 
the case we are considering now, the developments of §2 are of course entirely absent. 

Tn an algebraically closed field, the only matrices commuting with an irreducible set 
of matrices are scalar multiples of the identity matrix. 
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where Yaa(s) is in P. This means of course that the matrix A(s) is the direct 
(Kronecker) product 


A(s) = C(s) X T(s), 


where I'(s) is the matrix || yas(s) || of degree 1. By Schur’s lemma, ((s) is 
determined by s to within an arbitrary scalar multiple; if C(s) be replaced by 
pC(s) then I'(s) must of course be replaced by p ‘I'(s). 

If s and ¢ are any two elements of G, then from the two equations 


A(st) = C(st) X I'(st) 
A(s)A(t) = C(s)C(t) X T(s) TQ) 


it follows that C(st) and I'(st) differ from C(s)C(¢) and I'(s)I'(¢) respectively 

only by scalar multiples. s — C(s) and s — I(s) are therefore projective repre- 

sentations of G. If either were reducible, the same would be true of Yq. 
Since the matrices A(u) of %y have the form 


A(u) = Ai(u) X F,, 


E, being the identity matrix of degree 1, we can assume I'(u) = £; for all u 
in H. Hence s — I(s) is actually a projective representation of G/H. 


4. THe EMBEDDING PROBLEM 


We turn next to the problem of embedding a given irreducible representation 
a of H in an irreducible representation %¢ of G: can we find an irreducible 
%_ such that Xf? occurs as an irreducible component in A 4? 

An obviously necessary condition is that 4 have a finite number of in- 
equivalent conjugates relative to G. If we define G’ to be the group leaving 
i? invariant, conmating of all elements s’ in G@ such that the conjugate 
u — A,(s’ us’) of UY is equivalent to A”, then this condition evidently means 
that G’ shall be of finite index in G. This G’ is the same as that introduced in 
§2, and hence a second obviously necessary condition is that it be possible to 
embed Y%y” in an irreducible representation %¢- of G@’. 

But these conditions are also sufficient. Let m be the number of distinct 
conjugates of Uf relative toG. Then there exist m elements 1r:(= 1), 72, °**) 7m 
in G such that 


fh: u—>A,(u) = Ax(ri*ur), (¢ = 1,2, --: , m); 
are the m distinct conjugates of %{, and 
G = 1G’ + reG’+ --+ + 1mG’. 


By hypothesis there exists an irreducible representation %¢- of G’, s’ > A’(s ); 
such that % is an asvodiuciote component of the representation Wy of H in- 
duced in H by %G-. Since A{? is equivalent to all its conjugates relative to G', 
%, is necessarily a multiple 1 of AS. 
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We now define %¢ to be the representation of G generated by Aor, that is, 
we define 


|Aun(s) +++ Aim(s) | 
pence | Seppe prneeantiae | 
Am1(8) -*+* Amm(s) || 
where 
A'(r;'sr;)_ if rz*sr; is in @’, 
Ai;(s) = , , 7% 


otherwise. 


To see that s — A(s) is in fact a representation %, of G, we note that 
>; Ai,(s)A jx(t) will be zero unless there is an index j such that r;'sr; and 
r; tr, are both in G’, and in this case it is equal to 


A'(r,'sr;)A'(r;‘try) = A'(ry’strs) = An(st). 
Hence 
A(s)A(t) = A(st). 
For elements u in H, A;;(u) = O if ¢ ¥ j, and 


A i(u) 
A;(u) 


Ai(u) = A'(rz ur) = 














A,(u) 
Hence 
Me = 1 41M +e + LU. 


To see that %¢ is irreducible, let Be be the irreducible component of %¢ 
such that Bg contains YG, (this does not presume the full reducibility of Ao!) 
But then Sy will contain %, = 1-%{ and hence by Theorem 1 will contain 
1-7, «++ , 1-98” as well. Qo has therefore the same degree as %¢, and so 
must coincide with it. 

This reduces the problem to that of embedding %{? in an irreducible repre- 
sentation %%- of G’. While the foregoing was valid in any ground-field P, 
we now assume P to be algebraically closed. To simplify the notation we may 
again replace G’ by G and assume that the given irreducible representation 
Ur of H is equivalent to all its conjugates under G. This means (as in §3) 
that to each s in G there corresponds a non-singular matrix C(s), of the same 
degree n as the matrices A,(u) of %$, such that 


Ax(sus) = C7(s)Ax(u)C(s) 
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for all uw in H. From Schur’s lemma we readily find that C(s) is determined 
by s to within an arbitrary scalar multiple, and that C(s)C(é) differs from C(st) 
only by a scalar multiple: 


C(s)C(t) = a(s, t)C(st), 


with a(s, t) # Oin P. s — C(s) is of course the same projective representation 
of degree n of G that occurred in §3; the essential point is that it is determined 
entirely by % and the structure of H in G. 

The function a(s, t) must satisfy the associative condition 


a(rs, tha(r, s) = a(r, st)a(s, t), 


and such a function is called a factor-set.’ If we make a new choice of the rep- 
resentative matrices C(s), say o(s)C(s), then the factor-set a(s, t) is replaced 
by the associate factor-set 
o(s) a(t) 
a (st) 


The reciprocals a ‘(s, t) of the numbers a(s, #) also satisfy the associative con- 
dition; a *(s, t) is the factor-set inverse to a(s, t). 

We proceed to show that the factor-set a(s, t) belonging to the projective 
representation s — C(s) of G is associate to a factor-set essentially of G/H. 


a(s, t). 


We need only choose representatives so, t , --: from each coset soH, tH, --: 
of G mod H, fix C(so), C(t), --* in any way, and define 

C(spu) = C(so)Ai(u), C(u) = Ai(u). 
Then 


C(su) = C(s)Ai(u) 
for alls in G and all win H. Hence if u and v are in H, s and ¢ inG, 
C(su)C(tv) = C(s)Ai(u)C(t) Ar(v) 
= C(s)C(t)Ai(t ut) Ar(v) 
a(s, t)C(st) A(t ‘utv) 
= a(s, t)C(sutv), 


whence 

a(su, tv) = a(s, t). 
Thus the values of the function a(s, t) depend only on the cosets of G mod H 
in which s and ¢ lie. 


Now in Theorem 3 the matrices I'(s) must evidently multiply according to 
the inverse factor-set a ‘(s, t): 


I'(s) P(t) = a “(s, t)T (st). 





11 See, for example, van der Waerden, l.c. §21, and the references there to Schur’s orig- 
inal papers. 
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Consequently a necessary condition that %{ can be embedded in an irreducible 


A, is that the factor-set a “(s, t) of G/H can be realized by a projective repre- 
sentation s > I'(s) of G/H. 

But this condition is also sufficient. If such a realization exists then we may 
take any irreducible component of it, call it s — I'(s), and define 


A(s) = C(s) X T(s). 


3 — A(s) is evidently an ordinary representation A of G, and Ay = 1- Yj)? 
if lis the degree of I'(s). To show the irreducibility of %¢, suppose that we 
have a linear relation among the components of A(s): 


‘Po Ce” 
eunabtiddn:t (” ), 
2s pitas 7 Yap ’ a,B =1,2,---,l 


where 
C(s) = || exs(s) |I, T'(s) = || vaa(s) ||. 


Let s be a fixed element of G, and wu a variable element of H. Since I'(sow) 
= I'(so) we have 


De Pijasli(80U)Yap(8) = 0. 


Now C(syu) = C(so)Ai(u), and since there are n’ linearly independent matrices 
A,(u) as u ranges over H (by Burnside’s theorem), it follows that there are n° 
linearly independent matrices C(sou). Hence 


2 PijapYap(So) = 0. (i,j = 1,2,---,n). 


This holds for each s) in G, and since s — I(s) is irreducible we conclude that 
every pijag = 0. 

We may give an alternative expression of the condition that a ‘(s, t) be 
realizable by a projective representation of G/H by introducing the group- 
algebra a of G/H relative to the factor-set a ‘(s, t). Let us denote the elements 
of G/H by S, T, «++ ; then we may write 


as,r = a(s, t) 


if s belongs to the coset S and ¢t to T. Corresponding to each S in G/H we 
introduce a symbol ws and define a to be the algebra over P with the symbols 


Ws as a basis, the product wswz of the two basic elements ws and wr being 
defined by 


—1 
WsWr = Qs,7Wsr. 


ais an associative algebra because of the associativity conditions on a(s, ¢). 
Its order over P is the order of G/H, which may of course be infinite. 

Any representation of a leads at once to a projective representation of G/H 
Which realizes the factor-set ajs,7 , and conversely. The condition in question 
is therefore equivalent to the condition that the algebra a possess a representa- 
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tion of finite degree. This is certainly the case if H is of finite index in G, 
for then a is an algebra of finite order over P. 

We summarize the results of this section in the following: 

TuEorEM 4. A given irreducible representation A of H can be embedded in 
an irreducible representation U¢ of G if and only if (i) the subgroup G’ of G leaving 
Xi invariant is of finite index in G, i.e. the number of inequivalent conjugates of 
A relative to G is finite, and (ii) a can be embedded in an irreducible repre- 
sentation Ug of G’. 

If the ground. field P is algebraically closed, (ii) holds if and only if (iii) the 
factor-set a” C t’) of G’/H determined by gp can be realized by a projective 
representation s’ — I'(s’) of G’ / H, or in other words if the group-algebra a of G'/H 
corresponding to the factor-set a '(s’, t’) has a representation of finite degree. 

In particular, if H is of finite index in G, then every irreducible representation 
of H can be embedded in an irreducible representation of G. 

The last assertion can be proved more simply, and without any assumptions 
on the ground-field P, by forming the representation %¢ of G generated by 

>. Suppose 

G=tH+thH+:-:: +H, (t; = 1). 
Then %¢ is defined as usual by 


< A1(s) ie Ax.(s) 
A(s) = || terre tet eres 
An(s) ia i ‘Arx(s) 








where 

- (Ax(t;*st;) if t7'st; isin H 

A;;(s) = : 

0 otherwise. 
If m is the index of G’ in G, and h that of H in G’(mh = k), then evidently 
Ge = heUW +h UMP +--+ he” 

where %f, UY, ---, UY” are the m distinct conjugates of Ay’. Hence if 
We is any irreducible constituent of %¢ (again we do not assume the full reduci- 
bility of %¢), then the irreducible components of 2% must be a% and its con- 
jugates. 


5. ASSOCIATES 


We consider finally the question of finding all possible ways of embedding an 
irreducible representation of H in an irreducible representation of G. Two 
irreducible representations %¢ and Bz of G will be called associate’ relative to 
H if Ay and By have an irreducible component in common. If we denote by 
%; this common irreducible component, then, by Theorem 1, %7 and Bx have 





2 This term is perhaps unfortunate, as it suggests that W%¢ and Be are projectively 
equivalent; this turns out to be the case if G/H is a finite cyclic group, but is not so in 
general. 
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the same irreducible components, namely the conjugates of YX relative to G, 
except possibly for their multiplicity. 

Now the group G’, the irreducible projective representation s’ — C(s’) of G’ 
whose degree n is the same as that of Wy, and the corresponding factor-set 
a(s’, t’) of G’/H are all determined by %{. We are then allowed the liberty 
of picking any irreducible projective representation s’ — I(s’) of G’/H which 
realizes the inverse factor-set a °(s’, t’). Having done this, the resulting irre- 
ducible representation XG» of G’ uniquely determines the irreducible representa- 
tion %_ of G, and conversely AG. is uniquely determined by Wg since it can be 
characterized as that irreducible component of %¢ which induces a multiple 
of 4S? in H. Of the three stages in this construction, the first and last are 
completely fixed; two associates %_ and BS, can therefore differ only in the 
middle stage, the choice of I. 

Let us fix upon a definite determination of the matrices C(s’), and let T 
and A be the projective representations of G’/H corresponding to the associates 
%, and Bg respectively, so that 


A’(s’) = C(s’) X T(s’) 
B’(s') = C(s’) X A(s’). 
Since the matrices C(s’) are fixed, so also are I'(s’) and A(s’). We shall say 


that T and A are strictly’* equivalent if and only if there exists a constant non- 
singular matrix N such that 


A(s’) = N“T(s’)N 
for alls’ in G’. This amounts to saying that the corresponding representations 
of the algebra a are equivalent in the ordinary sense. 

If such an N exists, then %¢- and Sg, are obviously equivalent. If, on the 
other hand, %@- and Bg are equivalent, then there exists a constant non- 
singular matrix M such that 

C(s’) X A(s’) = M~[C(s’) X T(s’)]M. 


lr and A must evidently have the same degree 1. For elements u in H this 
becomes 


Ai(u) xX E, = M"[A,(u) x E\|M. 
This means that M commutes with the matrices 


Ai(u) 
Ai(u) 














A,(u) 


'’ The purpose of this adjective is to prevent possible confusion with projective equiva- 
lence of T and A. 


—_————_—_ 
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of 1-7, and so must be of the form E, X N, N being of course a non-singular 
matrix of degree 1. We then have 


C(s’) X A(s’) = C(s’) X N“T(s’)N. 


If so is a fixed element of G’ then by Burnside’s theorem there are n” linearly 
independent matrices C(s)u) as uw ranges over H, from which we readily con- 
clude that 


A(s’) = N“T(s’)N. 


Since A and Bg are equivalent if and only if %¢- and Bg, are equivalent, 
we have: 

THEOREM 5. Two associates of G relative to H can differ only in the projective 
representations of G’/H which they determine, and they are equivalent if and only 
af the latter are strictly equivalent. 

We can visualize the relationship between associates of G relative to H on 
the one hand, and conjugates of H relative to G on the other, by dissecting the 
set of all irreducible representations of G into classes of associates relative to H, 
and similarly the set of all irreducible representations of H into classes of 
conjugates relative to G. The latter fall into two categories: (I) those that 
can be embedded, and (II) those that cannot. We then have a one-to-one 
correspondence between the class of classes of associates of G and the class of 
those classes of conjugates of H which fall in Category I. The relationship 
between a class of associates and the corresponding class of conjugates is simply 
that each member of the former induces in H a representation whose irreducible 
components are precisely all the members of the latter. 

When H is of finite index in G, Category II is empty, and moreover each 
class of associates is finite, since there is a one-to-one correspondence between 
it and the class of all the inequivalent irreducible representations of the algebra 
a. In this case we may say that if we know all the irreducible representations 
of G then we know all those of H (the converse being true, at least theoretically, 
even when H is not of finite index in @). Every irreducible representation of H 
can be found by decomposing the representations induced by those of G, and 
every irreducible representation of G can be found by reducing the representa- 
tions generated by those of H. 

In fact, the irreducible constituents of the representation U%¢ generated by 
an irreducible representation %f; of H (end of §4) comprise the whole class 
of corresponding asssociates. Let us denote the latter by “%c, et 
9, , and let I, , le , ++ , Ll, be their respective indices of multiplicity, that is: 


Mer = da We? + de AP 4 e+ + 1 A, (a = 1,2, -+*59). 


Then we can show, at any rate if the characteristic of P is zero, that %_ con- 
tains each ‘“ %¢ puaciie l, times, as in the Frobenius relations for finite groups. 
I am unable to say whether or not %¢ is fully reducible. 
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The theory becomes especially simple when G/H is a finite cyclic group, say 
of order k. We may write 


G=H+rH+rH+-::-4+r°7H, 


where r“, and no lower power of r, is in H. We shall assume here that k is 
not divisible by the characteristic of P. G’/H is also cyclic, and we know that 
every projective representation of a cyclic group can be normalized into an 
ordinary one (every factor-set is associate to 1). Every irreducible repre- 
sentation I of G’/H is, moreover, of degree one, and hence 1 = 1. The index 
m of G’ in G is a divisor of k, and the number of distinct irreducible repre- 
sentations I’ of G’/H is equal to the order k/m of G’/H. The irreducible com- 
ponents of the representation U4 induced in H by an irreducible X¢ are all inequiva- 
lent, and their number m 1s a divisor of the index k of H in G; the number of distinct 
associates of Ug relative to H is precisely k/m. 
On setting g = k/m we may write 


G=@4+r@'+rG't+--- +r" "¢, 
@=A+r"H +r"A +-e) + ror“. 


In order to emphasize the fact that the irreducible representation T of G’/H 
is of degree one, we shall write y(s’) in place of Ts’). y(s’) is, for each s’ in 
G', aq" root of unity, and its value depends only on the coset of G’ mod H 
in which s’ lies. Since moreover G’/H is a subgroup of the abelian group G/H, 


y(t's't) = y(s’) 


for every ¢ in G and every s’ in G@’. 
If s — B(s) is an associate Be of Ag, then, by Theorem 5, Bz, differs from 
%- only by such a one-dimensional representation of G’/H: 


Bi(s') = (s')A'(s’). 
On replacing r; by r** in the expression (§2) for the component-matrices 
Ai;(s) of A(s) we get 
A'(r™ sr?) if r**" sr7 is in G’, 
A;,(s) = 


otherwise, 


and similarly of course for the components B;,;(s) of B(s). Since in the present 
case G’ is itself invariant in G, we see that, for elements s’ in G’, 


Ais’) =0, (#9), 


Aii(s’) _ Al(rs'r*), 
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Similarly, 
B;(s')=0, (#9) 
Buls!) = Bsr) 
_ (nF gtp2y A pgp) 
= y(s’)Ai:(s’). 
Hence 


B(s’) = y(s’)A(s’). 
Now 7(r”) is a q™ root of unity in P, and hence we can write 
y(r") =e 
where ¢ is a k* root of unity in P, recalling that k = mq. We assert that Bo 
is equivalent to the representation 3 of G defined by 


A*(r'u) = &A(u), (¢ = 0,1, +--+ ,k —1;uin#). 


A* coincides with Bg within @’, i.e. AG, = Be. But since GQ’ is invariant in G, 
all the diagonal components A;;(s) of the matrix A(s) corresponding to an 
element s of G not in G’ must be zero. Hence %3 and Bg have the same char- 
acter, and so must be equivalent. 

This shows that every associate of Ag is equivalent to an Aj of the above 
form. But on the other hand every such %%, defined by means of any k" 
root of unity ¢, is plainly associate to %¢, since Ay = Ay. This affords an 
easy means of writing down immediately all the associates of %¢. Expressed 
in this form, there are k possible associates of 2{¢ (corresponding to the k distinct 
k‘” roots of unity ¢ in P), some of which may be equivalent, and similarly k 
possible conjugates of %{ (corresponding to transforming by 1, 1, 1’, --: r), 
We then have a kind of reciprocity between them: if m be the number of in- 
equivalent conjugates of %{{ relative to G, and q the number of inequivalent 
associates of %¢ relative to H, then the product mq of these numbers is equal 
to the index k of H in G. The case k = 2 was described in the introduction. 


.6. EXTENSION TO SEMI-LINEAR REPRESENTATIONS 


Let G be any group, P any field, and let there be a fixed homomorphic mapping 
of G onto a group of automorphisms of P. The effect on @ in P of the auto- 
morphism corresponding to s in G will be denoted by a’. In order to retain 
the privilege of writing operators on the left of operands it will be necessary 
to define the law of composition backwards: 


a’ = (a’)’. 
If R is a vector-space over P of dimension n, and 


t= (f:, f, °°" » En) 


is a vector in R, then we define 


a’ = (&,&&, +++, &). 
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A semi-linear representation %¢ of G in ® is a homomorphic mapping s — { A(s), s} 
of G onto a group of semi-linear transformations 


x — A(s)2* 
in R. The result of {A(#), t} followed by {A(s), s} is 
x — A(s)[A(é)a‘]’ = A(s)A*(t)x"*, 
and this must be the same as {A (st), st}, ie. 
x — A(st)x*’. 


Hence a necessary and sufficient condition that the correspondence s — { A(s), s} 
be a representation of G is that the matrices A(s) satisfy 


A(st) = A(s)A*(t). 


Passage to a new basis of connected with the old by a non-singular matrix 
M results in replacing A(s) by M~*A(s)M*. Two semi-linear representations 
%, and Be of G are therefore said to be equivalent if their matrices A(s) and 
B(s) are connected by 


B(s) = M™“A(s)M*. 


A subspace © of ® is invariant under %¢ if A(s)z* is in S for all z in S and all 
sin G. © is irreducible if it contains no proper invariant subspace # (0). 
A¢ is fully reducible if R is the direct sum of irreducible invariant subspaces; 
this means that A(s) decomposes into diagonal blocks A;(s), As(s), «++ such 
that the semi-linear representations s — {A;(s), s}, s — {Ae(s), s}, «++ are 
all irreducible. 

Schur’s lemma holds as well: if %¢ and Bg are irreducible, and if M is a con- 
stant matrix such that 


A(s)M’ = MB(s) 


then M = Oor M is non-singular. For the columns of M constitute an invariant 
subspace of the %{-space, and the vectors x of the B-space satisfying Mz = 0 
constitute an invariant subspace thereof. As an immediate corollary, such an 
M is zero if %¢ and Bg are multiples of inequivalent semi-linear representations 
of G. 

Let H be any invariant subgroup of G, and %y a semi-linear representation 
u— {A(u), u} of H. If s is a fixed element of G, then u — {A‘(s‘us), u} is 
also a semi-linear representation of H which we call a conjugate of Ux relative 
toG. For if we set 


B(u) = A‘(s ‘us) 
then 


B(wv) = A‘(s‘us-s~‘vs) 
= [A(s*us)A* “*(s~‘vs)]* 
= A*(s ‘us)A“(s vs) = B(u)B"(v). 
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Notice that u — {A(s us), uw} without the superscript s is not in general a 
semi-linear representation of H. 

The reasoning in §§1 and 2 can now be repeated without essential modifica- 
tion. Writing sz for A(s)z*, we note that s-tz = st-x and that s-ar = a'-s7 
(ain P). The only change that has to be made in the proof of Theorem 1 js 
in the expression for the effect of u in H operating on the basis rey, --- , re, 
of rS: 


Ure; = rer ur-e; 
=?T: = aij(r ‘ur)e; 
i 
=» ali(rtur)re;. 
j 


This agrees with the definition of conjugate given above. 
Proceeding as in §2, we obtain from 


A(u)A“(s) = A(s)A*(s”‘us) 
the equations 
A,(u)Ai;(s) = Aii(s)Aj (sus), 


and apply Schur’s lemma in its new form. 
Transforming by the same constant matrix L, i.e. passing to L”'A(s)L’, 
we obtain, in the new coordinate system so defined, Aa(r;) = HE. From 


> AlrdAR (rs) = An(l) = E 


we obtain Aji(r;’) = E, and hence A;,(r;°) = E. 
From 


A(rst) = A(r)A"(s)A™(t) 
we obtain 
Aj(r;8'r;) = 2, AualriAR(s)AiS (75) 
= Aalri)Aji(s’)A ti (15°) = Aji(s’) 
for all s’ in G’. Hence on setting Ay(s’) = A’(s’) the expression for %c in 
terms of %¢- so defined is 
A’*(rz*sr;) if rz'sr; is in G’ 
A;,(s) ii i) ‘ ’ 
otherwise. 
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ARITHMETIC IN FIELDS OF FORMAL POWER SERIES IN 
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The essential algebraic properties of perfect fields are determined by the 
structure of the field of residue classes belonging to the prime ideal of the field 
with respect to which it is perfect. This fact was familiar from many properties 
and theorems, and it has been shown directly by H. Hasse and F. K. Schmidt 
that the type of a field which is perfect with respect to a discrete archimedean 
valuation—that is to say the group of values is equal to the additive group of 
all integers—is generally given by the field of residue classes.’ The fields of 
formal power series in one variable with coefficients in a given field belong to 
that class. These theories of Hensel can be generalized to fields upon which 
a valuation function is defined whose values form an arbitrary linearly ordered 
abelian group. In the present paper we shall investigate the algebraic and 
arithmetic properties of fields whose value group is isomorphic with the additive 
group of lexicographically ordered m-tuples of integers. Obviously reductions 
of such groups on archimedean groups will play an important rdle in our dis- 
cussion. Nevertheless we have no general argument of induction that would 
apply throughout in the proofs, and the proofs though often similar have to be 
repeated to some extent. Under certain restricting conditions upon the group 
of values and the fields of residue classes we shall be able to show that our 
fields are isomorphic with fields of power series in several variables, furthermore 
that the valuations of the fields under consideration are uniquely determined. 
As in Hensel’s case the arithmetic of these fields and that of their finite alge- 
braic extensions are determined by the structure of the residue class field. 

Furthermore we shall generalize the notion of ramification number which is 
associated with a branch point of an algebraic Riemann surface. The class of 
ramification meromorphisms here introduced describes the different types of 
ramifications that can occur on an abstract algebraic manifold. We hope 
that applications to classical problems of algebraic geometry can be found. 

We are also interested in problems falling under the local class field theory. 
Under certain assumptions on the nature of the residue field we are in a posi- 
tion to develop certain analogs to the classical local class field theory. This 
leads to observations which, if properly analyzed, throw light on the relations 
between the different theorems of the known local class field theory. A more 
detailed investigation bearing on these questions will be published later. Finally 
we wish to remark that the normal finite algebras over fields of formal power 


alicia 


1H. Hasse & F. K. Schmidt, Die Struktur diskret bewerteter Kérper, Crelle vol. 170 (1930). 
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series furnish within the frame of a general theory simple examples for division 
algebras which have different degree and exponent. 

Fields of formal power series have been considered by T. Levi-Civita, H. 
Hahn, A. Ostrowski and W. Krull.’ The latter introduced fields of formal 
power series for the solution of an existence theorem for perfect fields. The 
general theory of valuations as outlined by Krull was a natural tool for the 
following investigations. 


1. AUTOMORPHISMS AND MEROMORPHISMS OF DiscRETE VALUE GROUPS oF 
Finite RANK 


Let Tl = A, be a discrete linearly ordered abelian group of rank m; it is iso- 
morphic with the additive group of linear forms >>: a;a; whose coefficients a; 
lie in the additive group T° of all integers and which are lexicographically 
ordered from the right with respect to the subscript 7. Its isolated subgroups 
A; are given as the groups of all forms }>j.1a;a;.° An automorphism of I is 
then an isomorphic mapping of I on itself such that the ordering of the group I 
is preserved. We now give a representation A of the automorphism A of I 
with respect to a fixed basis a1, ++: , am of T. 

First we observe that A; X A = A;, because A conserves the ordering. The 
generators a; of the factor groups A;/A;_1 must be transformed into themselves 
modulo A;,. Therefore we obtain the following relations with integral coeffi- 
cients a;; : 


a XA=aQ 
a2 X A = ay + ae 


am XK A = aim + Qedam + °°> + Am—14m—-1m + Am ; 


or written as a transformation 


1 diz a3 *** Aim 

0 1 da 

0 0 1 . ss 
T = (a1, +++, Q@m) XA =(a1,-*+,am) ||. . : ~ l= (an, 22+) om) A. 

i acne 0 1 

















* T. Levi-Civita, Atti. Ist. Ven. (7), 4 (1892/93) and Rend. Lincei (5), 7 (1898). H. Hahn, 
Sitz.-Ber. d. Wiener Akademie, Math. Nat. Klasse, Abt. IIa, 116 (1907). A. Ostrowski, 
Untersuchungen zur arithmetischen Theorie der Kérper, Math. Zeitschrift, vol. 39 (1934). 
W. Krull, Allgemeine Bewertungstheorie, Crelle vol. 167 (1931). We shall refer to this 
paper by K. 

8 Cf. K. §5. 
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Conversely one sees that each matrix 














1 . dy coccece 
O 1 ag - 
A= 1 
0 
‘Y 
with integers ai; (¢ = 1,---, m — 1 andj = 2,---,m,7@ < J) defines an 


automorphism of I which conserves the ordering. We note that the deter- 
minants of all the representing matrices are equal to one. 

Dermnition. A mapping of the group I on a subgroup I which is isomorphic 
with I and of finite index in I is called a meromorphism M of I. 

Such a meromorphism M can again be represented—with respect to a fixed 
basis of [—by a matrix with integral coefficients. Since the ordering must 
remain unchanged, we have A; N [ = A; for every isolated subgroup A; of I. 
Therefore we obtain the following set of relations 


a = ay bu 


G2 = abi + abe 


oe ee eee eee eee ee 


an = a1 bim + a2 bem + we + aia dinntn + Om Omm ’ 


where the coefficients b;; in the diagonal are positive integers. We write 
[XM = (a,-++,a@m)M = (&,°**, &m) = IT. The index of f inT is given 
by the product [ [7 bs; which shall be called the norm n(M) of M. Obviously all 
representing matrices M of a meromorphism M have the same elements };; in 
the diagonal, therefore n(M) is independant of the special representation and 
an invariant of M. 

Conversely each matrix M with positive integral coefficients in the diagonal 
defines a meromorphism with respect to some fixed basis of I. 

The meromorphism M of I on f can be changed by automorphisms of I’ and J 
This means that the representing matrix of M can be transformed into AMA 
where A and A correspond to automorphisms of ! and I’. Therefore the class 
<AMA> of all matrices representing the meromorphism M of I upon I with 
—— to arbitrary bases is really the equivalent of the abstract mapping 

“>? 

One easily verifies that to the norm of the product of two abstract mero- 
morphisms there corresponds the product of the norms. 

The mapping of I’ on the subgroup n-T of all elements of multiplied by an 
integer n has the class <n- A>. The index [I': n-T] is equal to n”. 
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2. MaxIMALLy Perrect Fretps AND FIELDS oF ForMAL Power Srrinzs rn 
SEVERAL VARIABLES 


First we wish to state some well known facts on maximally perfect fields,‘ 
Let K be a maximally perfect field with respect to a valuation V of rank m; 
let f = '(K) = A,, denote the associated valuation group. All elements a in K 
whose values v(a) are non-negative form a ring R[V] = R[T] = R[p(0)] in K, 
the so-called V-ring of K; the subset p(0) of all elements b e R[V] whose values 
are greater than 0 form a prime ideal. We now associate to each element of 
R[V] its residue class modulo p(0), R[V]/p(0) = K(O) = K’ is a field. This 
mapping is a homomorphism of a subring of K upon K’. Furthermore we let 
correspond to all elements c « K which do not lie in R[V] a formal symbol ~; 
obviously we have v(c) < 0 for all these elements. We then say that K is 
mapped homomorphically upon {K’, «}.° 

To the different isolated subgroups A,,_; of [ there correspond also homo- 
morphisms of K = K(m) upon fields K(m — 7) and symbols ©. These map- 
pings are obtained as follows. Take a fixed subgroup A,,_;. Then all elements 
d « R[V] whose values do not lie in A,,_; form a prime ideal p(m — 7) in R[V}. 
We have p(m — 1) C p(m — 2) C -:- C p(1) C p(O). The elements a’ of the 
form a/d’ with a e R[V] and d’ ¥ 0 prime to p(m — 7) form a ring R(p(m — 7)) = 
R(T/An—i] = R(m — 7) containing R[V]. Then p(m — 7) is also a prime ideal 
in R(p(m —7)). This ring is a valuation ring with the value group I'/A,,_, ; 
let the valuation which belongs to it be called V(z), 7 is the rank of I'/A,,_;. 
As above the process of forming the residue classes of R(m — 7) modulo p(m — 1) 
defines a homomorphism of K = K(m) upon {R(m — 7)/p(m — 1) = 
K(m — i), ©}. The isolated subgroup A,,_; belongs to a valuation of rank 
m — 7in K(m — 2); its valuation ring is equal to R[V]/p(m — 7). The field 
K(m — 7) is mapped upon {K = K’, «} by this valuation. Furthermore 
K(m — 72) is mapped upon {K(m — i — 1), ©} by the archimedean valuation 
corresponding to the factor group A»—; | Am—i1 which is isomorphic to a sub- 
group of the additive group of all real numbers. If I is discrete then the latter 
are isomorphic with the additive group of all integers. 

The field K is also perfect with respect to the valuation V(1) of rank one. 
This can be shown as follows. Assume that K could be imbedded in a larger 
field K which is perfect with respect to V(1) and which has the same residue class 
field K(m — 1). Then K would be perfect with respect to a valuation V of 
rank m and the residue class field K’ would be equal to K’. According to 
the decomposition of value groups the associated group I would be equal tol’. 
That means that K is an immediate extension of K with respect to the valua- 
tion V. But this is impossible because K was assumed to be maximally perfect. 





4 Cf. K. §§1, 5. 

5 Conversely each homomorphism ¢ of K on a field K’ and a symbol « determines 
uniquely a valuation V of K, ifag = ~ +a-1yg=0. Allelementsr ¢ K with rg « K' form 
a valuation ring FR in K, and all elements s with sp = 0 form a prime ideal in R. It is 
quite obvious how to construct the valuation and its group. See e.g. K. §1. 
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TuzoreM 1. A maximally perfect field K with respect to a valuation V of rank 
m which is not algebraically closed, 1s maximally perfect with respect to the valua- 
tion V only. - 

Proor. First we show that distinct valuations V' and V’ of rank m belonging 
to a field K generate distinct valuations V(1)' and V(1)° of rank one. We 
assume that V(1)' and V(1)’ are equivalent. Then there exist always suitable 
automorphisms of the groups I” and I~ belonging to V' and V’ such that any 
element of K has the same values in the respective groups I’/A},_; and I’/A},-» 
which belong to the equivalent valuations V(1)' and V(1)*. According to a 
fundamental property of valuations there exist elements a and b in K such that 
their values with respect to V' have zero components with respect to the sub- 
group A,,-1 and only components in I’/A},-1.° These elements can furthermore 
be chosen in such a way that v'(a) > v'(b) and that v’'(a) < v’(b). Then we 
have also v(1)'(a) > v(1)'(b) according to the special choice of a and b. 
According to the assumption on V(1)' and V(1)’ and on the normalization of 
the groups I’ and I” we would have v(1)*(a) > v(1)°(b). Hence according to 
the synthesis of the valuation groups I’ and I” out of I’/A}_1, A, andI’/A3_,, 
A?_, we would obtain v’(a) > v’(b), in contradiction to the distinctness of V' 
and V’. 

We next assume that K is maximally perfect with respect to two inequivalent 
valuations V' and V’ of rank m. Then XK is also perfect with respect to the two 
distinct valuations V(1)' and V(1)’ of rank one. According to a theorem of 
F. K. Schmidt this can only happen if K is algebraically closed and if a certain 
relation for the power of K holds.’ The latter condition can be discarded in 
our case. The first condition is certainly not fulfilled because K was assumed 
to be not closed. ‘ 

From now on we suppose that the field K under consideration has the same 
characteristic as its field of residue classes K’' which belongs to a valuation of K. 

Let K = K(K',T) = {oyisisyip--->79 ki} be the field of all symbolic 
power series with coefficients in the field K’ and exponents y; in a discrete ordered 
group’ of rank m. The field K contains the ring R[I'] of all power series of the 
form ky + p see kiu™. The power series with vanishing ky form a prime ideal 
pin RIT] because the ring RiV]/$ = K’ contains no zero divisors. Each ele- 
ment a ¢ R(T] can be written in the form a = u*(ko + D>y,>0 k;u7") with ko ¥ 0. 
We then define a value function v on K by v(a) = a. Obviously v fulfills all 
postulates of a value function belonging to a valuation V with the group I. 
For arbitrary elements 6 e K which do not lie in R(L) there exists a power u® 
such that bu’ = ko + dov:>0 ku with ko ¥ 0; we then put v(b) = —8. 

Now we define abstract symbols ¢; (¢ = 1, 2, --- , m) to which we attribute 
thevaluese;. The product [ ]7-; ¢?‘ shall have the value > 1 aia;, and further- 
ore we postulate that there exist no additive relations between these products. 
nse 


*Cf. K. $10, Th. 15. 
7 uz” ° 
F. K. Schmidt, Mehrfach bewertete Kérper, Math. Annalen vol. 108 (1933). 
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Then we can map the field K on the set of all power series in the m variables t; 


by the rule 
> ke ur 3 DS ttt --- a, 


yisZajjaj>0 


According to the construction of the ¢; these power series form a field K which 
is isomorphic with the field K of all symbolic power series. We have then 
proved the following lemma. 

Lemma 1. The field of all power series K = {> k;t{*! «++ t8"} where the coeffi- 
cients k; are taken from a field K', and where the systems of exponents run over 
the coefficients of an ascending sequence of elements belonging to a discrete ordered 
abelian group T of rank m, is a maximally perfect field with the valuation group I 
and the field K’ as field of residue classes. 

Now let K be a maximally perfect field with respect to a discrete valuation V 
of rank m, and let the field of residue classes belonging to K with respect to V 
be K’. By employing the m isolated subgroups of I we can decompose the homo- 
morphism K — {K’, ©} in m homomorphisms K(m — 7) > {K(m — i — 1), »} 
of rank one. The fields K(m — 2) are perfect with respect to discrete valua- 
tions; K(m — 7 — 1) are the corresponding fields of residue classes and K(m — 1) 
are not algebraically closed because A,,_; are discrete, (¢ # m). According to 
the structure of perfect fields with respect to archimedean discrete valuations 
the field K = K(m) is isomorphic with a field K = K(m) of power series in 
one variable t» with coefficients in K(m — 1), and K contains a field K(m — 1) 
which is isomorphic with K(m — 1). The field K(m — 1) is perfect with 
respect to a discrete archimedean valuation and has as field of residue classes 
the field K(m — 2). Again K(m — 1) is isomorphic with a field K(m — 1) of 
power series in one variable ¢,,-, with coefficients in K (m — 2), and K(m — 2) 
can be imbedded isomorphically as K(m — 2) in K(m — 1). This process can 
be continued to K(1) — {K(0) = K’, ©}. Finally we obtain a field K which 
is isomorphic with.the given field K. The field K contains isomorphic images 
of the homomorphic residue class fields K(m — 7), and K(m — 7) is always 
isomorphic with a field of power series in one variable with coefficients in an 
imbedded subfield which is isomorphic with K(m — i — 1). One easily sees 
by developing the coefficients successively that the field K is isomorphic with 
a field of power series in m variables with coefficients in a subfield which is iso- 
morphic with K’. Furthermore the systems of exponents are ordered in the 
sense of the valuation group [ belonging to V. Hence we have the following 
theorem. 

THEOREM 2. Each maximally perfect field K with respect to a discrete valuation 
V of rank m and the field K’ of residue classes is isomorphic with a field of power 
series K in m variables with coefficients in K’® 

Corotiary. Each maximally perfect field K with respect to a discrete valua- 





§ The field of coefficients is in general not uniquely determined in K. 
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tion V of rank m ts defined uniquely up to abstract isomorphisms by the field of 


vesidue classes K’ and the valuation V. 
This is a consequence of Theorem 1, Lemma 1 and Theorem 2. 


3 ARITHMETIC AND ALGEBRAIC PROPERTIES OF MAXIMALLY PERFECT FIELDS 


Let K be a perfect field with respect to the discrete valuation V of rank m, 
and let the associated group of values be called [(K). By L we shall denote 
some finite algebraic extension of degree n over K. Then it is a well known 
fact that L is also perfect with respect to a discrete valuation V of rank m 
whose value group ['(L) contains T(K). The value of an element a in L is 
defined by the n“” part of the value belonging to its norm N(L, K | a).’ There- 
fore the index [[(L):P'(K)] is finite and a divisor of n”. The group I'(K) is 
then ameromorphic map of I'(L), because both groups are abstractly isomorphic. 

Derinition. The class cl(E) of all meromorphisms mapping I'(L) into ['(K) 
shall be called the ramification class of L over K. 

The values of the norms ¥(L, K | a) of all elements in L form a subgroup 
of [(K). They are equal to n-vz(a) because conjugate elements have the same 
values. (Eventually we have to imbed L in its smallest normal extension 
over K, but that can be done without loss of generality as one easily observes. ) 
We may write without danger of confusion for the group of values belonging to 
the norms vz(N(L, K|aeL)) = n-vi(aeL) = R(L, K|T(L)). This group 
has a finite index under I'(K) and is abstractly isomorphic with ['(K), therefore 
it is a meromorphic map of I'(K). 

Derinition. The class cl(®) of all meromorphisms mapping I'(K) into 
N(L, K | T(L)) shall be called the norm class of L over K. 

Lemma 2. For any finite algebraic extension L of degree n with respect to K 
there holds the relation cl(E)cl(@) = cl(n-A). 

Proor. According to the definitions of cl(E), cl(@) and the inclusior. 
N(L, K | T(L)) © T(K) & T(L) the assertion of the theorem becomes evident. 
For RL, K) |T(L) = T(K) X6=1T(L) XEXAXG=n-T(L). We abbre- 
viate that relation symbolically by cl(E)cl(@) = cl(n-A). We understand this 
equation to mean that for given E and @ in the classes cl(E) and cl(®) there exist 
representing matrices of automorphisms A;, A:, A;, A, and As; such that 
A\EAe As@Ay = n- Ag. 

The elements in the diagonals of all meromorphisms belonging to the same 
class are obviously invariants. For the norms n(cl(E)) and n(cl(S)) of the 
ramification and norm class belonging to L over K we obtain the equation 
n(cl(E))n(cl(®)) = n™. This relation will be of special importance later on. 

Remark. For m = 1 the characteristic classes cl(E) and cl(®) of a field L 
over K become positive integers e and f. They are the same as the ramifica- 
RRS 
_ *Weintroduce N(L, K | a) for the norm of an element a « L taken from L relative to K 
i order to simplify the printing. 
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tion and residue class degrees as introduced in the theories of algebraic numbers 
and algebraic functions of one variable. 

It is possible to introduce the notions of ramification number and residye 
class degree for fields which are perfect with respect to a valuation of rank 
m(> 1). For this purpose we consider the valuation V(1) of K which belongs 
to the factor group ['/A,,1. The associated prime ideal p(m — 1) is generated 
by any element of K whose value is equal to a,a, + +++ + @m1Om1 + ay. 
Then we have p(m — 1) = $°(m — 1) and R[L, B(m — 1)]/P(m — 1): 
RIK, p(m — 1)/p(m — 1)] =f, where ef = n.”° Incidentally e = en as one easily 
sees from the decomposition of the valuation V into V(1) and a valuation of 
rank m — 1 in K(m — 1). Later we shall also give interpretations of the re- 
maining coefficients ¢:,--- ,é@m of the ramification class, but there it will be 
necessary to make restricting assumptions on the field K’ of residue classes. 

Let us assume for the moment that L is a cyclic extension of K whose degree n 
is prime to the characteristic of K, and that K contains the n‘ roots of unity. 
Then L is equal to the radical field K(a"”) for a suitably chosen element a in K. 
In this case the ramification number e = e,, can be determined by the value of a. 

Lemma 3. The ramification number of a cyclic field L = K(a™") of degree n 
is given by the index [{am/n, T°} :I°] where v(a) is equal to aa, + -** + anOn. 

Proor. We reduce the group lf of K modulo A,,_,. For the archimedean 
valuation V(1) belonging to the factor group I'/A,,_; the calculation is easily 
carried out.” 

In all the following investigations we restrict ourselves to maximally perfect 
fields K whose residue class fields are algebraically closed fields of characteristic zero. 

THEOREM 3. Every finite algebraic extension L over K is abelian, and the 
Galois group is isomorphic with the factor group T(L)/T(K). 

Proor. It suffices to show that every normal extension L of K has an 
abelian Galois group, because each field can be imbedded in a smallest normal 
field; and the fact that all normal fields are abelian implies according to the 
Galois theory that all subfields are also abelian. To prove this fact we make 
use of the generalization of Hilbert’s ramification theory as developed by 
Krull.” 

First we observe that K coincides with the decomposition field belonging to 
the valuation V and any normal extension L. This is a consequence of the 
perfectness of K. Second K is equal to the field of inertia belonging to V 
with respect to L. The group associated with such an inertial field is also the 
Galois group of the residue class field R[T'(L)]/8(0) with respect to R[T'(K)]/»(0). 
Both fields are isomorphic with the algebraically closed field K’. Therefore 
there cannot exist a proper group of inertia. Then L is exactly the field of 





1° The relation ef = n holds always for discrete archimedean valuations. See for ex. 
M. Deuring, Algebren (Berlin 1935). Ch. VI, §12. 

1 Cf. M. Deuring, Verzweigungstheorie bewerteter Kérper, Math. Annalen vol. 105 (1931). 

12 See K. §9. 
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ramification over K with respect to the valuation V. Fields of higher ramifica- 
tion do not exist because K and K’ are of characteristic zero. Hence according 
to a general theorem of Krull the field Z is abelian over K and its Galois group 
‘isomorphic with I'(L)/T(K). 

Remark. If E is an arbitrary representation of the ramification class cl(E) 
of L over K, then we have [L:K] = n = n(E) = n(cl(E)). For the norm class 
we obtain n(cl(®)) = n™” 

TuEorEM 4. All extensions L in which the prime ideal p(m — 1) of K is totally 
ramified, p(m — 1) = B"(m — 1), are cyclic. 

Proor. According to theorem 3 the field L is an abelian extension of K. 
Its Galois group may be represented as the direct product of abelian groups 
with maximal orders p*? = mw where m are the exact powers of the primes p 
dividing the order n of the Galois group. To such a decomposition of the group 
corresponds a representation of L as a composite of abelian fields L, of degree r 
over K. If it can be shown that all the fields LZ, are cyclic with respect to K, 
then their composite LZ must also be cyclic because their different degrees are 
relatively prime. 

An arbitrary abelian field LZ, is a composite of cyclic fields Lyi, +--+: , Lyx. 
Their degrees are proper divisors of 7 if r = 2, that is to say, if L, is not cyclic. 
Let the prime ideal p(m — 1) have the decompositions p(m — 1) = $°'(m — 1) 
in these r fields. The numbers g(z) are powers of p and surely proper divisors 
of if L, is not cyclic. Let p(m — 1) be the e, power of the prime ideal 
B(m — 1) in L; then e = n = [L:K] is the least common multiple of all the e, .” 
Hence e, = m for each prime p which divides n. Therefore the fields L, are 
also totally ramified. Their ramification numbers e, are again the least common 
multiples of the numbers g(z). The latter are proper divisors of r = e, if L, 
is not cyclic, hence their least common multiple is also a proper divisor of z. 
But this leads to a contradiction if r = 2. Therefore all the components L, 
of a totally ramified field are cyclic. 

We are now in a position to give the interpretation previously announced 
of the coefficients ¢, +++ ,@m—1, €m Which belong to the ramification class of 
the field L over K. 

The homomorphism K = K(m) — {K(0) = K’, «} may be split off into m 
homomorphisms K(m — i) + {K(m — i — 1), ©} of rank one. The field 
K(m — 7) is maximally perfect with respect to a valuation of rank m — i, the 
associated value group is Am—; and K’ is the corresponding field of residue 
classes. Similar decompositions hold for the field L. In each case L(m — 7) D 
K(m — 7) and A(L)m—; D A(K) mi - 

The prime ideal p(m — 1) of K becomes an é,»‘" power of a prime ideal 
Bim — 1) in L, as we have seen before. Therefore [L(m — 1):K(m — 1)] = 
Nn. There exists a meromorphism E,,1 mapping A(L)m—1 into the whole of 








®Cf. no. 11. 
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A(K)m-1. According to the structure of ordered discrete groups there exists 
a representing matrix E,, of the ramification class of L over K such that 


| * 

* 

En = || £,, : 
* 

| 0 --- O om 


Consequently any meromorphism of the ramification class of L(m — 1) over 
K(m — 1) has e, +++ , @m-1 as elements in the diagonal. The homomorphism 
K(m — 1) > {K(m — 2), ©} determines a prime ideal in K(m — 1) which 
is principal. It is the power of a prime ideal in L(m — 1), and the exponent 
is equal to e»1. Thus the coefficient e,-; can be interpreted as a ramifi- 
cation number. The degree of the corresponding residue class fields, 
[L(m — 2): K(m — 2)] is equal to [L(m — 1):K(m — 1)]en~1 = n(cl(Em_1))ents = 
n(€m€m-1) . The same reasoning can be repeated for the fields L(m — 2), 
K(m — 2), etc. Hence we finally see that all the coefficients e,,_; are ramifica- 
tion numbers of fields L(m — 7) that are homomorphic with L. 

There exists still another interpretation of the numbers e;: they appear as 
relative degrees of fields in L. These fields are the fields of inertia with respect 
to the partial valuations pertaining to the factor groups T'/A,_;. Let the field 
of inertia with respect to the prime ideal p(m — 1) be called T(m)m_1. Its 
relative degree with respect to K is equal to ne;,' by what we have seen before; 
and L is cyclic and totally ramified of degree e, over 7'(m)m 1. The field 
T(m)m—1 is generated by any equation 


fly) - ym oe af”) yen 4 aod + ff ~~ 

where the coefficients aS” are representatives of residue classes, @{". The 
elements ai” « K(m — 1) are the coefficients of any generating equation 
yom gD yom 4 we. 4 G7 = 0 of the field L(m — 1) over K(m — 1). 
For the proof of these facts we observe that f(y) = 0 is irreducible in K and 
that f(y) = 0 is totally decomposed in L; this is a consequence of the perfect- 
ness of K and L with respect to the partial valuations of rank one. (Applica- 
tion of Hensel’s criterion of reducibility.)"* One also sees easily that T'(m)n— 
is the largest unramified field in L such that its field of residue classes with 
respect to P(m — 1) is isomorphic with L(m — 1). 

By the same methods it is shown that L(m — 1) contains a maximal unrami- 
fied field T(m — 1)m-2 with respect to the prime ideal belonging to the 
homomorphism L(m — 1) — {L(m — 2), «}. For the relative degree 
[T(m — 1)m-2:K(m — 1)] we obtain n(enen—1), and L(m — 1) is totally 
ramified of degree en; over T(m — 1)m—-2. According to Hensel’s criterion 
there exists a uniquely determined subfield T'(m)m—2 in T(m)m—1 such that the 





14 Cf. K. §7. Th. 12. 
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prime ideal p(m — 2) is unramified in 7'(m)m_2, that is to say p(m — 2) of K 
remains a prime ideal in T(m)m-2, and such that the field of residue classes 
belonging to 7'(m)m—2 modulo p(m — 2) is equal to L(m — 2). The field 
T(m)m-2 is obviously the inertial field belonging to V(2) in L. The relative 
degree [T(m)m—1:T'(m)m—2] is equal to em . 

By iterating this construction we obtain in LZ a descending series of fields 
T(m)m-: Which are the inertial fields belonging to the valuations V(7) and the 
prime ideals p(m — t). Their relative degrees [7'(m) m—i41:T (Mm) m—i—s] are equal 
to the coefficients @m—; of the ramification class belonging to L over K. Thus 
these coefficients can be interpreted as degrees of fields in L. 

Remark. The fields 7'(m)m_—; are isomorphic with fields of power series in 7 
variables with coefficients lying in L(m — 17). This is an immediate conse- 
quence of the preceding developments and the corollary of no. 1. Therefore 
L(m — 7) is isomorphically imbedded in T'(m) m_: . 

The degree [L: T'(m)] is also given by the norm of the ramification class of L 
over K, if K is considered as perfect field with respect to the valuation V(?). 
If we denote a corresponding meromorphism of the ramification class by 
E(I/Am—i), then [L: T(m)m—i] = n(cl(E(T'/Am-_;))). The Galois group of L over 
T(m)mn-: is isomorphic with the factor group T'(LZ) | A(L)m-i | TK) | ACK) m-: . 
The group of 7T(m)m-; over K is isomorphic with A(L)m_; | A(K)m—: and 
[T(m) mi: K] = nn(E(P'/Am—i)) 

Exampte. If L = K(t}/*!, ---, ¢1/°™) then the ramification class of L over K 
can be represented by the matrix 


@1 


em 
The Galois group of L with respect to K is the direct product of m cyclic groups 
3(c:) of order e;. The unramified fields T'(m)m—; are given by K(tt!*!, «++, t}!**). 


4. FuRTHER ALGEBRAIC PROPERTIES OF MAXIMALLY PERFECT FIELDS 


We have already seen that all finite algebraic extensions L over a maximally 
perfect reference field K with an algebraically closed field K’ of residue classes 
are abelian. Therefore all such fields are composites of radical fields. We 
shall now make a survey of all superfields L of a fixed degree n over K. 

TazorEM 5. All units of K with respect to the valuation V of rank m are n-th 
powers, 

PRoor. For this purpose it,is necessary to show that the equation x” — « = 0, 
with an arbitrary unit ¢ of K, is reducible. Each unit ¢ is congruent to an 
element a’ % 0 of the residue class field K’. The equation x” — a’ = 0is 
reducible in the algebraically closed field K’ and its linear factors are different. 
Repeated application of the generalized criterion of Hensel leads to a decom- 
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position x" — ¢€ = aa2., =1 (4 — €i)> where the units e; are products of an arbitrary 
« amongst them with suitable n™ roots of unity. 

The n™ roots of any two elements a; and a, differing only by a unit ¢ with 
respect to the valuation V generate one and the same radical field L = K(a;'") = 
K(az'"). All elements a ¥ 0 of K whose values v(a) are equal to 


aybi-n + edi + Ambm Nn 


are n‘" powers of elements b in K*, if we denote by K* the multiplicative 
group of K. Therefore all different radical fields of degree n are generated by 
elements a whose values v(a) are representatives of the residue classes of 
['/n-:T. We have proved the following theorem. 

TuroreM 6. The factor group K*/K*" is isomorphic with the factor group 
I'/n-T which is the direct product of m cyclic groups of order n. 

Previously we have shown that the Galois group of a field L over K is iso- 
morphic with the factor group T'(L)/I'(K) of the respective value groups. 
The group I'(L) can be considered as an (ordered) extension of the group I'(K) 
contained in the group 1/n, '(K) consisting of all linear forms 


1/n-ayay, +- oes + 1/N-AmOm 


te >< ee 


The latter is the value group belonging to the field K(t; ") which 
contains the given field L of degree n according to the theory of be Sa fields. 

THEOREM 7. The extensions L of degree n over a maximally perfect field K 
correspond uniquely to the different ordered subgroups of order n with respect to 
T'(K) contained in the group 1/n-T(K). | 

Proor. Let I be an ordered extension of order n over I'(K). It can be 
generated by m linear forms & = ara + +++ + a@m?im Where the numbers rj; 
are rational fractions which have at most the denominator n. This follows 
from the fact that T is contained in 1/n-T(K). Furthermore the matrix || r;; || 
can be transformed into the diagonal form with positive elements rj; by a 
suitably chosen automorphism of '(K) because I was assumed to be an ordered 
group. Now we adjoin the elements T; = t"' --- ¢,™, with respect to a fixed 
normalization of the n‘ root, to the field K, thus chtiioins a field T' of degree n 
over K. The values of the elements 7; with respect to the valuation V of L 
are equal to 1/n-v(N(L, K| 7;)) = &; by definition of the valuation V in the 
algebraic extension of K. According to theorem 3 I'(Z)/I'(K) is of order », 
therefore the elements ¥(7;) which form an extension of order n over I'(K) 
already generate the whole group I'(Z). The inverse of a matrix representing 
the ramification class cl(E) of Z over K is obviously equivalent to || ri; || * with 
respect to matrices representing automorphisms of the value groups. Con- 
versely, the system || 7;; ||"’ belonging to a given field L of degree n over K 
belongs to the class cl(E). We have {|| r;;||} = {n™’-} according to lemma 2. 

According to the theory of radical fields it is evident that different exten- 
sions I; and I, contained as 1 /n-T(K) generate different fields. ‘Thus we see 
that the ramification class uniquely determines the field to which it belongs. 
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Remark. A remarkable consequence of these observations (combined with 
theorem 6) is that there exists only a finite number of types of ramification 
classes for all extensions of a fixed degree n over fields F of algebraic functions 
of m variables. We recall that the different valuations V, , --- , V, of a finite 
extension M of F are given by the simple components M;, of the direct product 
M X Fy of the field M with the maximally perfect extension Fy of F with 
respect to the valuation V of rank m.” It follows that g < n and [M;:Fy] < n. 


5. Cycitic Fretps AND Groups or Norms 


In this section we shall investigate specially the cyclic extensions of maximally 
perfect fields K with respect to a discrete valuation of rank m. We shall see 
that there exist certain generalizations of the local class field theory. 

We assume that all fields occurring in the following considerations are con- 
tained in one and the same algebraic, algebraically closed extension of the 
reference field K. 

The group of all elements unequal to 0 in K which are norms of elements in L 
shall be denoted by N(L, K | L*); if there is no danger of ambiguity we merely 
write It(L*). 

TurorEM 8. The order of the norm class group K*/N(L*) of any extension L 
of degree n over K is equal ton”. 

Proor. According to theorem 5 all units of K are n™ powers of units. 
Therefore they are also norms of units in L. Each element a ¢« K* is equal to 
aye, Where v(a) = v(ao) and a = []7,¢?*. The elements ¢; form a system of 
elements whose values are equal to a;. Thus we obtain the isomorphisms 
K*/N(L*) > T(K)/MN(L, K | T(L)) = T(K)/T(K) X &. Hence [K*:2(L*)] = 
['(K):T(K) X &] = n(cl(@)). According to lemma 2 and theorem 3 we have 
n(cl(@)) = n™n(cl(E))* = n™”. 

Remark. For any algebraic extension L of degree n over K we obtain 
(N(L*):K*] = n. 

In the case that L = Z is a cyclic extension of K we are able to describe the 
structure of the group K*/N(Z*). 

TEorEM 9. The norm class group K*/(Z*) of a cyclic superfield Z of degree 
n over K is the direct product of m — 1 cyclic groups of order n. 

Proor. We first determine the structure of the norm class group for cyclic 
fields Z(p) whose degree are powers of a single prime p, [Z(p):K] = p’” = rz. 

The field Z(p) is generated by the radical (¢ --- é7‘ --- t4)"". The greatest 
common divisor d of the exponents d,,--- ,d;, +++ ,@m is prime to p if Z(p) 
has exactly the degree x over K. Put d@ = 6. According to the theory of 
radical fields the cyclic field Z(p) is also generated by the radical 


(ae Pam ane 
eee 
. In order to determine a valuation of F by a prime ideal p(m — 7) of a maximal order 0 
: Pit is necessary to consider a chain of prime ideals which are multiples of p(m — i) in 0, 
that is to say a chain0 C p(m — 1) Cp(m — 2) C--- Cp(m— i). Only so is it possible 
to construct an ordering in the quotient ring belonging to p(m — 7) in F. 
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We have (dd ",---,did™, -:: dnd) =1. Asaconsequence of (Z(p):K] =5 
there exists at least one exponent d;d' = 6(7) which is prime to p. The addi- 
tive congruence 6(7):x = 1 (mod =) has therefore an integral solution x which 
is prime to p. Now we form the radical ({°% «++ 7 «++ 8)". it algo 


generates the field Z(p). ‘The same holds for the radical (¢{°* --+ t} --- ies aed 


m 


because 6(7)z = 1 (mod w). The group K* = {h,--: ,ti, +++ tn} X «(K), 
e(K) standing symbolically for the group of all units of K, can be represented by 
the equivalent basis {t,, «++ , tia, {07 --++ ++ eo” buss, **> bel X e(K). 


Now e~ Baa t nae gins ws N(Z(p), K | oo ae ti ae er"). The 
group of all norms 9t(Z(p)*) therefore contains the subgroup 


S= 1 3 Rs Br. x ¢(K). 


That group has the index r”” in K*, and the factor group K*/S is of type 
(x, +++, 7) with m — 1termsz. According to our construction S © 9t(Z(p)*) 
and consequently S = ¥(Z(p)*). Hence 


K*/N(Z(p)*) = Blt) X +++ X Blw)ma, 


with isomorphic cyclic groups 3(7); of order = p’”. 

Now let be n = p”-r’"--+ q’* = a-p:+:+: x. In order to simplify the nota- 
tions we treat only the case n = zp; one easily sees by considering the following 
proof that the general case can be treated by induction with respect to the 
different divisors of n. 


The cyclic field Z = K(a’!") contains the cyclic fields Z(r) = K(a"'")’) and | 


Z(p) = K((a"")*) of degrees x and p with respect to K. We have Z = Z(r)Z(p). 
First we prove that 2t(Z*) = N(Z(r)*) N N(Z(p)*). It is evident that N(Z*) 
is contained in the intersection of the norm groups belonging to the fields Z(7) 
and Z(p), because these fields are contained in Z. Now let a be an element 
contained in the intersection of the norm groups. We have 


a = N(Z(m), K | a(m)) = N(Z(p), K | a(p)) 


with elements a(r), a(p) in Z(x), Z(p) respectively. If we consider a(z), a(p) 
as elements of Z and form the norm then we obtain a’ = N(Z, K | a(m)) and 
a” = N(Z, K|a(p)). The greatest common divisor of and p equals one, 
therefore there exist two integers s and ¢ such that rs + pt = 1. Hence 
a = (a")'(a’)' = NZ, K | a(p))'N(Z, K | a(m))' = N(Z, K | a(o)‘a(n)’). 

The order of K*/N(Z*) = K*/MN(Z(r), K | Z(r)*) N N(Z(e), K | Z(e)*) 3s 
equal to (xp)"’ = n™” according to theorem 8. A well known theorem of 
group theory states that K*/M(Z(), K | Z(x)*) = K*/N(Z*)/N(Z(m)*)/N(Z*) 
and K*/R(Z(p)*) x K*/N(Z*)/N(Z(p)*)/N(Z*). The finiteness of the 
orders [K*:9t(Z(m)*)}, [K*:2(Z(p)*)] and [K*:2(Z*)] yields the result that 
MN(Z(w)*)/N(Z*) and N(Z(p)*)/N(Z*) are finite groups of indices nr” andp” . 
Their orders are p”' and x” respectively. The product of It(Z(m)*)/2(Z*) 
and 9t(Z(p)*)/N(Z*) in K*/N(Z*) is direct because the orders of the components 
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rerelatively prime. Hence K*/%(Z*) = N(Z(x)*)/N(Z*) K N(Z(o)*)/N(Z*). 
The types of both components are given by the isomorphisms 


K*/(Z*)/N(Z(m)*)/N(Z*)=N(Z(p)*)/N(Z*) = K*/N(Z(x)*) 

> Bir) X +++ X Bir) ma 
and 
K*/(Z*)/N(Z(0)*)/N(Z*) = N(Z(x)*)/N(Z*) 

= K*/N(Z(o)*)=Ble)r X +++ KX Ble)m—. 

By composition we obtain 
K*/M(Z*) & (B(r)s X +++ X Blw)ma) X (Ble). X +++ X Ble)m-1) 

= Bin) X +++ K B(n)ma, 


because p and r are relatively prime. 

Remark. In the proof it was essential that the norm group of the composite 
of two fields whose degrees are prime be equal to the intersection of the norm 
groups belonging to the components. In the local class field theory this fact 
remains valid for the composite of arbitrary abelian extensions. The following 
example shows that such a determination of the norm group belonging to a 
composite does not hold for fields of power series in more than two variables.”® 

let K = K'{t,, te, ts} be a field of power series in three variables with an 
algebraically closed field of coefficients K’. The fields L; = K(t}/”) and Ly = 
K(”) are cyclic of degree two, their norm groups in K* are equal to N(LT) = 
lt, &, #3} X e(K) and N(L2) = {t?, te, &} x e&(K). The composite L = LiL, 
is of degree four over K and its norm group is given by {t}, ¢2, t3} X ¢(K). 
It is evident that the intersection of (Ly) and M(Le) properly contains N(L*). 

ToeorEM 10. To different cyclic fields Z,, Z. belong different norm groups 
nZt ) and N(Ze ) in the common ground field K. 

Proor. First we remark that only fields Z; and Z: which have the same 
degree n over K could have identical norm groups. If (Z,:K] # [Z.:K] then 
the orders of the factor groups K*/(Z;) and K*/N(Z:) are different, there- 
lore (Zt) + N(Zz). Now let [2Z::K] = [Ze:K] = n and Z, = K(al”), 
i; = K(a;'"). If Z,; * Z. then there exist no relation a; = azb” with an integer 
rand an element 6 ¢ K*. This means, according to the theory of radical fields, 
that the subgroups {a;, K*"} /K*" and {a,.,K*"}/K*" are different in K*/K*". 

Now let n be a power of a single prime p. According to the proof of theorem 9 
the norm groups N(Z;) and N(Z2) are generated by {a:, K*"} and {a,, K*"} 


: ‘spectively. The equality 2%(Zy) = N(Zz) would lead to a relation a; = a3b", 


) “See the developments in the next paragraph. 
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which certainly cannot hold for distinct fields Z; and Z:. The case of arbi- 
trary degree n is again reduced to the case where the degree is a power of a 
prime; this is possible because the norm group of the composite is equal to the 
intersection of the norm groups belonging to the components. 

The reduction of the question in theorem 10 implies also a proof for an 
existence theorem. 

TureorEM 11. To each subgroup Nt of K* whose factor group K*/N is the 
direct product of m — 1 cyclic groups of order n there exists a cyclic field Z of 
degree n over K whose norm group coincides with the given group SN. 

Proor. It is again obvious that it suffices to prove the assertion of the 
theorem for degrees n which are powers of a single prime. As a consequence 
of [K*:R] = n™” and [N:K*] = n there always exist elements a in Jt which 
are not equal to an n“ power. Form now the field Z = K(a™") for any one 
of these elements. According to previous results it is evident that It(Z*) = Xt. 
All other elements a’ « K* that lie in NM and are not n‘™ powers determine the 
same field Z according to theorem 10, because 9t(Z*) = QM. The field Z is 
then uniquely determined by YI. 

This proof shows that the norm group ¥t of a cyclic field coincides with the 
very group of numbers in K* which determines the field Z in the theory of 
radical fields. For abelian fields L the norm group St(L*) is of index n™* 
in K, and consequently [Jt(L*):K] = n. 

TuroreM 12. For each subgroup Nt of K* whose index is equal to an (m — 1)" 
power of an integer n there exists a uniquely determined abelian field L whose 
norm group with respect to K coincides with N. The Galois group of L over K 
is isomorphic with the factor group N/K*. 

Proor. Let a,---,a, be a basis of N with respect to K*”. The field 
L = K(ai'", --- , at”) is of degree n over K and its Galois group is isomorphic 
with %/K* according to the theory of radical fields; obviously L is uniquely 
determined as the field over K containing the n™ roots of all elements a in X. 
Conversely 9 consists of all elements b ¢ K* whose n™ roots lie in L. We 
now show that 3(L*) is equal to the given group Jt. The group I(L*) con- 
tains the elements a,, +--+ , a, and therefore 9. According to theorem 8 its 
index under K* is equal to n”’, and N has according to assumption the same 
index. Hence ¥t and N(L*) are equal. 

Further application of the theory of radical fields shows that the relation 
between norm groups St of index n and fields L of degree n over K is a one to 
one correspondence which conserves the natural ordering of subgroups in K* 
containing Jt and subfields L’ of L; that is to say: N’ D MN, [K*:N'] = nme 
L’ GL, [L’:K] = n’. 

The explicit determination of the norm group belonging to an abelian field L 
which is not cyclic, is possible only in quite special cases. The structure of 
K*/N(L*) is given by the norm class cl(#) of L over K. 

Exampie. Let L = K(t!",---,¢/) and []%™1 e; = n. Then ¢7/ and 
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(K) form a basis of 2(L*), the meromorphism can be represented by the 
matrix 


n/er 














n/€m 


The factor group K*/IN(L*) is the direct product of m cycles 3(n/e;), 

Remark. The statements on the different indices of groups can mostly be 
generalized to fields K which possess a valuation V of rank m and an alge- 
braically closed field K’ of residue classes belonging to that valuation; however, 
the fields K must contain a field K which is perfect with respect to a discrete 
valuation V of rank m induced by V. The valuation V need not be discrete. 
Such fields are for example the infinite, always abelian, extensions K of fields K 
which are of the type we considered till now.” They are not perfect with 
respect to the valuation V which lies over V. Nevertheless it is again true that 
each unit € of K is ann” power. According to the definition of K(é) the unit 
gis an n‘” power in K(@) because K(é) is a finite algebraic extension of K. 
Hence é is a fortiori an n“” power in K. If we denote the group of the values 
of all elements ~ 0 in K by f' = I'(R), then we obtain K*/K*" ~T/n-T. The 
structure and order of I'/n-I’ depend essentially on the ramifications of all 
finite subfields of K. The latter determine the systems of rational coeffi- 
cients {a;} that appear at the generators a;. The type of {a;} is given by a 
G-number of Steinitz.” 

By similar arguments one can see that the norm group of any finite extension 
L of K is given by the relations K*/N(Z*) = T(K)/n-T(L) = T(R)/T(R) X 
and [K*:2(L*)] = n(cl(@)) < n™*.* 

One can easily construct examples of infinite fields where the norm class 
group belonging to a special extension Z of K is isomorphic with the Galois 
group of Z over K: for example the field K = K({t}'"},--- , {0/1}, tm) which 
contains all the x“ roots of ti, °:+ , m1 Where x runs over all integers. Here 
l},*+* , {ama} become isomorphic with the additive group of all rational 
numbers. Furthermore it is possible to construct fields in which for certain 


<oiosieiigniainptasicainendsiasteniamsiaaien, 


"The Galois group of K over K is a compact group because K is an enumerable alge- 
braic extension of K. 

“E. Steinitz, Algebraische Theorie der Kérper, Crelle vol. 137 (1910) §16. 

_' The matrices representing automorphisms and meromorphisms have in general coeffi- 
Cents aj; with denominators. These denominators are determined by the moduli of 
Coefficients {a;} of the linear forms representing the valuation group. It is not difficult to 
give explicit formulae with the help of G-numbers. 
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integers n all results of the discrete case hold and for other integers they do not; 
there one allows x to run over a set of integers which are relatively prime to n. 

The perfect closures of the above mentioned fields K can be treated in the 
same fashion. The validity of the calculations depends on Hensel’s criterion. 
The latter holds also in these perfect fields. 

Finally we mention that the field of residue classes K’ can be exchanged for 
any absolutely algebraic field over a Galois field of characteristic x. One has 
ordinarily to substitute m for the exponent m — 1 which occurred in our previous 
results. In our entirely multiplicative theory it must be supposed in this case 
that the degree of the algebraic extension of the ground field is prime to the 
characteristic x. Furthermore the theorem 6 breaks down if K’ is not alge- 
braically closed. One also has to take into consideration the G-number of K’. 


6. ALGEBRAS OVER MAXIMALLY PERFECT FIELDS 


Let Z be a cyclic extension of degree n over K. Then the group K*/Jt(Z*) 
is the direct product of m — 1 cyclic groups of order n. Therefore there exists 
proper division algebras D of degree n over K as centrum, namely the cross 
products (a, Z/K) with factor sets a e K* such that a” is the lowest power of a 
power of a lying in 9t(Z*). The group of classes of algebras split by Z is the 
direct product of m — 1 cycles of order n.” Thus we have proved that there 
exist proper division algebras over K for all degrees n. 

In the following investigations we shall develop the arithmetic and algebraic 
theory of division algebras over K as centrum. We shall see that these algebras 
have a more complicated structure than the algebras in the classical local 
class field theory. 

Let D be a fixed normal division algebra of degree m over K. The field K is 
perfect with respect to m valuations 


of the ranks m, m — 1,-:-,7,+:+,1. Each valuation V(i) can be extended 
uniquely to the algebra D. For that purpose one has only to construct valua- 
tion rings in D. 

Derinition. An element A m_; of the division algebra D over K is called an 
integral element with respect to the V(i)-ring R(m — 1) in K, if and only if its 
irreducible equation over K, with highest coefficient one, has coefficients 
in R(m — 2). 

Lemma 4. An element Am-i ~ 0 of D is an integer with respect to R(m — 1) 
if and only if its reduced norm with respect to K is an element of R(m — 1). 

The proof of the lemma which transforms the additive definition of an integral 





20 For the concept of cross product and the pertaining notations see M. Deuring, Alge- 
bren, (Berlin 1935), Ch. V. 
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element into a multiplicative definition, runs just like the proof for the lemma 
in the case of discrete archimedian valuations.” 

TuzoreM 13. All elements Ami of a division algebra D over K which are 
integral with respect to the V(i)-ring R(m — 7) of K form a ringM(m — 7) in D. 
The elements Ai €N(m — 7%) whose reduced norms are positive with respect to 
V(i) form a two-sided prime ideal Bim — 2) of Mim — 7). The residue class ring 
N(m — i)/P(m — t) is a division algebra. 

Proor. First we show that all elements A,,_;¢D for which QyegAm_; are 
elements in R(m — 7) form a ring P(m — 7). Let An; and B,_; be two 
arbitrary elements (#0) of the system of all integers N(m — 7) with respect 
to R(m — i). Then An iBmi and BmiAm_i are also in M(m — i). We 
have Neea(A m—iBm-—i) = Nrea(A mi) Mrea(Bm—i) -= Nrea(Bm—i)Nrea(A ant) = 
Nrea(Bm—-Am—i) in R(m — 7), because both Nrea(Am—i) and Nrea(Bm—i) lie in 
R(m — i). Furthermore the elements of t(m — 7) can be ordered, that is 
to say either Am—iBni; and Bri ;Am—i or AniBm—i Or Bm—:A>); are elements 
inN(m — i). It does not matter if we consider A,_;Bp; or By :Am—i, 
because Nrea(A m—iBr—s) — Nrea(BuiA m-i) ae Neea(A mi) Nrea(Bn_s) = 
Neea(A m1) Nrea(Bm—i) - If Am-s:Bn—;: is already an element of (m — i) then 
there is nothing to be proved. Assume now that A,,_;B;_; is not contained 
int(m — 7). Then its reduced norm is not an element of R(m — i). The 
ring R(m — 7) is a commutative valuation ring; therefore the inverse of 
Nre(An—iBm_i) lies in R(m — i). This inverse is the reduced norm of Az); Bn—: 
or B,:An_i. According to the definition of It(m — 7), the elements B,,:Az); 
and A;,;Bm—i lie in M(m — 7) as asserted. 

Now we show that the sum of A,,_; and B,_; lies also in M(m — 7). In 
virtue of the ordering in 2t(m — 7) we can assume without loss of generality 
that An+Bn-s¢€Mt(m — 7). Therefore the minimal equation f(z) = 0 of 
An-Br-i has integral coefficients with respect to R(m — i). The polynomial 
{(t — 1) which furnishes the minimal equation of Am—i:Bn-; + 1 has also 
integral coefficients; according to the additive definition of the integers in 
M(m — 7) the element Am—i:Bni; + 1 lies in M(m — i). Hence 


(An Bas + 1)Bn-i = hawt + Bn-i 


in N(m — 7). The ring M(m — 7) contains the ring R(m — 7) and is obviously 
maximal by virtue of its definition. 

All elements Aj; €9(m — 7) whose reduced norm is positive with. respect 
to V(i), i.e. v(z)(NreaAn—s) > 0, form a two-sided ideal B(m — 7) in M(m — 1). 
This is easily seen by considering the norms of Ani; + Bi, Am-iAm-i and 
AniAmi* (Ami, Bui e B(m — i), Anse M(m — 1). 

In order to prove that B(m — 7) is a prime ideal we must show that 
SRE 


"The model of these proofs will be found in the paper of H. Hasse, Uber p-adische 


Schiefkirper und ihre Bedeutung fur die Arithmetik hyperkomplexer Zahlsysteme, Math. 
Annalen vol. 104 (1931), §2. 








570 O. F. G. SCHILLING 


M(m — 7)/PB(m — 7) isa simple algebra. Here we can prove more; the residue 
ring is a division algebra. All residue classes of It(m — 7)/P(m — i) can be 
represented by units 7 of Mt(m — 7). Let be an arbitrary representative of 
some residue class ~ 0; the unit 7” fulfills the congruence n7' = n“y = | 
(mod $(m — 7)), and therefore its uniquely determined residue class 7’ mod 
G(m — 7) is the inverse of » mod $(m — 2). 

The algebra I(m — 7)/P(m — 7) is in general not commutative, and more- 
over the field R(m — 1)/p(m — 2) need not be the centrum of Nt(m — 7)/P(m — i) 
as examples we shall mention later will prove. 

In the case of the valuation V(1) of rank one all ideals of Dt(m — 1) are 
powers of the principal prime ideal $(m — 1). In particular the prime ideal 
p(m — 1) of R(m — 1) becomes an E™ power of B(m — 1). Let P be any 
element of $(m — 1) which is exactly divisible by B(m — 1). The element P 
generates in D a field K(P) which is at most of degree n over K. Its prime 
ideal $ evidently generates in Mt(m — 1) the prime ideal B(m — 1). There- 
fore we have p(m — 1) = $8”, and as a consequence of [K(P):K] < n we obtain 
E < n. We shall show by examples that E actually can be equal to 1 for 
proper division algebras of degree n. Let the rank of Mt(m — 1)/P(m — 1) 
over R(m — 1)/p(m — 1) be F. According to the theory of discrete valuations 
we have EF = n’.” Therefore F is greater or equal to n. 

Let C be the centrum of It(m — 1)B(m — 1); then[M(m — 1)/B(m — 1):C] = 
r’, [(C:R(m — 1)/p(m — 1)] = s and r’s = F. Any maximally commutative 
subfield H of M(m — 1)/B(m — 1) is of degree rs over R(m — 1)/p(m — 1). 
Let 6 be a primitive element of H and let f(z) = 2” + Gav" +--+: +4, =0 
be its irreducible equation in R(m — 1)/p(m — 1). The residue class 6 may 
be represented by some unit 0 eMt(m — 1). The unit © generates a subfield 
K(®) of D. The irreducible polynomial f(x) belonging to © is congruent to 
f(z) modulo p(m — 1). Hence the degree [K(@):K] is equal to rs = 
[H:R(m — 1)/p(m — 1)] according to Hensel’s criterion. Therefore we have 
rs <n. The field K(O) is unramified with respect to p(m — 1) because 0 and 
its conjugates generate, if properly selected, an order in K(@) which has H as 
its system of residue classes modulo p(m — 1). Other representatives 0’ ob- 
viously generate other fields K(0’) which are isomorphic with K(®) because 
they are all isomorphic with fields of power series in one variable with fields H 
of coefficients that are all isomorphic with H. Splitting fields H; and H2 of 
Mm —- 1)/$(m — 1) which are not isomorphic determine subfields H: and 
Hz of D which are not isomorphic. 

In every case rs = n because there exist units in )t(m — 1) whose irreducible 
equations are exactly of degree n. The residue class of such a unit mod 
B(m — 1) has also the degree n as a consequence of Hensel’s criterion. We 
have proved the following theorem. 





22 Cf. Deuring’s Report ch. VI, §12. ° 





exis 
on 
con 
(b(1 


elen 


N( 
to ] 
ovel 
All 

K(é 
as g 
own 
K(t 
Class 
the : 


fo th 
prod 
¢ ycl 1 








ue 
be 

of 
od 
re- 
are 


eal 
ny 


ain 


ons 





ARITHMETIC IN FIELDS OF FORMAL POWER SERIES 571 


Tuzorem 14. Each division algebra D of degree n over K contains maximally 
commutative subfields L which are unramified with respect to the valuation V(1) 
of the centrum K. ahs. 

Assume now that E = n for a division algebra D. Then any element P 
which is exactly divisible by $(m — 1) defines a maximally commutative sub- 
field K(P) of D. According to the construction the prime ideal p(m — 1) is 
also totally ramified in K(P). Because of theorem 4 the field K(P) is cyclic 
over K and therefore equal to a radical field K(¢{', --- ¢%)""); lemma 3 yields 
that @» is prime to nm. Hence there exists an integer x prime to n such that 
dat = 1 (mod n). The radical (f;"* --- t">'*t,)" also generates the field 
K(P). According to the theory of cyclic algebras there exists a factor set 
= (2 --- i in K* such that D ~ (0’, K(P)/K). Now the element 


az 


(%+++t, is the norm of (f;"* --- tm)"; therefore we can substitute for b’ the 
element b’(t{!" +++ tm) “" = b and we obtain D ~ (b, K(P)/K). We have 
proved the following theorem. 

TueorEM 15. Each division algebra D of degree n which is totally ramified 
with respect to the valuation V(1) of the centrum K can be represented as a cross 
product (te mst, K (tft +++ ™5'tn)/")/K). 

Remark. These totally ramified algebras have an unramified cyclic splitting 
field K((t?' --- 2"5")""); as one easily observes by direct computation 
{i' +++ £™5't» is the factor set with respect to that unramified representation. 

The field K is also perfect with respect to the valuation V(m — 1). The 
system of residue classes $2(1)/$(1) is a commutative field over R(1)/p(1) = 
K(1) = K’{t:}. In order to prove this assertion we have to show that there 
exist no division algebras D(1) over K(1). According to theorem 6 there exists 
only one extension Z(1) = K(1)(t}!") of degree n over K(1). Any maximally 
commutative subfield of D(1) is therefore isomorphic with Z(1); hence D(1) ~ 
(b(1), Z(1)/K(1)) with suitable b(1) « K(1)*. But according to theorem 8 the 
element b(1) is norm of an element in Z(1), and therefore D(1) ~ 1. 

We consider now the special class of algebras D of degree n over K for which 
(M(1)/B1):K(1)] = n, that is to say for whichMt(1)/B(1) = Z(1). According 
to Hensel’s criterion the algebra D contains a cyclic field K(@) of degree n 
over K whose residue system modulo p(1) is a field isomorphic with Z(1). 
All fields in D which are unramified with respect to p(1) are isomorphic with 
K(®) because Z(1) is uniquely determined. They are isomorphic with K(ti’”) 
as a consequence of Hilbert’s ramification theory, the field K(t;!/") being its 
own field of inertia with respect to p(1). These considerations show that 
Kit") is a splitting field for all division algebras D of degree n whose residue 
class degrees with respect to p(1) are equal to n. An obvious consequence is 
the following theorem. 

THEorEM 16. All algebras of degree n whose residue class degrees with respect 
lo the valuation V(m — 1) of K are equal to n form a group which is the direct 
product of m — 1 cycles of order n, the field K(t;'") is the common unramified 
cyclic splitting field. 
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Remark 1. This theorem enables us to determine the structure of the system 
of all classes of algebras over a field of power series in two variables. We 
first show that all division algebras of degree n form a cyclic group of order n,. 
For m = 2 the prime ideal p(1) is a principal ideal. Therefore we obtain the 
numbers E£ and F as introduced previously for division algebras. The number 
F is equal to [M(1)/PU):K(1)]. This degree is at most equal to n, because 
the degree of the irreducible equation of any unit representing a residue class 
of the cyclic field M(1)/P(1) is at most equal to nm. Furthermore E < n and 
EF =n’. Hence E = F = n. Theorem 16 asserts that each division algebra 
of degree n is split by K(ti/"). Consequently all classes of algebras repre- 
sentable by division algebras of degree n’/n are exhausted by the group of all 
algebras which are split by K(t}/"). The latter group is cyclic of order n as 
theorem 9 asserts. 

A word for word application of the procedure in local class field theory shows 
that the group of all normal algebras over K is isomorphic with the additive 
group of all rational fractions modulo 1. Consequently all statements of the 
classical local class field theory hold for fields of power series in two variables 
with an algebraically closed field of coefficients.” 

Remark 2. For a division algebra D = (é7! «++ ¢9™3', K((ti'")/K)) we cer- 
tainly have [Mt(m — 1)/B(m — 1):R(m — 1)/p(m — 1)] = n’ if m is greater 
than two. This is proved by considering the hypercomplex order generated 
by the units u' tj (i, 7 = 1, 2, --+, n), with respect to p(m — 1), over R(m — 1). 
One easily sees that these units are also linearly independent modulo $(m — 1). 
Therefore EF = 1 and F = n°. Furthermore one observes that 


M(m — 1)/P(m — 1) 


is a division algebra with the centrum K(m — 1). This fact can also be stated 
in the following way: D is isomorphic with the system of power series in one 
variable t,, with coefficients in the division algebra 2t(m — 1)/$(m — 1), where 
the powers of ¢,, are permutable with the coefficients. 

Remark 3. If n = p then there exist only two possibilities for 


M(m — 1)/P(m — 1). 


The algebra of residue classes is either a division algebra of degree p over 
K(m — 1) and E = 1, or it is a field of degree p over K(m — 1) and E = F =p. 
At the end of this paragraph we shall illustrate by examples that for general n 
there arise much more complicated situations. 

THEorEM 17. The number of classes of algebras representable by division 
algebras of degree n'/n is greater than n”” if the reference field K is a field of 
power series of more than two variables. 

Proor. The number of classes split by any cyclic field of degree n over K 





*3 For example Cl. Chevalley, La théorie du symbole de restes normiques, Crelle vol. 169 
(1932). 
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js equal to n”™*. In order to prove the assertion of the theorem it is only 
necessary to construct a division algebra with a cyclic splitting field which is 
not split by another cyclic field that will also be constructed. Then the groups 
of algebras generated by the cross products belonging to the two cyclic fields 
do not coincide entirely, and hence the number of classes of degree n is greater 
m—1 
nn”. 
— 7, = K(t'"), 22 = K(t;'") and D = (4, Z;/K) be two cyclic fields and a 
division algebra over K. Weshow that D X Z,~ Z;. This assertion is equiav- 
lent to the statement that t, is not the norm of an element in Z,Z, if it is con- 
sidered as an element of Z,.. We need only observe that ¢; is not contained 
in the norm group 9((ZiZ2)*) = {t?, te, t3'",--+, th} X (Zs). 
TuroreM 18. The group of algebras split by an arbitrary field L over K is 
mite. 
: Proor. Let A = (a,,,, L/K) be an arbitrary algebra split by L. (co, 7, --- 
the elements of the Galois group of L over K, [L:L] = n). The exponent of A 
is at most equal to n; hence aj, = cect/Csr with suitable elements c, ¢ L*. 
According to a theorem of R. Brauer, we have A ~ (a,-,,", L'(a¢,,)/K) where 


L'(a,,,) is a normal field over K which contains the field L(c}’", c}’", +--+ ) 
and o’, 7’, --: elements in the Galois group of L’(a,,,) over K.“ Under the 


assumptions on K the field L’(az,,) is equal to L(c}’/",---). The factor set 
a, consists of n roots of unity. Obviously the group of all possible 
factor sets {a,-,,"} consisting of roots of unity is finite. Hence the subgroup 
of all algebras which belong already to L and to the same field L’(a,, -) is finite. 

For a fixed factor set a,,, the degree [L’(a,,,):K] is a divisor of the number 
nn" =n", Thus the degrees of the different fields L’(a,,,) belonging to 
different factor sets of L are uniformly bounded by n. Now the number of 
fields L’ over K whose degrees are divisors of n”*’ is bounded according to 
theorems 6 and 7. Both statements on the finiteness of possibilities affirm the 
assertion of the theorem. 

THeorEeM 18’. The number of classes of normal algebras of degree n'/n over K 
18 finite. 

Proor. Each class can be represented by a division algebra. The latter 
are always split by abelian fields. Since there exists only a finite number of 
fields of degree n’/n, application of theorem 18 to all these fields proves the 
finiteness. 

We return again to the algebras A of the form (a, K(t}/")/K) and ask under 
what conditions an arbitrary field L of degree n over K is a splitting field of 
such an algebra. 

For this purpose we consider K as a maximally perfect field with respect to 
the valuation V(m — 1) and the associated field of residue classes K(1) = K’{t}. 
The field of inertia T(m), of L with respect to V(m — 1) is equal to K(ty"), 


ee a 


" R. Brauer, Uber die Konstruktion der Schiefkérper, die von endlichem Rang in bezug 
auf ein gegebenes Zentrum sind, Crelle vol. 168 (1932). 
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as renewed application of Hensel’s criterion shows. The degree of L over 
T(m), is equal to n(E(I'/A;)), where E(I'/A:) denotes a representing mero- 
morphism belonging to the ramification class of L over K with respect to the 
valuation V(m — 1). 

The group K*/N((K(t'"))*) is the direct product of m — 1 cyclic groups. 
The elements &,--+ tm are surely not norms of elements in K(ti/"). They 
obviously represent a system of generators of the group 2t((K(ti’"))*).  Further- 
more any unit e(K)m—1 of K with respect to the valuation V(m — 1) is the 
norm of a unit in K(t;/"). We have 


K*/M((K(t!"))*) = {tay ++ y tm} /{th y+ y ta} X €(K) ma/R((K(tt!")) m1); 


therefore [e(K)m—1:2(e(K(ti'"))m—1)] = 1. This result for the units €(K) m1 
of K with respect to the valuation V(m — 1) holds for any field K which is a 
field of power series in m variables, and any finite algebraic extension of K 
which is generated by the n“™ root of an element in K whose value with respect 
to V(m) is a generator of the isolated subgroup A, of I. 

For the solution of our problem we have to consider the algebra A X L ~ 
(a, L- K(ti!/")/L, o(L)), where o(L) denotes the least power of the generator ¢ 
of the Galois group of K(t;!/") over K which generates the Galois group of 
L-K(t}'") over L. Furthermore the degree [L-K(ti’"):L] is equal to n/h, 
where h = [LN K(ti!/"):K]. The field L N K(ti/”) is the field of inertia 7'(m), 
which belongs to V(m — 1) in L, and we therefore have h = n-n(E(I'/A,)) ~. 

Let the valuation generated by V(m — 1) in L be denoted by V(m — 1),. 
According to an observation on the norm groups belonging to unramified exten- 
sions with respect to the valuation V(m — 1) the element a considered as an 
element of L is the norm of an element in L-K(ti/") if and only if its value 
v(m — 1)z(a) belongs to the group of values generated by the norms of ele- 
ment in L-K(t;'"). Because that field is unramified over L with respect to 
V(m — 1) the necessary and sufficient condition that a be a norm is given by 
the congruence 


v(m — 1)z(a) = 0 (mod n/h = n(E(I'/A)))). 


Hence we obtain the following theorem. 
TuEorEM 19. An algebra A = (a, K(t}'")/K) is split by a field L of degree n 
over K if and only if 
v(m — 1):(a) = 0 (mod n(E(I'/A;))). 


Remark. Theorem 19 asserts anew that in fields of power series of two 
variables the local class field theory holds. The valuation V(1) is of rank one, 
and v(1)z(a) = e-v(1)(a). Furthermore f = h. Therefore the condition for a 
splitting field becomes in this case v(1),(a) = e-v(1)(a) = 0 (mod n/f = °)- 
It is always fulfilled for any field L of degree n over K. Therefore the group 
of algebras split by K we” coincides with the group of algebras belonging to 
any field L of degree n over K. This is the law of reciprocity from which all 
other theorems of local class field theory are more or less consequences. 
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Finally we wish to discuss two examples which illustrate the difference 
between fields of power series in more than two variables and fields of power 
series in two variables, for which as we have seen, the usual local class field 
theory holds. 

Example 1. Let K = K’'{t,, t, ts, ts} be a field of power series in four 
variables. Now consider the division algebras D, = (t,, K(t)'”)/K) and 
D, = (su, K(ts’”)/K), with the defining relations uz '(t2'”)us = p(t2'”), u? = 
and uz'(th!”)ur = ¢p(t3'”), u? = t& respectively. (f, and ¢, denote suitable p™ 
roots of unity.) Then consider the algebra A determined by the relations 
lglly = Ure, Us = tL, Ur = ty; Uy leaves to/” invariant and u, leaves t;!” in- 
variant. The coefficients of the sums > > a;; ui ui shall be taken in the 
field K(t:'”, t;'”) which is unramified with respect to V(1). The algebra A is 
normal over K and has the degree p’. It contains two algebras which are iso- 
morphic with D, and Dz. Both have the centrum K, therefore A ~ D,; X D2. 
The elements t3’”, #2”, Ue, Up and their products generate over R(3) an order 
of rank p*. This order © is contained in at least one maximal order I of A.” 
Denote by % the uniquely determined two-sided ideal of 2% with respect to the 
valuation V(1). We then get the following relations: p = $”, [It/$:K(3)] = F, 
EF = p'and E = p, F = p* withA +u = 4. We haved = 1 andu S 8, 
since A contains the field K(ue) 2 K(ti!”) which is totally ramified. The 
system of residue classes t/$ is a simple algebra over K(3). It contains the 
ring ©/98. Let the residue classes of #3’, tz’? and u, be denoted by 7;'”, #2'” 
and w,. They are not equal to 0 in K(3); furthermore there occur no new rela- 
tions between them. Hence Nt/¥ contains the algebra B = K(3)(i'”, i'”, a). 
The system B is a cyclic algebra of rank p’ over K(3)(é'”), namely B = 
(i, K(3)(R'”, t!”)/K(3)(&'”)); it is a division algebra. Its rank over K(3) 
is equal to p’. Therefore the system 2t/P which is at most of rank p* over 
K(3) must coincide with B. We obtain » = 3 and} = 1. The algebra A 
does not split off a matrix algebra of degree p because It/¥ is a division algebra. 

By this example we have shown: 

(i) A~ D, X De is a division algebra with centrum K; it has the degree p” 
and is of exponent p. 

(ii) M/P isa division algebra of rank p* whose centrum properly con- 
tains K(3). 

(iti) A has more than one type of abelian splitting fields which are unramified 
with respect to V(3). For example K(t2’”, t;/”) and K(ty’”, t3’). 

ExampLe 2. Let K = K’{t,, t2, ts} be the reference field. The algebra 
D = (bf? , K(t!")/K) is a division algebra of degree p? = 7 and exponent p” 
over K because the p”** power of #t3 is the least which lies in the norm group 
of K(t") in K, the latter is equal to {t,, t2 , ts} X e(K). 





“The order © is contained in at least one maximal order I because for valuations of 
rank one maximal orders can be characterized by the postulate that they have a minimal 
discriminant. It is necessary to have at this step the existence of such a maximal order 
for we do not yet know that A is a division algebra. 
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We now show that no field K((é{'t?ts)""") is a splitting field of D. Denote the 
field K((ti'tz*ts)"", tr") by L. Then D X K((ti' 3" ts)""") ~ (bt, L/K((tt' t)""")) 
because K(ti/") N K((t{'t??t3)"") = K. The group of all elements unequal to 0 
in K((ti't3"ts)"’") is given by {(¢{'tts)"", t, t} X «(K((f't*t)"””)), because the 
norms of the generators (t{'¢3°ts)"’”, t, and f& generate exactly the norm group of 
K((t?'t?ts)"") with respect to K. The group L* is equal to 


b 


{ (t1't97ts)""", t1'", te} X e(L), 


as a computation similar to the one we just made shows. Now #? is not 
contained in the norm group of L in K((é{'t??t;)"""). If tt? were an element 
of the norm group we could establish a relation tt? = (f't2*ts)"titz° with integers 
xz, y and z. If we assort the powers of t,, &, ts; and compare both sides, we 
obtain the linear equations az + y = 0, ax + pz =landaz = p. Substi- 
tution of x = pin ax + pz = 1 leads to the relation (a, + pz)p = 1. This 
equation has no integral solution z; therefore 3 is not an element of the norm 
group. The same is true for the p™ power of tt?. Hence the algebra 
D X K((t@t?t;)""") is a division algebra over K((t{'t?’ts)'"), and therefore a 
field of the type K((é{'t?t3)"") never can be a splitting field of D. 

We now prove that the prime ideal p(2) of K never can be a p™ power 
of a prime ideal (2) of D. Assume that p(2) = 9$(2)"; then any element 
P of D which is exactly divisible by (2) generates a field K(P) in D which is 
of degree p’ over K and totally ramified with respect to p(2). According to 
theorem 4 the field K(P) must be cyclic and therefore be equal to some field 
K((t@t?ts)""). The latter cannot be a maximally commutative subfield of D. 
Hence (2) cannot become a p™” power of the two-sided prime ideal §(2) of D. 
But we have p(2) = $(2)” because D contains the field K(u) generated by the 
defining operator u whose p* power is equal to f#t?. For that reason the 
degree of ramification is equal to p, and therefore the degree of ramification 
belonging to p(2) in D must also be equal to p. The algebra D is an example 
of a cyclic algebra of degree and exponent p’ with the ramification degree p 
and the residue class degree p’ with respect to V(3). 
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ON THE GROUP-DEFINING RELATIONS (2, 3, 7; p) 


By ABRAHAM SINKOV 


(Received December 10, 1936) 


|. Introduction. The defining relations S* = 7? = (ST)' = (S'T ST)” 
= 1, which are designated (2, 3, 7; p), have been studied for all values of p 
up to and including seven.’ In each case, the four conditions have been shown 
to be either incompatible or else sufficient to define a single finite group. That 
such a statement is not generally true follows from the fact that it is possible 
to exhibit a pair of generators of the simple group of order 1092, and a pair of 
generators of the simple group of order 9828, such that both pairs’ satisfy the 
relations (2, 3, 7; 13). Further it would appear from the work of Brahana on 
the simple group of order 504 that there is more than one group’ satisfying 
the relations (2, 3, 7; 9). Indeed it is quite probable that this same statement 
is true for every value of p > 7. The purpose of the present paper is to obtain 
some new information about the general relations (2, 3, 7; p) and incidentally 
to determine the abstract definitions of certain groups which have not previously 
been defined in this manner. 


2. General Relations between P and Q. Under the transformation 
P = (ST)", S = P*Q, 
Q = (ST)’S, T = P*Q, 


the defining relations (2, 3, 7; p) are equivalent‘ to P’ = Q” = (QP’)’ = (QP")’ 
=1. The latter definition is more convenient to work with, and will be used in 
this paper in preference to the definition in terms of S and 7. Certain conse- 
quences of these relations, independent of the period of P, have been established 


by the author in the paper referred to in footnote 2. We restate them here, 
without proof: 


(1) QP’Q = PQP, 
(2) (P*QPQ*)’ = (PQP*Q*")’ = 1, 


'H. R. Brahana, American Journal of Mathematics, vol. 50 (1928) pp. 350-4. This 
paper will hereafter be referred to as ‘‘Certain Perfect Groups.” 

A. Sinkov, Bulletin of the American Mathematical Society, vol. 41 (1935) p. 239. 

‘A. Sinkov, ‘Necessary and Sufficient Conditions for Generating Certain Simple 
Groups,” Am. Journ. of Math., vol. 49 (1937) p. 71. 

' R. Brahana, Annals of Mathematics, vol. 31 (1930) p. 532. 

Certain Perfect Groups,” p. 354. 
*“Certain Perfect Groups,”’ p. 349. 
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(3) QP* = PQP*Q, 
(4) (QP*)’ = 1, 
(5) (QP*y’ = 1. 


From these we derive two additional relations which are true only when P’ = |: 
QP’ = Q':P'Q=Q'P’-P'Q 
= P*QP°Q = P*-P*QP’-P*Q 
= P'QP-Q"P*.Q = P'OP'e, 
Q°Pt = Q'P'.eP'g = P'YP'? 
= PQQ PYG = POPE, 
whence (6) (Q*°P*)’ = 1; 
(GP'EPY = EP*-QP'Q-P'P’ 
= GP'QP'YP’ = QP'QP’, 
(7) (QP'QP’)? = 1. ) 
3. On the Operator Q’P’. It has already been stated that, for p > 7, the 


four conditions (2, 3, 7; p) seem insufficient to determine a unique group. If 
that be true, then there are certain combinations of the generators whose periods 


cannot be fixed by those four conditions alone. For example, if we consider the F 
operators q°*P* arranged in the ascending order of the numbers 10 a + 8, then itis ¥ 
possible to show that the period of every operator up to and including QP is 
fixed by the initial relations. This is not true however for Q’P’, and an attempt C 
will now be made to indicate some limitations that can be placed upon its possible th 
periods. 
From the relation (7) just established, 
QP*Q’P® ae P’Q°P’ i» al 
W 
(QP)? = P'Q°*(Q'P’) *Q, in 
(8) (PY GPY = PQ, ' 
(9) (Q’P*)’Q*(Q'P’)’ = P’, 
(10) (QP'Y'Q "(APY = @. _ 
If the period of Q’P* were two, then (8) would lead to P* = 1, which is im- 
possible. | 


Suppose (Q’P*)*> = 1. Then it results from (10) that Q* = 1. Now, the 
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relations (2, 3, 7; 4) are sufficient’ in themselves to define the simple group of 
order 168. Since QP’ = Q°P* = (P°Q’)", it follows from (5) that the relations 
(2, 3, 7; 4) imply (Q’P*)* = 1. Therefore, Gis is a factor group whenever p 
‘sa multiple of four; it satisfies but does not fulfil the conditions (2, 3, 7; 4p’); 


@Py = 1. 
Suppose now that the period of Q’P’ ist (> 3). Then 


(QP*)’ = P(P*Q’)*, 
(P°Q”’) t-—2 ™ P°Q’(P*Q’) ft. 
(P°Q”’) t—4 me Q*(P*Q’) “P*Q'P*, 
(11) [OP*(Q’P’)*“*P = 1. 
Also 
(Q’P’)’ = Q’P’-Q’P’-P°Q’P*-P 
ain Q’P*Q°P’Q”-P*-Q°P 
= Q’P*Q”P*Q*P” : P’Q'P 
_ Q-QP’-Q°P*°Q“*P’-QP*-Q"* 
ai QP*Q “PQ “PQ P*Q"*, 
(12) (Q’P*)’ = (QP*Q)-Q “PQ ‘P’- (QP*Q)", 
so that (Q’P’)’ has the same period as Q*P*Q'P’. 

These last two relations make it possible to show that ¢ may not be four. 
For then (Q‘P’)? = 1; Q‘P® = P°Q™. Substituting in (Q‘P°Q*P’)* = 1, P’ = 1, 
which is impossible. 

As a corollary to the above results, we shall show that the relations which 
Coxeter has designated G*”"” and G*’™ are incompatible. Coxeter has studied 
the general defining relations 

G™"?: A™ = B” = C? = (AB)’ = (BC) = (CA)* = (ABC)? = 1 


and finds that G*"” (p odd) may be written (2, 3, 7; p); (Q'”*P*)’ = 1. 
When p = 7, the last relation implies (Q*P*)’ = 1, and we have immediate 
incompatibility. When p = 11, the last relation is equivalent to (Q‘P’)* = 1. 
Substituting this result in (12) 


(Q’P*)® - QP*Q*P* 4 Q°P’ Q°P*Q”* 
~ QP‘ : P’ ; Q’P*Q”* 


*Cf. footnote 1. 


* These results which have been communicated to me by Dr. Coxeter have not yet been 
submitted for publication. 
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whence (Q’P’)’ is of the same period as P*. Therefore (Q’P’)” = 1. From (11) 
Q'P*(Q’P’) “*Q'P(Q’P’) * is Q*P*Q’P” 
P*(Q’P’) °Q'P*(Q’P’)” on (P°Q’) “*(Q’P’)* = 1 
(Q’P’)” = (P*Q’)” PQ” nat PQ?’ Q* _ P* 

which is impossible. 

Should Q’P* be of period 5, it follows from (9) that Q’ is of the same period 
as P’, ie. Q = 1. This condition must be fulfilled, since it is not possible for 
Q’ = 1 or for Q’ = 1. The latter statement follows immediately from the fact 
that (2, 3, 7; 7) is of order 1092 and cannot involve any operators of period 5. 
Hence if (Q’P’)’ = 1, Q is of period 14. That these relations are compatible 


and that they define a group whose order is at least 12,180 is proved by the 
following generators of LF (2, 29). 


S = (1, 30, 2)(3, 16, 29)(4, 21, 15)(5, 9, 20)(6, 25, 8)(7, 26, 24)(10, 18, 19) 
(11, 28, 17)(12, 23, 27)(13, 14, 22), 
T = (1, 28)(2, 27)(3, 26)(4, 25)(5, 24)(6, 23)(7, 22)(8, 21)(9, 20)(10, 19) 
(11, 18)(12, 17)(13, 16)(14, 15). 


On the other hand, by using a special enumeration process due to Coxeter and 
Todd,* the author has been able to show that the abstract relations (2, 3, 7); 
(Q’P’)’ = 1 define a group whose order cannot exceed 12,180. Hence the simple 
group LF(2, 29) is completely defined by the relations (2, 3, 7); t = 5. 

In carrying out the enumeration process, the author found it convenient to 
use the group {Q, PQP’} of order 28 as the basic subgroup, although it would 
have been a bit shorter to utilize the icosahedral subgroup {QP’, P*Q}. It is 
worthy of note that the above definition for LF (2, 29) is considerably simpler 
than the best existing definition for this group, namely Todd’s’ 


S”® = R“ = U® = (US) = (UR) = 1, RS = S'R 


4. A perfect group satisfying (2, 3,7;8). Whent > 5 and p > 7, these two 
parameters are apparently independent. Hence the simplest case to be con- 
sidered is p = 8,t = 6. In this article, we shall determine the group G defined 
by (2, 3, 7; 8); (Q°P*)® = 1. G will be perfect” since the relations (2, 3, 7) 
alone are sufficient to insure that fact. 

It has already been shown that G yields Gysg as a quotient group. The in- 





7 As linear fractional transformations S and T7 are: 


_ (2, —3 Pe fh. 
s = (7-5), t= (37). 
§ Proc. Edinburgh Math. Soe. (2), vol. 5 (1937), pp. 26-34. 


® Journal London Math. Soc., 7 (1932), p. 195. 
10 Certain Perfect Groups,’’ p. 347. 
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variant subgroup which gives rise to Gis as a factor group is generated by the 
complete set of conjugates involving Q*. We study first the operators P”“Q*P* 
(a = 0, 1, 2, -°° , 6). 

Since Q'P°Q'P’ is of period two, Q* is commutative with P’Q‘P® and P’Q'P’. 
Furthermore, (Q‘P°Q*P’)” = 1 implies (Q*P*Q’P’)’ = 1. For" 


QPP = Q-QP'Q'P-Pt (2) 
= UP'O'P'.Q'P* = YP'RPOQ; 
GP'E*PQ = QP'YP'Y* = PQ “PE 
OP'Q*-PEP'Q-QP = 1, (2) 
(3) (QP'OPY = 1. 


With the aid of this last relation, it can be proved that all the operators P~°Q*P* 
are permutable. 


P°OP’Q = P*-PQUP’Q = P*Q’-P’Q'P® (2) 
= QPQ'P*, 

QPQ'P* = UP*Q'P'Q = P-P*Q'P*Q’-QP*Q (13), (1) 
= PQP’-QP*QP = PQ’-PQ'P*-Q (2), (1) 
= PQ’P'Q, 


(Q'PQ'P*)’ = 1. 

It follows similarly that (Q*‘P*Q*P*)? = 1. Q* is thus seen to be commutative 

with each of its conjugates under powers of P. Further, 
P~°Q'P*- P*Q'P* de Pp. pe -Qip- *Q'. PP 
aie P*Q'P’.P-°Q'P*, 

so that any two operators of the form P~‘Q*P* are commutative. Hence the 
group H generated by these seven operators is abelian and involves operators 
of period two only. 

The subgroup H is invariant in G. To prove this fact it is sufficient to show 
that H is invariant under Q. 


Q'(P'Q'P)Q = Q°P*-P*Q‘PQ (2) 
ade PQ: Q'PQ'P® me P*Q'P’, 
Q'(P*°Q'P*)Q = Q’P*: PQ'P’Q (2) 


ve P*°Q-0'P'°Q'P® a PQ'P*. 


"To facilitate the verification of the manipulation which follows, a number has occa- 


sionally been written to the right to indicate the particular relation which is being used 
In the process of simplification. 
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Similarly 
Q'UP'EPQ = PUP, 
Q'UP'OP)Q = POP’-Q, 
O'UPEPIQ = POP. P'UP’-Q, 
Q'(PEPIQ = P°YP-P'OP'. 


Therefore, the invariant subgroup of G which is generated by the complete 
set of conjugates involving Q* is abelian and of type (1, 1, 1, --- ). 

The continued product of the seven generators [fo P"Q*P™ = (Q'P*y' 
We proceed to show that (Q*P’)’ = 1. This will be accomplished by proving 


that ° 


Q'P* = (QP°Q")P(QP*Q’) ", i. 


QPP = P*Q’PQP’, (2) 
PQ'P’-Q’P*-Q°P*Q’ = 1, (6) 
PQ'P-Q’-P°Q-P°QY = 1, (3) 


Q’-P*QP*-Q? a qQ”* a + 


It follows then that at most six of the generators of H are independent, and 
that the order of G cannot exceed 2°-168 = 10,752. That its order is exactly 
10,752 is demonstrated by the two generating permutations given below, which 
yield a transitive representation of G of degree 42. 


P = (1, 2, 3, 4, 5, 6, 7)(8, 9, 10, 11, 12, 13, 14) --- (36, 37, 38, 39, 40, 41, 42), 
Q = (1, 15, 22, 36, 40, 34, 11, 4)(3, 7, 8, 29, 42, 39, 26, 17)(5, 6, 21, 18) 
(9, 24, 10, 16)(12, 20, 23, 32)(13, 28, 35, 27)(14, 31, 25, 19)(30, 37, 38, 33). 


Therefore, the most general group determined by the relations (2, 3, 7;8); (Q’P’)’ = 1 
is of order 10,752. 


5. The possible quotient groups of G. Should any smaller groups than G 
exist satisfying the same relations, they would be obtainable as quotient groups 
of G. The invariant subgroups to be considered must be contained in H and 
will be definable by some additional restrction on P and Q. We consider the 
possibility of the existence of such groups. 

They will arise if it is possible to generate H by fewer than six of the operators 
P“'Q'P’. This implies that some product of less than seven of the generators 
reduces to the identity. Since the product of all seven is the identity, it is 
sufficient to consider only those products which consist of less than four factors. 
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Certainly no single operator P~'Q‘P’ can reduce to the identity since Q is of 
period eight. If 
P~°Q'P*-P*Q'P* = 1, 
pgp _ gt 


Q' is thus seen to be invariant under P, and the seven generators of H are iden- 
tical. This contradicts the statement that [[f.o P'Q*P* = 1. 

Suppose then that P“Q'P*: rer -PQ‘P” = 1. For purposes of abbrevia- 
tion, we shall designate P~“‘Q‘P’ by 7. Then since P transforms i into i + 1, 
each of the following sets of three multiplied together yields the identity. 


i 7 k 
+1 j+1 k+1 
t+6 j+6 k+6 
By using the fact that no product of fewer than seven of the P~‘Q*P* reduces 
to the identity unless it involves either three or four factors, the following proper- 
ties result: 
1. Every triple of the above array has one and only one element in common 
with every other triple. 
2. Every possible pair of numbers is contained in some one of the above 
triples. 
3. No triple not contained in this array may reduce to the identity. 
Properties 1 and 2 indicate that 7, 7, k must correspond to a perfect partition 
of 7 (in the sense used by Kirkman).” Hence the two possible solutions for 
i,j, kare 1, 2,4 and 1, 2,6. It follows from 3 that the invariant subgroup in 


question (H’) is of order eight, and if we use the solution 1, 2, 4, H’ is composed 
of the identity and the seven operators 


P“(P"Q'P-P°Q'P’-P“Q‘P’)P* (i = 0,1, 2, --- , 6). 


On equating this expression to the identity, we get the additional restriction 
which defines H’ viz, Q*PQ*P*Q‘P® = 1, which may be used to define a second 
group G’, fulfilling the conditions (2, 3, 7; 8); (Q°P’)® = 1. This second group 
is of order 1344, and has been previously obtained in a different connection. 
In his determination of the transitive groups representable on 14 letters, G. A. 
Miller” found three groups of order 1344. The last of these is isomorphic with 


@, and the permutations given below were obtained from the representation 
given by Miller. 


P = aimegck-bjnfhdl, 
Q = ahcebgdf-ij-km-In. 
a aeeneneeetiaistenin, 


7 Transactions Historical Society of Lancashire and Cheshire, vol. 9 (1856-7), p. 128. 
* Collected Works, vol. 1, p. 215. 
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It is interesting to note that the list of transitive groups of degree 14 includes 
a group of order 10,752 which has a number of properties in common with G. 
However, it is possible to prove that the two groups are abstractly distinct, 
and it results from the proof that the Gio7s2 cannot be generated in any manner 
whatever by two operators of periods two and three. Similarly Gisaa and the 
second of the groups Gij4, have a number of properties in common with G’, 
but neither of them can be generated by two operators of periods two and three. 

It is not difficult to show that the relation (Q’P*)® = 1 is redundant in the 
definition of G’. If we write Q‘PQ‘*P*Q‘*P’ = 1 in the form Q*P°Q‘P’- PQ'P’ = | 
we see that (Q*P*Q‘P’)” = 1. This implies, by the use of (12), that (Q’P’)® = 1. 

Had we used the partition 1, 2, 6 instead of 1, 2, 4, the additional restriction 
would have taken the form Q*PQ‘*P’Q*P* = 1, which is not satisfied by the 
permutations given for G’. This is as it should be, for it can be shown ab- 
stractly that the two definitions for H’ are incompatible. However, the two 
groups of order 1344 are abstractly identical, and the generating permutations 
given below yield the same group of order 1344 as was used in the foregoing. 


P = aceikgm:bdfijlhn, 
Q = ak-bl-gh-cfmjdeni. 

We have then the following theorem: There are only two groups fulfilling the 
relations (2, 3, 7; 8); (Q’P’)® = 1. The larger, of order 10,752, is completely 
defined by the above relations. The smaller, of order. 1344, is completely defined 
by adjoining to the relations (2, 3, 7; 8) either QPQ‘*P‘Q‘P’ = 1, or QPQ‘?’Q'P’ 
= 1. Ineither case, (Q’P’)® = 1 is implied as a consequence. 


WasHIneTon, D. C. 


NLS RE PT 





th 
ze! 
yi 
ne 
fut 


W 


TI 








he 


ly 
odd 


pt 


Nee 





AynaLs OF MATHEMATICS 
Vol. 38, No. 3, July, 1937 


ON EPSTEIN’S ZETA FUNCTION 
By Max F. DeEvrina 
(Received May 6, 1936) 


1. It is the purpose of this note to present some new formulae which connect 
the zeta functions of quadratic forms or Epstein’s zeta-functions to the Riemann 
yeta-function and functions related to it. Although these formulae did not 
yield any new results concerning the deeper questions on zeta-functions, I 
nevertheless believe them of sufficient interest and hope they will be of use in 
future investigations. 

Let Q(z, y) = ax’ + bry + cy’ be a quadratic form with real coefficients. 
We assume Q to be positive definite, therefore 


a>oO and D = 4ac — b’ > 0. 


The series 


+00 
(1) DD Qn, m)* = Sale) 
(the accent indicates the omitting of the term n = m = 0) is known to converge 
absolutely and uniformly for all s in any half plane Rs = o > 1 + e, where 
«> 0. The function fe(s), Epstein’s zeta-function consequently is regular in 
the half plane o > 1. £(s) is in fact analytic in the whole s-plane, a single 
pole of order one at s = 1 excepted. The functional equation 


(2) (3D) *T(s) fe(s) = (FD) OT — s8)fe(1 — 8) 


holds. For these theorems different proofs are known. We shall start our 
investigations by the development of a formula for ¢e(s) that holds throughout 
the whole s-plane, giving the analytic continuation of {9(s) and at the same time 
the validity of (2). The same formula will then be used to prove the analytic 
continuability and the functional equation of the Riemann zeta-function 
f(s) = n=i”. Finally we shall use our formula to prove that ¢(s) vanishes 
infinitely often on the “critical line” ¢ = }. This is a well known theorem of 
Hardy. Our new proof seems to be of some interest because it establishes a 


relation between the real zeros of ¢(3 + if) and the behaviour of {o(} + it) 
ast— oo, 


2. We apply the Euler-Poisson summation formula 


> f(n) = [ f(x) de + 4 nae +o) dz, 
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which is certainly valid if f(z) has a continuous second derivative, to f(z) = 
Q(n, m)* for m # 0 


ya Q(n, m)~* -[. Q(a, m)~* da + >| as + e*"*)Q(2, mdz. 


n=—N v=] 


Let N tend to + ~, then 


+00 


+00 
2. Q(n, m)~* -[° Q(x, m)~“* dz + - (eo? +. 6 **"*)0(x, m)~* dz, 


p=] J/—o 


the convergence of >. [*% towards ele Sx being uniform with respect to 
N. The first integral may be evaluated 


j—s 1 
Q(z, m)* da ~ ra’ (?) | m = “a 3) : 


+00 





—0 


Consequently 


> Q(n, m)* = a’ i | m |?" I(s in 3) 


n=—0o 4 T(s 
(3) ' i 
+ > [w(s, », m) + w(s, —v, m)] 
where w(s, v, m) is defined by 


+0 
(4) w(s, v,m) = [ e™"* Q(x, m)~* dz, ¢>0. 


3. By an application of Euler’s integral 


T(s) = [ x’ edz 
0 
we find 


I'(s)w(s, v,m) = [ ‘i e™*"*T(s)Q(x, m)~* dx 


00 
-[- om fy s—l e ve, m) dydzx - y* [ erie ve) dody, 
—co 0 —o 


For the second integral we have 


+00 
i errive—v (ax2+bmz+cem?2) dx 


CO 
ribmp ~— D r2y2 -}00 [ Sese—tes’ 
ee ia a ated “ah 
— a 4a ay i 2Qay dz 





é 


30 


7T-\ _ tibmy 2, P wry? 
= a e So ae ae 
ay 
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Hence 
T 2 y2 


ribmy ea) 3 m2D 
Y » a. a” 6 ae 
(5) T(s)o(s, v,m) = 3 )° y “e dy. 
0 


This representation of w(s, v, m) shows that w(s, v, m) is an integral function 
of s, since the integral in (5) is uniformly convergent in any bounded s-region. 
Even I'(s) w(s, v, m) is integral, so that w(s, v, m) = 0 for s = 0, —1, —2,---, 
on account of the poles of T'(s). A third expression of w(s, v, m) is derived from 
(5) by an application of Mellin’s formula 





a hse " 
ro T(u)e “du = e™, 


validfora > OandRe>O0. This formula gives 


2y2 : 
<= 1 atic 2 2\—}u 
é 4 = ind ia r(2) (=) du, a> 0, 
so that 


7z\ _ tibmy re) 2-3 _m*Dy 1 atic u ats —hu 
dann ER LEE [HY 
0 a—12 


Provided that ¢ — } + 3a > 0, we may change the order of integration for 
then the inner integral fo --- dy is convergent. Using once more Euler’s 
integral, we obtain 


({D)*x*T(s)w(s, », m) 








1l—s 
(6) rt ed dil — ati? (D\™ _/y (5 ,) 
“Tua wie V4) TMa)T\ats—o 
|v é m ‘Pees du. 


The two conditions ¢ > 0 and ¢ — 3 + 4a > O mean that the poles of the 
integrand are on the left of the line of integration. Introducing a new variable v 
byu+ 2s — 1 = », we get 


(}D)"x*T'(s)a(s, v, m) 


—}-(1—s) 2 _ ttbmy a+2o—1+i%0 2\ —}v 
_7 PY wa Dr v me 
4i (7) lic eat (35) r(5 sian 3) 


r(3) | » a | m ke dv 


where again the line of integration is on the right of the poles of the integrand. 
Comparing this result to (6), we obtain 


7) 4D)" P(s)ex(s, », m) = (4D)! gO PL — s)wo(1 — 8, m, »). 
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4. (6) shows that in any bounded s-region an inequality 


| w(s, v, m) | < const. | v |“ | m |" 
holds uniformly for ally and m. The series 
(8) >> > (w(s, V; m) + w(s, ~?, m)) = RQ(s) 


. y=] 


is therefore absolutely and uniformly convergent in any bounded s-region and 
represents an integral function Re(s). From (2) we have 


—@ s—l on I(s — 3) 
(9) fos) = a *¢(2s) + a vz(2 ) TG Te 
This, together with (6) and (8) is the formula announced in 1. If we assume the 
meromorphic character of the Riemann zeta-function ¢(s), we derive from (9) 
that ¢9(s) is analytic in the whole s-plane with only one pole of order one at s = 1, 
which in (9) is given by the pole of ¢(2s — 1). Form (7) and (8) the functional 
equation 


(10) (1D)* x *T'(s)Ro(s) = ($D)#°~ eT — 8)Ro(1 — 8) 


follows. Using (9) and expressing ¢(2s — 1) through ¢(2 — 2s) by means of 
Riemann’s equation, we find (2). 


¢(2s — 1) + Ro(s). 


5. It is interesting to note, that the two properties of ¢(s) used in this argu- 
ment—the meromorphic character and the functional equation—may be derived 
too from our formulae. Consider the special function {9(s) belonging to 
Q(z, y) = x + #y’. For simplicity write ¢(s, £) instead of ¢0(s), similarly 
R(s, ) for Re(s). We havea = 1 and D = 4. The definition of ¢(s, £) gives 


i(s, &) =e i(s, *). 


In this equation we express {(s, £) and ¢(s, 1/£) by means of (9) and find thus 





(11) R(s, F) = eR, 0 + — De) + @— 2) Ve ED ras 0. 


Since we do not assume the meromorphic character of ¢(s), this is proved only 
foro >1. Put 2s = w, then 


leaner) ns eile hele 


This formula, for arbitrary § ~ 1, evidently supplies the continuation of ¢(w) 
into Rw > a — 1, if ¢(w) is known to be analytic in Rw > a. Starting with 
a = 2, we may by steps find out the meromorphic character of {(w). 
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6. We substitute the value of w(s, v, m) given by (6) into 


+00 +00 


R(s, £) = 3 p ig ay [w(s, V; m) + w(s, 7, m)). 


m=—O p= 


Under the restrictions ¢ > 1, a + 20 — 1 > 1 the summations may be taken 
under the integral so that 


at+ie 


e*T(s )R(s, #) = are (nt) r(3) (3 +s- 5) rude 4 28 — 1)du. 


Put 
7 “n(s £) 8) = ¢(s). 
Then 
(12) Pr *T(s)R(s, €) = 23 I ‘i E“op(u)e(u + 2s — 1)du. 


—ie 


We now consider the inverse of (12) in the sense of Mellin’) 


(13) nee +2s—1) = ar e"t* R(s, £) dé. 


F@) ) 
This equation may be used to prove Riemann’s functional equation 
g(u) = g(1 — u) 


ina manner similar to that adopted by Riemann himself in his proof based upon 


. ir(3) = | 2 Demag. 
0 


n=1 


We divide the integral in (13) into fj and ff and use » = 1/€ as a new variable 
in fi. Expressing R(s, £) = R(s, 1/n) through R(s, 7) by means of (10) we 
obtain 


1 , ) 
l get Ris, £) dé a 7 R(s, 1) dn 
1 


= I n “R(s, n)dn + ¢(2s) I (n* — 1 **)dn 


+ V2 > le §(2s — 1) i . (qh — 9) dn 








ee 
“ " Rls, nda + 5029)[ 25 = a | 
~ I(s — 3) 1 1 _ 
Se + vs T(s) ls - 3) 1). 


, Peroni instance: 8. Bochner, Vorlesungen tiber Fouriersche Integrale, Leipzig 1932, 
age 
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We finally express R(s, 7) through R(1 — s, n) according to (10) and introduce 
the new value of f¢ into (13) 


g(uje(u + 2s — 1) = wr “T(s) I et R(s, &) dé 


(14) +e 7 T(1 — 8) g** R(1 — s, é)dé 


1 1 cs 1 1 
+ (26)| As - 5] + 02-0 3-3] 


In any region | s | + | u| < const. both integrals are uniformly convergent with 
respect to both variables s and wu, since from (12) | R(s, &) | < const. & * follows 
for arbitrary a > 0. Both integrals therefore are integral functions of s and u. 
(14) has been proved under the assumptions ¢ > 1, Ru + 20 — 1 > 1 and the 
existence of ¢(s) has been used only for > 1. Consequently (14) yields again 
the analytic continuation of ¢(s): In order to continue g(u) into Ru > —4, 
choose s such that —6 + 26 — 1 > 1,¢ > 1, then (14) expresses g(u) in Ru > —3 
by means of known functions.. We shall take s = } in (14). In order to do 
this we need the connection between ¢(0) and the residue p of {(s) at s = 1. 
Take s = Oin (11). Since R(O, &) = 0 by (5) we have 


@-v(gtit--)+@-v/( ca .--)1@) =o, 


s— % 











¢(0) = —p. 


The expansions of ¢(s) into powers of s — 1 and s respectively therefore begin 
as follows 








(15) ols) = —* tate, els) = 24 b+. 
From (15) we derive the value of g(2s) E - — r 5 ne | at s = } to be 
p 1 1 
at of - —1 1 
and similarly the value of g(2s — 1) ae, Seren | at s = } is 
u+2s—2 u 


p 1 1 
@— i * ly a i| 
Now (14) gives for s = 4 
otu)? = fe RG, Dae + [ e-RG, ae + ow? 40-9 
— (a + bu? + (1-4)? 


(16) 
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The expansion of g(u)° into powers of u begins by (16) 
g(u)” = p/w +---, 


but by (15) 
ou)? = pfu +o. 


Consequently p = 1, since p # 0. The right hand side of (16) remains un- 
changed if u is replaced by 1 — u. Therefore g(u)” = g(1 — u)®. Whether 
gu) = (1 — u) or gp(u) = — g(1 — wu) we decide by taking s = 1 — win the 
first of the equations (15) and s = win the second. Comparison yields g(u) = 
g(1 — u). This is Riemann’s functional equation. 


7, From (9) and (12) we derive 





i(s, é) = 
, , T(s — 3) _ 1)¢1-28 a 
¢(2s) + 7 Te ¢(2s — 1)é SmiT(s) Joie E“y(u)ge(u + 2s — 1)du. 
Write ®(s, £) for a “T'(s) ¢(s, &), so that 
a+ie 
(17) (s, £) = E9(2s) + é' “(2s — 1) + = cs E“o(u)e(u + 2s — 1)du. 


Let s be a point on the line ¢ = 3. We shift the line of integration to Ru = 3. 


The two poles u = 1 and u = 2 — 2s are passed over, so that 


(b+ it, s) = (24 4 EOL + Qit) + (+ EOL — 2it) 


(18) tee 
+246 me" OF + tyes + tly + 2t)) dy. 


(5 + it, €) and ¢(4 + 7) are real valued functions of the real variable ¢t. This 
is an immediate consequence of the functional equations for ¢(s, £) and ¢(s). 

We use (18) to prove Hardy’s theorem that ¢(4 + zt) or else o(} + it) has 
infinitely many real zeros. Suppose on the contrary that ¢(} + it) vanishes 
only for a finite number of ¢’s. Then for t > Jo, o(3 + it) is of constant sign. 
Take t > Ty. Then the integral in (18) is for the special case = 1 equal to 


—2t+To 


[- o( + ty)o(S + ily + 2t))dy + oF + ty) e(S + ty + 2t)) dy 


0 





7 


+] | leh + wold + iy + ®) lay. 


—2t+T 9 


We shall prove that 


tle 
(19) _, (98 + tye + ily + 2t)) | dy > const. ett 


—2t+ 


but that the other two integrals as well as g(1 + 2it) + o(1 — 2it) are o(e*** #). 
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So 
&(} + it, 1) > const. o3"# 
for sufficiently large ¢. But this is a contradiction’ to 
(5 + it, &) = off’). 


It is interesting to note, that (19) contradicts too the existence of infinitely 
many real zeros of (3 + zt, 1), which might be proved in a separate way. 
In order to prove (19) we use 


(20) | P(e + at) | = BG) |t [Fe "A + Ot |) as|t|— @, 


a well known consequence of Stirling’s asymptotic formula for I'(s). From 
(20) we derive that 


| r(2 + idy) | = const. | y | te **™! 
and | TG + 7 4y + 2¢)) | = const. | y + 2¢ [te tt"! 
if —T) 2y = —2t+ 7). Therefore 


[ old + wold + ty + 20) | dy 


2t+T 9 
—T9 
> const. e*" [.. [5 + i) 53 + tty + 20) | [yl Fly + 2e| Fay. 
= 0 
| y(y + 2t) |* takes its minimum for y = —t, so that 


[. lols + iy)o( + ily + 2t)) | dy 


2t+T9 


IV 


const. o'r [ eG + WE + ily + 20) Lay 


> const. et? | [. 3 + ty) co + tty + 21) dy 
—2t+T o 


2-iT 9 


2—1(2t—T 9) 
= const. cri | ¢(z)¢(z + Qt) dz — if ¢(z)¢(z + 2it) dz 


~i(2t—T9) 2—i(2t—T) 
4-iT9 ; 
=i [sorte + 2inde} 
iT) 


The first integral is O(t'). For ¢(z + 2it) runs through a set of values inde- 
pendent of ¢ and ¢(z) = oct’) by a well known theorem. We need in fact only 





* See for instance: E. C. Titchmarsh, On Epstein’s Zeta Function Proc. London Math. 
Soc. II ser. 36 (1934) 485-500. 





an 
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¢(z) = o(t), which is rather easy to prove. In the same way the third integral is 


shown to be O(t*). The second integral is equal to 


wall —1 -t 2 
yn ?m rf n ‘vm i (y+ ” dy 
nym —2t+To 
—2it [—To 
,m ail 
= 2(t— T) + if ee 
tely nm NM J-2t+75 


a 21 ee T,) 1 YY m*"*((nm)i2-70 — (nm)‘"°) 


n?m? log nm 
= 2(t — To) + O(1). 











as This proves (19). 
From ¢(1 + a) = O(log t) (¢(1 + it) = O(t*) would suffice) we derive 
g(1 + 2it) + o(1 — 2it) = O(e** log 2), 
To complete our proof of (3 + zt, 1) > const. e **'# we have to show only 
20 —2t+To 
[oh + dela + au + 20ddy + [0h + ivdeld + ly + 20) ay 
—-To —0 
= Ofer), 
| Since the two integrals are conjugate imaginaries, we need only to consider the 
dy. first one. By (20), 
” — ~ 2t 
[ota + indetd + ity + 20)dy = Of [* ofa + ae "|y + 201d) 
~ a? —~40 
= O(e*'t), 
and 
[66 + iudetd + sty + 20) dy = Of [ely + 20)*ay) 
0 0 
= O(e tt), 
q.e.d. 
)dz 
Jena, GERMANY. 
de- 
nly 
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ABSOLUTE REGULARITY AND THE NORLUND MEAN 
By FLorence M. Mears 
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1. Introduction. For any given series, hm ux, With wu, real or complex, 
form the sequence {U;}, where U; = >-1 Un. We shall consider sequence to 
sequence transformations of the type 


Ui, = DL anU ky 
k=1 

in which the elements of the matrix || an || are real or complex constants. If 
the series )or-1 | uz | is convergent, where wu, = Uz — Uys, we shall say that 
> 1 ux is absolutely summable’ by the transformation. We shall say that the 
matrix defines an absolutely regular method of summability A, if every abso- 
lutely convergent series > 21 uw is transformed into an absolutely convergent 
series > ;-1u,, and that the method A includes absolutely the method B, 
defined similarly by || bx || , if every series summed absolutely by B is summed 
absolutely by A. Paragraph 2 includes the necessary and sufficient conditions 
for absolute regularity. 

Let {a,} be a sequence of complex numbers, such that A; = Do an ¥ 0. 
The series > j=1 Uz is said to be summable to U’ by the Nérlund mean A, if 

lim U;, = lim [A Dok ana U3] 

exists and is equal to U’.”. In a recent paper,’ the writer proved three multiplica- 
tion theorems for the Nérlund mean. Paragraph 3 presents a fourth multipli- 





1 This is the same as the absolute summability defined for the Cesaro and Riesz means 
by Fekete, Matematikai és Természettudomdnyi Ertesité, vol. 32 (1914), pp. 389-425, and 
Obrechkoff, Comptes Rendus, vol. 185 (1928), pp. 215-217, respectively. 

2 Nérlund, Lunds Universitet, Arsskrift, (2), vol. 16 (1920), No. 3. 

3 Bulletin American Mathematical Society, vol. 41 (1935), pp. 875-880. In Theorems 2 
and 3 of this paper it is possible to replace the condition for regularity of the Norlund 
means A and B by less restrictive ones. In Theorem 2, we substitute the assumption that 
the transformation D includes A and B; in Theorem 3, the assumption that C includes A 
and B. For these two theorems, the terms of the Nérlund sequences need not be restricted 
to non-negative numbers, but may be complex, such that A; ~ 0, Bz ¥ 0, with the addi- 
tional restriction that D, ~ 0 for Theorem 2, and C; # 0 for Thecrem 3. The proof of 
Theorem 2 remains unchanged. In Theorem 3, the transformation defined by |! ans |! is 
regular since C includes A; therefore (a) and (b) of the lemma are satisfied. Condition (¢) 
of the lemma is satisfied since C = C’B. With these changes, Theorem 2 includes Chap- 
man’s extension of Cesairo’s multiplication theorem. (Chapman, Proceedings of the 
London Mathematical Society (2), vol. 9, 1910, p. 378). It is obvious from Theorem 3, 
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cation theorem, which includes Cauchy’s theorem for the multiplication of 
absolutely convergent series, and its extension by Kogbetliantz to the Cesaro 


4 
mean. 


9. Absolute Regularity. In the following proof, let a, = Ao, = 0 for all p. 

Tuzorem I. The necessary and sufficient conditions that >.*-1 | ui, |, defined 
by U, = ye Anz Ux , shall converge whenever Do 2-1 | Un | converges are 

(1) Dori @nx_converges, for all n; 

(2) y dol ) ie (dnp — Gn—1,p) | S C, for all k, where C is a positive constant. 

Moreover, Don-1| Un | S C eg ig); 

Proor. The conditions are sufficient. By (1), > an Gnx converges for each 
k,; we represent it by Anz,. Then for each n, U is defined, since U}, = 7. 
A,.u, Which converges. We denote Anz — Antz by Sa. By (2) 


ice) ie) i) 


sD Dl Sauel $C D |u|; 


k=1 n=1 k= 


[) io} 


D |u| = 20 


n=1 n=1 


i 2) 
bs Sne Ux 
k=1 








therefore >_.-1 | w» | converges. 

The conditions are necessary. Choosing U;, = 1 for all k, we have U,, = 
1 Gz jin order that U’ be defined for each n, (1) is necessary. 

If (2) is not satisfied, then either 

(2a) for some k, say ki, Do nai | Sas | diverges, or 

(2b) for each k, }-%_1 | Sxx | converges, but 


lim sup >» |Su.| = ©. 
ko 


n=1 


To prove (2a) impossible, we choose un = 0, n ¥ ky; ux, = 1. Then 


°o P E 
y | Un | ” De | Suk; Ue, I, 
n=1 n=1 


which diverges. 

To prove (2b) impossible, we assume it true, and construct an absolutely 
convergent series )vm1 Ux, | Ux, | << 2°”, m = 1,2,-++,and u = 0,k ¥ kn, 
such that }°%-1 | u, | diverges. We have doi | we | < 1 for all n. 

Since lim supz.s > n<a | Sax | = 2, we can choose k, so that D> va1 | Snz, | > 2; 
since by (2a) }°*1 | Snz, | converges, we can find n, , such that )-ron,11| Snr, | 
<1. Then '%4| Sax, | > 1. Since {U,} must be bounded, there exists a 





that in the following theorem by Belinfante the restriction r = 1 may be replaced by 


t>0: If 2 net Un is summable (C, s) to U, and if } dn ale v, is summable (C, r) to V, and 


bounded (C, r—1), (s 20,r 21), the product series be Wn is summable (C, r + s) to 
ith crema Koninklijke Akademie te Amsterdam, Verslag, vol. 32 (1923), pp. 177- 
’ i. 35). 


*Kogbetliantz, Mémorial des Sciences Mathématiques, No. 51, p. 27. 
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constant K such that | An. | < K forallnandk.’ It follows that we can choose 
M, > 2, s0 that for all k, 


De | Sus | < 220 | Ane | <2mK < My. 


We choose | uz, | = (M1); we shall choose uz,,,m = 2, so that rx, |u| < 
(M,)". We have 


ni , ni 
D | us| =) 


n=1 n=1 


<a | Sax, Ue, | <7 ps y | Suz Ux | 


ke n=1 


> (My) — M,(M,)* = (My)* — 


Let m be an integer greater than1. Wechoose k,n > kms, so that ) ina |S nk, | 
> 2My,-1 -- Mrn-i + : and Nm > Nm-1 SO that } | Snrkm | <1. We 
choose M,, > Mn_1 so that for all k, Son™: | Snz| << Mm. Then since }>*27! 
| Snim | < Mm +s, we have en | Snz, | > 2Mn+. We choose | w:,, | = 
(M1) ”; we shall choose > r-x,,+1 | uz | < (Mn)”™. We have 


nm ; nm 0 
z |v, | = pa D> Sak te 


}> Snk Ux 


k=1 














NMm—-itl Nm—-1t1 | k=1 
=P-Q-R, 
where 
P - d | Sik Um | > 2, 
Nm-1 
m—1 0 
oe [Snip try | SQ De | Susy tty | <1, 
p=1 mm—-1t p=1 nptl 
> = . | Snip Uiy | <> _ | Suk» tz» | < Mn(Mmn)~™. 
* lle Mm-1 ™ pa n=1 
Hence 
> |u| >1—(m,)*" >1-2"", 
nm-1t1 
and 
> | Un |= pag > Snk Ux 








> (M1) *-1+4 > (1 — 9”) 


k=2 
= (Mi) '+m-3+42*". 
It follows that }>*-1 | wu, | diverges, which completes the theorem. 





5 Hahn, Monatshefte fiir Mathematik und Physik, vol. 32 (1922), p. 29. 
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If the terms of the sequence defining the Nérlund mean A are real and non- 
negative, it is possible to state the following simple conditions for absolute 


regularity. a 
TazorEM II. A sufficient condition for the absolute regularity of the Nérlund 
mean A, where a, = 0, ts the existence of a finite constant p such that 
(1) Ai = AntAnu for n > p, 


or 
(2) A% S AnsAnu for n > p. 


Proor. Condition (1) of Theorem I is satisfied, since 


n 
—1i 
An } > Oni = & 
k=1 


We have 
Xu > (Anp — Gn-1,p)| = > | An Anky _ Ay~1An+| 
n= p= n= 


where a = Ao = 0. If (1) is satisfied, we have 
m ptk—-1 


LAs Ant —AnuAne| S > [| Ax Ano] + | ADA, [I 


n=k 


& 2, (Athen — 4514-4) 


n=pt+k 
< 2p + An’ Am‘ — Apin-1Ap 
< 2p + 1). 


It follows that condition (2) is satisfied. 'The second part of the theorem may be 
proved similarly, 


Corottary 1. A sufficient condition for the absolute regularity of the Nérlund 
mean A, where a, = 0, is the existence of a finite constant p such that 


Qn 2 Anyi forn > p. 


Corottary 2. A sufficient condition for the absolute regularity of the Nérlund 
mean A, where a, = 0, is the existence of a finite constant p, such that 


GnAn = On41 Ani, 





or 


GQnAn s Qny1 An. 


That the condition of Theorem II is not necessary is proved by the absolutely 
regular Nérlund mean A, for which 


3:2"A, = [2” — (—1)"JAnu. 
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It is easily verified by means of Theorem II that (C, 6), the Cesaro mean of 
order 4, is absolutely regular for 6 = 0.° 

If the matrices || @nz || and || bax || are triangular, A includes B absolutely 
provided there exists an absolutely regular C such that A = CB. If B has an 
inverse, this condition is necessary and sufficient. 

The following example shows that for non-triangular matrices, A = CB, 
where C is absolutely regular, does not imply that A includes B absolutely. 

For p 2 0, 


2* k=4p+1;n =1,3,---,2p—1jn >2p41; 
2* k=4p+a;2 = 2,3,4;n =1,3,---,2p+1:; 


Cnk = = 
2°, k=4p+4;n 22p+3; 
—2~* all other n; 
and 
(‘1 ,n=2,k=1; 
4/3 ,n23,k=n-—1; 
Dak _ 


-1/3,n21,k=n-4+1; 
(0 ~—, all other & and n. 





The sequence {s,}, s; = 2", is transformed into an absolutely convergent series 
by B, but into a divergent series by CB, although C is absolutely regular. 


3. We shall consider the Nérlund means A and B, defined by {a,} and {b,}, 
sequences of complex numbers, such that A, ~ 0, B, ¥ 0, for all n, and the 
sequence to sequence transformation defined by the matrix || a,x ||, where 
an = Ofork>n. We let {x,} and {y,} be sequences of complex numbers. 

We define the transformation B’ by b.z = By’b; for k S n, ba, = 0 fork > n. 
We define the transformation 7; by ta: = @14n-1,14n-z for k S n, tu, = 0 for 
_k>n,wherel = 1,2,---. 

For any absolutely regular transformation, we shall call the greatest lower 

‘bound of constants which satisfy condition (2) of Theorem I, the test constant 
of the matrix of the transformation. 

For the proof of Theorem III, we require the following lemma: 

Lemma. If the series corresponding to {x,} and to {B;' ) imi biyx} converge 
absolutely, then the series corresponding to { > fm1 GnkXkYn—k+1} converges absolutely, 
provided 

(1) there exists an absolutely regular T, such that T; = TB’, 1 = 1, 2,°°°3 

(2) Mi < M, where M, is the iest constant for T; telZ---. . 

Proor. Let 2n = > pei Cnety Where Crk = Ont Yn-k+1. Since : | tn — Tn-1| 
converges, ped | Zn — 2n-1| converges if the transformation defined by ¢n }8 





6 Kogbetliantz, loc. cit., p. 25. 





ab 
¢0 
su 


for 


an 


Cor 
con 


tha 


a,b, 
seri 


rest 
both 


C 


tran 


We | 


Wi 








Ties 


ba}, 
the 
here 


> n. 
) for 


ywer 


stant 


yerge 
tely, 


Un—I | 
ink is 


ABSOLUTE REGULARITY AND NORLUND MEAN 599 


absolutely regular. Condition (1) of Theorem I is satisfied. In order to satisfy 
condition (2) of Theorem I it is necessary that there exist a positive constant C 








such that 
ry oo bed n | 
} p (Cup - Cn—1,p) >  ® | > (Seg Ho-914 = Gn1,9Yn—p) | <C, 
n=1 | p=k n=k | p=k 

for all k. 


Let C = MY, where Y = Dota | Ba’ Dora biys — Bats OE keys |. For 
any k, say k = ky, 

> | 
x | 


n=k | p 





n 
‘ (Gap Yn—pt+i — An-1,p a 


converges if 7,, sums {yn} absolutely, that is, if 7., includes B’ absolutely. By 
condition (1), 7%, includes B’ absolutely; by Theorem I, 


© 


2. 


n=k 


n 


< Mi, Y. 








4 (Gnp Yn—p+1 — An—1,p Yn—p) 
pa 


By condition (2), MzY < MY for all k. Therefore, it follows from Theorem I 
that o%-1 | zn — Zn. | converges, which completes the proof. 

ic, = bm Axbn—zi1 ¥ 0 for all n, the sequence {c,}, where c, = > 
aib,-z41, defines a Nérlund mean C. Let >>%-1 wn be the Cauchy product of the 
series ) nat Un aNd > nai Un j let We = Donat Wn. 

TaroreM III. Jf }ona1tn and > 2-10, are absolutely summable A and B 
respectively, then >> n=1W» is absolutely summable C, provided C includes absolutely 
both A and B. 

Proor. We have 


n n k n—k+1 
=| —] -l —!1 
C » Ck Wr—e4 = pa & A; brn Ak : Aj—p41 Up bn-e4y1 » bn—K—p42 »»| 


k=1 


Consider the triangular matrix || @nx ||, where @nz = Cy Arbn—eyi. For the 
transformation 7’; , defined at the beginning of paragraph 3, we have 


laa aor ,k Sn; 
,k>n. 
We have 7; = T,B’, where 
Crin-1414n—eBr , k < 1; 
the =4CrinidiB, ,k=n: 
0 ,&>n. 





We define 





Az+n—1—p Ar+n—p , 
UR ~ & 
z+n—2 z+n—1 
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we define B,(p) similarly in terms of b. We let >°3-1f(p) = 0, for z < 1 and 
f(p) any function of p; we let Az = B, = 0,2 <1. 
T, satisfies condition (1) of the lemma, since 77 is absolutely regular. For 


n 


iy é.~éasdi~ ids > | Re|, 
n=k | p=k n=k+1 











where 
A.B, 
, 
. Cree’ 
Bi B,, ) 
= B,A Al. - , 
mo i Tack = Ap) ~ As (ga Crin—1 
Since 


1-1 n—1 
AiB, = Cipn1 = a A pbisn—p a > BpQitn—p; 
p=1 p=1 


we have the following equalities: 


=> >A, Bip) + > DB, A.(p) + 1 — sgn|1—1]| — sgn|k-1); 
n=1 p=1 n=1 p=1 
1—2 ps Pe, | 
Rs = 2X ApBilp + 1) + Lap Bilp) — 2, BrAilp) 
n—2 n-1 
+ > B,Ai(p +1) + »» b, Ai(p) 


1-1 k-1 
= 2d, Ap Bilp) + 2, B,Ai(p). 








We have 
ro) k-1 > k—-1 
> | LB »Ai(p)| = > B,Ax(p) ; 
n=k+1 | p=1 in, p=1 
Therefore 
l-—1 ) 
> X ts td fix, ») 1+ > 2d ApBilp) + > »? B »Ai(o)| 
as n= p= 














1+ O18.) + D1. 


Since by hypothesis C includes A absolutely, C = C’A, where C’ is absolutely 
regular, and there exists a constant M, , such that 


ie) i) 


D | De (chp — Cn-s,p) | S Me for all 1; 


n=1| p=l 
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and the same inequality holds for all k, since the left side is independent of k. But 
= » »§ek; 
/ , 
Cup — Cn-1, ) _ = . 
Ze] 2, Ore — ema) =) Sg, 
n=1 


Similarly, C = C’’B, and there exists a constant M, such that 














: : (Cap ~ Cn-1.p) < M,;, for all k and l. 
ood tons 
But 
) C-) 1 ’ k => : 
” ” Bm 
»» > (Cas —_ Cantus = p> | Sol, k > 1. 
Hence 


i) 


pe 


n=k 


n 


x es nine er 


p=k 


£14+M,+M,=M 








for all k and J, and 7’; is absolutely regular for all 1. 
|; Condition (2) of the lemma is satisfied also, since M is independent of I. 

The theorem follows immediately from the lemma. 

It is obvious that Theorem III includes Cauchy’s theorem for the multiplica- 
tion of absolutely convergent series. It includes also as a special case the 
Kogbetliantz theorem for the Cesaro mean. For if A = (C, y) and B = (C, 4), 
where (C, x) represents the Cesaro mean of order z, x = 0,’ then C = (C, y + 4). 
Since (C, y + 6) includes (C, y) and (C, 8) absolutely’ the conditions of Theorem 
III are satisfied. 


Tue Georce WASHINGTON UNIVERSITY. 





' Although Kogbetliantz states no limitation on y and 4 in his generalization of Cauchy’s 
theorem, nor on y in his generalization of Mertens’ theorem (Kogbetliantz, loc. +> p. 27), 


itis obvious that the theorems are true only if y 20,620. For if we choose 
absolutely summable (C, 6 = 1), and } Bat v, absolutely summable (C, y = —e«), « > 0, 
we have y + 6 = 1 — ¢; if we choose »; = 1, m» = 0 forn>1, nal Wy = y Banal Un. But 
itis possible to construct a series, + le un, Which is absolutely summable (C, 1), and not 


summable (C, 1 — ¢), however small «may be. (Kogbetliantz, loc. cit., p. 28.) 
* Kogbetliantz, loc. cit., p. 25. 
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By W. T. Martin? 


1. Introduction. In the theory of functions of several complex variables 
various types of regions occur as convergence regions of series developments of 
analytic functions, notable ones being Reinhardt regions of absolute convergence 
of power-series, circular regions of uniform convergence of “diagonal” series 
(the invariant convergence regions) and Cartan regions of uniform convergence 
of certain other series (see sections 2-5). By associating with an analytic 
function f(z, y) a class of functional transforms and by considering the growth 
of each of these transforms in certain types of analytic surfaces we obtain in 
part I the classic circular and Cartan regions related to the function f(z, y). 
By a closer investigation of these transforms (along certain types of curves) 
' we obtain in part II analytic continuations of the function f(z, y) into new 
regions extending beyond the circular and Cartan regions. Analytic continu- 
ations of the function f(z, y) are obtained also in part III by a consideration 
of the absolute summability by Borel’s integral means of certain series develop- 
ments of f(z, y). The two methods of analytic continuation studied in parts II 
and III respectively are intimately related, as we show in part III. Also in 
part III we define and obtain properties of a class of regions, each region of 
which is an analogue of the Mittag-Leffler star of a function of a complex 
variable. 

Most of the results mentioned in the previous paragraph are capable of 
furnishing a geometric interpretation of the growth of a class of entire func- 
tions, namely the class of entire functions consisting of the functional trans- 
forms used to obtain the results mentioned above. For the most part we con- 
sider two problems together, one as a problem relating to the investigation of 
functions regular at the origin, the other as a problem relating to the growth 
of entire functions. In the remainder of the introduction we shall indicate 
more explicitly these problems as well as the general nature of the results ob- 
tained in the paper. 





1 For a summary of the results of the present paper, see Bulletin of the American Mathe- 


matical Society, abstract Nos. 41-9-308, 42-1-50; Proceedings of the National Academy of | 


Sciences, 22 (1936), pp. 33-35. 
2 National Research Fellow. 
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Let 
(1) f(x,y) = 2d, Amn ty” 


be any analytic function of the two complex variables z, y, regular at the origin. 
Let us consider the class of associated entire functions 


e 


- 2” n 
(2) F(x, y3P,9) = Z 


mano (pm + gn)!’ 
formed with the same constants @,,. In part I we define a nonnegative valued 


function H(z, y; p, g) which, for fixed (xo, yo), measures the increase of the 
function F(x, y; p, g) in the analytic surface 


(p, g positive integers), 


Z = Xz’, y = yz", (z a complex parameter). 


The set of points (x, y) for which H(z, y; p, g) < 1 is identical with the com- 
plete Cartan (p, q)-region G'pq of uniform convergence of the series* 


(3) f(z, y) = y { De Amn xz” ’. 

v=0 | pm+qn=7 
A more precise indication of the growth of the function F(z, y; p, g) is obtained 
in part II in terms of a real-valued function h(x, y; p, g) which, for fixed (2 , yo), 
measures the increase of the function F(z, y; p, q) along the curve 


t=2ap’, y= yoo", (pa positive parameter). 


By using the function A(x, y; p, g) we obtain more information concerning the 
region of analyticity of the function f(z, y). In terms of h(x, y; p, q) we define 
a region D,, which we call the (p, q)-diagram of f(x, y), which contains the 
complete Cartan (p, q)-region G,, and which furnishes an extended region of 
analyticity of f(z, y). 

In part III we investigate the absolute summability of the series (3) by 
Borel’s integral means* and obtain the Borel (p, q)-region Byq of summability 
of f(z, y) which is such that Gpg S Bog S&S Dye. With Byg we associate a region 
¥;¢ 2 By, , in which f(z, y) is regular. In the case where h(z, y; p, q) is every- 
where non-negative we have Bp, = Dy, . 

In section 11 of part III we study, for every pair of positive numbers ag, u, 


the range of analyticity of f(x, y) along each of the curves 
pee eae [ty 

*For a discussion of Cartan regions see H. Cartan, ‘‘Les fonctions de deux variables 
complexes et le probléme de la représentation analytique,’’ Journal de Mathématiques, (9) 
10 (1931), pp. 1-114; H. Behnke and P. Thullen, Theorie der Funktionen mehrerer komplezer 
Verdnderlichen, Ergebnisse der Mathematik und ihrer Grenzgebiete, Berlin (1934), espe- 
cially pp. 35, 43. See also section 5 where we state the definitions and properties essential 
for the remainder of the paper. 

‘Tira tiauaediedl summability by Borel’s integral means see, for example, E. Borel, 
Lape sur les séries divergentes, Paris, 2nd edition (1928), especially pp. 120-179; P. Dienes, 

he Taylor series, Oxford (1931), especially pp. 302-305. 
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z=ap, y = Bp’, (p a positive parameter), 


where a and 6 are any complex numbers such that | a| + |8| #0. We obtain 
a “star-shaped” region S,, which we call the (c, «)-star region of f(x, y) and which 
is analogous to the Mittag-Leffler star’ of a function f(z). By means of the 
study of the behavior of the functions 


i) 


Annx” y” 

Pala, 950) #) = me, T(1 + aom + ayn)’ 
using the results of Riesz on Dirichlet series,° we define a real-valued function 
c(x, y; ¢, u) which is such that the (c, u)-star region S,, is identical with the 
set of points (x, y) for which c(z, y; ¢, u) < 0. The “vertices” of S,, consist 
of those points (x, y) for which c(z, y; ¢, uw) = 0. 

Pincherle, Borel, Pélya and others’ have obtained information concerning 
regions of analyticity of a function f(z) = }so a2” by means of a study of the 
growth of an associated entire function F(z) = }>>~0a,2’/v!. Corresponding to 
the fact that the type H of F(z) indicates that the function f(z) has the circle 
|z|H <1 as the circle of convergence of its power-series development, we have 
the result that the type-function H(x, y; p, q) of F(x, y; p, g) is such that the 
function f(z, y) has the complete Cartan (p, q)-region H(zx, y; p, g) < 1 as the 
region of uniform convergence of its series development (3). The indicator 
h(x, y; p, g) is an analogue of the Phragmen-Lindelof indicator h(@); indeed the 
function h(ae*”’, ye"; p, q) is a function of the Phragmen-Lindelof type." 
The (p, q)-diagram D,, is an analogue of the indicator-diagram of a function 
F(z), which in its turn is related to the Borel polygon of summability.’ 

The methods of the entire paper are of such a nature that the extension to 
the theory of functions of more than two complex variables is obvious. 





(0<a<»), 





5 For a discussion of Mittag-leffler stars see, for example, Dienes, op. cit.,* p. 308. See 
also B. Almer, “Sur quelques problémes de la théorie des fonctions analytiques de deux 
variables complexes,”’ Arkiv for Matematik, Astronomi och Fysik 17 (1922), 1-70, where 
stars of the sort considered here are introduced. 

6M. Riesz, “Sur la représentation analytique des fonctions définies par des séries de 
Dirichlet,” Acta Mathematica, 35 (1912), pp. 253-270. See also V. Bernstein, Legons sur 
les progres de la théorie des séries de Dirichlet, Paris (1933), especially pp. 184-192. 

7S. Pincherle, ‘Della trasformazione di Laplace e di alcune sue applicazione,”’ Memorie 
della R. Accademia delle Scienze di Bologna, (4) 8 (1887), pp. 125-143; E. Borel, op. cit.;* 
G. Polya, “Untersuchungen iiber Liicken und Singularititen von Potenzreihen,” Mathe- 
matische Zeitschrift, 29 (1929), pp. 549-640, especially pp. 571-610. See also other references 
in Polya’s paper. 

® See E. Phragmén and E. Lindeldf, “Sur une extension d’un principe classique de 
l’ analyse,’’ Acta Mathematica, 31 (1908), pp. 381-406. 

* See Pélya, loc. cit,” especially p. 586, where the relation of the indicator-diagram to 
the Borel polygon is given. The (p, q)-diagram D,, , as we define it, is more nearly the 
analogue of the complement of the conjugate diagram defined by Polya. Just as the com- 
plement of the inverted conjugate diagram is related to the Borel polygon so the (p, 9)- 
diagram D,, is related to the Borel (p, qg)-region of summability B,, . 
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I am indebted to Professor Bochner for the suggestions he made during the 
preparation of this paper. 


I. Typr-FuUNCTIONS AND CARTAN REGIONS 


9. Preliminary considerations. In sections 2-5 we will be concerned with a 
function-element 


(1) f(z, y) = , Gund” yf” 

of the two complex variables x, y, whose expansion point is taken without loss 
of generality as the point z = 0, y = 0. We shall discuss convergence regions 
and regions of analyticity of such a function-element; the cases where the 
function-element always converges or always (except for (0, 0)) diverges being 
without interest in this connection, we exclude these two possibilities. More 
complete discussions of these matters are given in various places.” We 
merely state here the definitions and properties which we shall later use. 


3. Regions of absolute convergence. Reinhardt regions. 

Dermition 1. A pair of positive numbers (7, 79) is called a pair of associated 
convergence-radit of the power-series (1) if this series converges absolutely for 
all (x, y) for which | x | < ro, | y| < 70, but, on the contrary, diverges for all 
(2, y) for which | 2 | > 1m, | y| > 170. 

1°. If (ro, ro) is a pair of associated convergence-radii of the power-series (1), 
then we always have 

1 
lim sup |Gmaroro |"*” = 1. 

2°. If (ro, ro) is a pair of associated convergence-radii of (1), then there exists 
at least one point (xo , yo) with | xo | = 70, | yo| = ro, in which the function f(x, y) 
represented by (1) is singular. 

DEFINITION 2. By a complete Reinhardt region we understand a region which 
with a point (2 , yo) contains also all the points (kao , ly) with |k | S$ 1,|1| < 1. 

3°. The region of absolute and uniform convergence of the power-series (1) is a 
complete Reinhardt region R. If we set |x| = r,| y | = 17’, then the pairs of asso- 
ciated convergence-radii of (1) constitute a three-dimensional manifold in the 
t-y-space—the boundary of the convergence region R. 


4. Invariant convergence regions. Circular regions. 
Derinrtion 3. By a complete circular region we mean a region which with a 
point (2 , yo) contains also all the points (ka , kyo) with | k | S 1. 


Sy 


: me ¢, for example, Behnke and Thullen, op. cit.,? where also references to the original 
memoirs relating to these subjects are given. In general we shall follow the terminology 
adopted by Behnke and Thullen. 
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DEFINITION 4. By an analytic plane we mean a two-dimensional linear mani- 
fold which is represented by a complex equation of the form az + by + ¢ = 0), 

4°. Every analytic plane through the origin cuts a complete circular region in 
the interior of a circle. 

The convergence region F& of the power-series development (1) of the function 
f(x, y) depends upon the arbitrary choice of the coordinate planes. We form 
the set M of all points P(x, y) with the property that after a suitable linear 
transformation of coordinates 


xz’ = ax + by, y’ = cx + dy, ad — be ¥ 0, 


the power-series f(x(x’, y’), y(x’, y’)), according to powers of 2’, y’, converges 
in a neighborhood of P (considered in the z’-y’-system). The largest (open) 
region contained in Jt is a schlicht region G which is called the invariant con- 
vergence region of the function f(z, y). 

5°. The invariant convergence region G of a function f(x, y) with the power- 
series development (1) is identical with the region of uniform convergence of the 
“diagonal” series 


f(x,y) = z{ 2 tn" Y' 
The region G is a complete circular region and is that particular one which possesses 
the property that every analytic plane through the origin cuts G in the interior of a 
circle whose circumference passes through the nearest singularity of f(x, y) in the 
analytic plane considered. 


5. Cartan regions. 

DerInition 5. Let p and q be any two positive integers. By a complete 
Cartan (p, q)-region we understand a region which with a point (xo , yo) contains 
also all the points (k? 2» , k*yo) with | k| < 1. 

6°. If a function f(x, y) with the power-series development (1) is regular in a 
complete Cartan (p, q)-region G'pq , then the function f(x, y) possesses a uniformly 
convergent expansion of the form (3), valid in the interior of Gog . 


6. The type-function H(z, y; p,q). Let 


(1) (2,9) = SS nny" 

be any function regular at the origin. We exclude once and for all the case 
where f(z, y) is identically zero. Let p and q be any two positive integers and 
let us define the Borel (p, q)-transform F(x, y; p, q) of f(z, y) in the following 
manner: 


(2) F(a, y; - Amn” Y" ositive integers). 
Y3P, 9) i, Ge oar (p,qP 
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In this section we shall obtain the region of uniform convergence of the series 


(3) f(z,y) = z{ m tan 23" } 


v=0 | pmt+qn=r 


in terms of the behavior of the function F(a, y; p, q)." 
Using the results of section 3, we easily see that 
7°. The function F(x, y; p, q) ts an entire function. 





Let 
(4) M(p;2,y;P, 9) = snes F(az”, yz", p, 9) 
and let us define the real-valued functions 
6) H*(2, ys, ¢) = limioup log M(p; 2 Yi, @) 
poe 
(6) H(2, y;p, q) = lim sup H*(2’, y’; p, 9). 


We next state and prove the first theorem. 





1], Baumgartner, ‘‘Beitrige zur Theorie der ganzen Funktionen von zwei komplexen 
Verinderlichen,’’ Monatshefte fiir Mathematik und Physik, 25 (1914), pp. 3-70, has investi- 
gated properties of certain classes of entire functions. One class which he has considered 
is the class of entire functions defined by series of the form 


co) 
Amn x™ y™ 


(a) 


mnao min! ’ 

where the constants @m, are such that the series (1) converges in a neighborhood of the 
origin. The results obtained by Baumgartner for functions of this form may be inter- 
preted as giving information about the pairs of associated convergence-radii of the power- 
series (1). For the purpose of obtaining analytic continuations of f(z, y) it seems more 
suitable to associate with f(x, y) functions defined by series of the form (2) rather than 
functions defined by series of the form 


() SS mn 2 yf 
‘mn=0 (pm)! (gn)! 


Let us also discuss what happens if we permit p and q to be arbitrary positive numbers. 
If we group together, as in (3), the terms for which pm + qn has the same value, then we 
have two distinct situations. (a) If p and q have a rational ratio, then the series corre- 
sponding to (3) is identical with the series 


° 2 ‘ S Xa asia r}, 


where p’, q’ are positive integers such that (p/q) = (p'/q’). (b) If p and q have an irra- 
tional ratio, then the series corresponding to (3) is a simple series in which the bracketed 
“xpression always contains a single term. In this case it is easily seen that the region 
of uniform convergence of such a series is identical with the Reinhardt region R of the 


power-series (1). Consequently in parts I and II we consider only the cases when p and g 
are positive integers. 
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TuEorEM 1. Let f(x, y) be any function regular at the origin and let (1) be 
its power-series development. Let F(x, y; p, q) and H(z, y; p, q) be defined as 
in (2) and (6) respectively. Then the region Gpq of uniform convergence of the 
series (3) is identical with the set of points (x, y) for which H(z, y; p, q) <1. 
The region Gyq is a complete Cartan (p, q)-region and is that particular one which 
possesses the property that every analytic surface of the form 


(7) 2 = az’, y = Bz", (|a| + |8| 4 0, za complex parameter), 


cuts it in a two-dimensional region 


(8) e=az, y=", |z| < 1/H(a,8;p,Q), 
whose boundary is a closed curve 
(9) z=a2’, y=", |z2| = 1/H(a,B;p, 9), 


which passes through the nearest singularity of f(x, y) in the analytic surface (7). 

From the results of Cartan and Hartogs” it is clear that the region G,, of 
uniform convergence of (3) is identical with the set of points (x, y) for which 
H.(x, y; p, 7) < 1, where 








(10) Hi(z, Y;P, 9) = limsup pe Onnt yf” wa? 
y==00 pm+qn=r 
(11) H4(x, y; p, Q = lim sup H(z’, y’; p, 9). 
z’=2,y'=y 


We shall next prove that 


(12) H(z, y; p, 2) = H(z, y; p, 9). 


In order to prove (12) we use the following result from the theory of functions 
of one complex variable :”® 
Lemma 1. Let 


v 





Fe) = 


v=0 
be any function for which 


lim sup | «, |” = 74 < . 


p==00 


Let M(p) denote the maximum of | F(z) | for | z | < p and let 


lim sup log M(o) =n 
p 


p=00 





12 See Cartan, loc. cit.; F. Hartogs, ‘‘Zur Theorie der analytischen Funktionen mehrerer 
unabhingiger Verinderlichen, etc.,’’ Mathematische Annalen, 62 (1906), pp. 1-88, especially 
pp. 1-15. 

13 For the proof of Lemma 1 see, for example, Pélya, loc. cit.,7 pp. 578-580. 
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Then 
i if» = —o, 
+ = : 
n, if n ~ —o, 
The case n = — © occurs if and only af F(z) is identically zero. 


Applying Lemma 1 to the function 


— 2 a 
F(2xz”, yz"; p,q) = 2, { 2, Gund i‘, 


v=0 v! pm+qn=v 
considered as a function of z for fixed x, y, and recalling (10) and (5), we see that 
0, if H*(z, Y; DP, q) es ey 


13 H(z, y3 P, 9) = 
- ‘ H*(x, y; p, 9), if H*(a, y; p,q) = —@." 


From (6), (11) and (13) we see that (12) is true except possibly when H(z, y; p, q) 
= —o, But the situation H(a, y; p, g) = —© can never occur since it is 
easily seen to imply that F(x, y; p, qg) is identically zero and this is impossible 
since f(z, y) is not identically zero. Hence (12) always holds. This concludes 
the proof of the first assertion made in Theorem 1. 

That Gp, is a complete Cartan (p, q)-region follows readily from Cartan’s 
theory or we may see it by noting that the function H(z, y; p, q) possesses the 
following property: 


(14) H(k’x, k*y; p,q) = |k| H(z, y;p,9, |k| < @. 


For the proof of the remaining portion of the theorem we observe that by (14) 
an analytic surface of the form (7) cuts G,, in the set of points (z, y) in (8) 
and that this point set is a two-dimensional region whose boundary is the closed 
curve defined by (9). We next show that the function f(z, y) has a singularity 
on the curve (9). The function 


(15) f(a’z”, B’z") = oe4 ) ae ae “}, 
v=0 pm+qn=v 
considered as a function of z, has a singularity at some point z = Zag: , where 
1 
l2ere"| = FE Cel, Bs 


Let (a, , 8.) be a sequence of points converging to (a, 8) and such that 


(16) 





(17) lim 2a,8, = 20, lim Hi(a,, Bs; PD, q) _ H(a, B; P; q): 


s==00 
ee 


“It is easily verified that H* (x, y; p, q) is always finite. For, since f(z, y) is regular 
at the origin, H* (2, ¥; P, g) S 1 in a neighborhood of the origin. Furthermore we clearly 
have H* (kez, key; p,q) = |k| H% (2, y; p, g), | k& | < ©. These two facts show that 
H? (2, y; P, 9) is always finite. 
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From (11) and (12) we see that such a sequence exists. The function f(z, y) 
cannot be regular at any of the points (t = a,22,8,, Y = Bs2%,8,) and conse- 
quently it cannot be regular at the limit point (x = azj, y = B24), which 
certainly is a point on the curve (9).” 

This concludes the proof of Theorem 1. 

Using (14) and the results contained in Theorem 1 concerning the presence 
of singularities on the boundary of°G,, , we derive the following property of 
H (x, y; Pp, 9): 

8°. The type-function H(x, y; p, q) is upper semi-continuous; indeed, 


(18) lim sup H(z, y; p,q) = H(2o, yo; p,q). 


z2=29, Y=Vo 


We omit the details of the proof. 

We next prove the following theorem relating to the case when H(z, y; p, q) 
is continuous. 

THEOREM 2. Let F(x, y; p, q) be any entire function of the form (2) which is 
such that the associated series (1) converges in a neighborhood of the origin and 
which is such that the type-function H(x, y; p, q) defined in (6) is continuous. 
Then for every positive number « there exists a constant A, , dependent on « in 
general but independent of x, y, such that we have 


(19) | F(x, y; p,q) | < Aeterna teleltPrelult/s 


for every finite point (x, y). 

In order to prove Theorem 2 let F(z, y; p, q) be any function for which the 
hypotheses of the theorem are satisfied. Let ¢€ be any positive number and 
let us consider the closed region S, which consists of the set of points (z, y) 
for which 


(20) H(z,y;p,Q) +e|2f?+ely[" s1." 


Since S, is a closed region contained entirely within G,, there exists a positive 
quantity A, such that 


(21) | f(z, y) | < A. 





16 Let us remark that an alternative proof of the existence of a singularity on each of 
the curves (9) can be given by a method analogous to that used by Behnke in proving the 
corresponding result for convergence regions of diagonal series. See H. Behnke, “Natur- 
liche Grenzen,’”? Hamburgischen Universitat Abhandlungen, 5 (1926-1927), pp. 290-312, 
especially pp. 300-301. Behnke’s results also show that for the case p = g = 1 the region 
Gi: , which is a complete circular region, is the invariant convergence region of f(z, y): 

16 For the case p = q = 1 the result contained in 8° is equivalent to a classical result 
due to Hartogs, loc. cit.'2 

17 The set of points represented by (20) is closed since H(z, y; p, q) is assumed to be 
continuous. 
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for every point (z, y) in S,. It is easily verified that F(x, y; p, q) is repre- 
sentable in the form 


(22) F(a, YP; q) “x4 3 ei(2 ¥) 4 


2Qri Ce: zy zP ‘ z Zz 


where C:z,y is the circle | z| = H(z, y; p,q) + € |x|"? + € |y|"* and (2, y) 
is any finite point other than the origin. Obviously for every point (z, y) 
# (0, 0) and for every point z on C,;2,4, we have 


zy 
Applying (23) to (22), we see that (19) holds except possibly at (0, 0). But 


| F(0, 0; p, a) | = | f(0,0)| < A. 
and hence (19) holds also for (0, 0). 


(23) < Ax. 








II. InpIcaTorR-FUNCTIONS AND DIAGRAMS 


7. Functions of exponential type of one complex variable. We shall give 
here a brief resume of the parts of Pélya’s investigations which we shall use 
later in this part.” 

DerFiniTIONn 6. A function 








(24) F() = > ™ 
n=0 nN: 
is of exponential type if and only if the series 
1/1 — a 
25 Vfl) _ ye n 
(25) zZ f (2) g(2) »» gett 


converges in a neighborhood of z = . 

In this section we shall consider a function F(z) # 0 of exponential type and 
its associated function g(z). 

9°. If M(p) is the maximum of | F(z) | for |z| S p, then 


log M(p) 
p 


1/n 


(26) H = limsup = lim sup |a,|"”. 
p= n=00 


Derinit10on 7. By the indicator h(@) of F(z) we mean the function 


10 
(27) h(@) = lim sup log | Fee) | 4 
p=0o p 
By the conjugate diagram A of the function F(z) we mean the set of points z 
defined as follows. A point z = pe belongs to A if and only if the inequality 
TS 


'®In this section we merely state certain definitions and results; details will be found 
in the article by Polya, loc. cit.? 
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(28) p cos(@ + o) S h(8) 


is satisfied for every real value of 0: 

10°. A real-valued function h(@) defined for all real values of the variable 6 js 
the indicator of a function F(z) of exponential type if and only if (i) it is periodic 
of period 2m and (ii) for all real values of 6, 2, 03 which fulfill the conditions 


(29) 0, < 02 < 63, ——-A<T, 63 — 02 < a, 

it satisfies the inequality 

(30)  h(6:) sin(@s — 02) + h(62) sin(@: — 43) + h(@s) sin(@ — @) = 0. 
11°. —H s A(6) <A, max h(6) = H. 


0<0<2r 

12°. The conjugate diagram A is a closed convex region contained in the circle 
|z| S H. The function g(z) is regular for every point z exterior to A and has 
every extreme point of A as a singular point.” If A’ is any closed convex region 
which possesses the property that g(z) is regular for every point z exterior to A’ 
then A’2> A. 

13°. For every closed convex region A, (in the bounded portion of the z-plane) 
there exists a function F(z) of exponential type which has A, as its conjugate 
diagram.” 


8. Diagrams. Let f(z, y) be any function regular at the origin and let 
F(x, y; p, g) be its Borel (p, q)-transform defined as in (2). Let us define the 
real-valued functions 





p q. 
(31) h*(x, YP, q) = lim sup log | F (xp » YP 5 P, q) | 


p=o p 


(32) h(x, y; p,q) = limsup h*(z’, y’; p, q). 
z2=2z,y =y 

Using the (p, q)-indicator h(x, y; p, q), we define the (p, q)-diagram D,, and we 
investigate the behavior of f(z, y) in Dp, . 

DeFINITION 8. By the (p, q)-diagram D,, of F(x, y; p, 7) we mean the set of 
points (x, y) defined as follows. 

(i) A finite point (xo , yo) belongs to D,, if and only if there exists a real value 
6 such that 


(33) h(ae’?”, ye’: p, g) < cosb. 





19 By an extreme point of a convex region we understand a boundary point which is not 
an inner point of any straight line segment contained on the boundary. 

20 We shall refer to the indicator hi(@) of such a function F;(z) as the indicator-function 
associated with the convex region Ai. It is uniquely determined by the convex region 
A: ; indeed, hi(—8) is the classical supporting function of Ai. See, for example, Pélya, 
loc. cit.,7 pp. 573-578. Lines of the form pcos(@ + ¢) = hi(0) are supporting-lines of A: . 
Through every boundary point of A; there passes at least one supporting-line of A: . Every 
supporting-line of A; contains at least one extreme point. 
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(ii) An infinite point with homogeneous coordinates” (v1, y:, 0) belongs to 


Dyq if and only if there exists a real value 6, such that 


(34) h(a1e — r ye. p,q) < 0. 


Before proceeding with the investigation of the function f(z, y) in D,, we 
first derive the following useful properties of the (p, q)-indicator: 


14°. h(p’2, p*y; p, 9) = ph(z, yy; p,9),0 S p< ~; 
15°. —H (2, y; P, 9) S h(ae™, ye; p,q) S H(z, y; 7,9), — © << @; 


16°. For every pair of values (a, 8) for which |a| + |8| # 0, the function 
h(ac'” ; Be’: p, q), considered as a function of the real variable 6, ts the indicator 
of a function F(z) of exponential type. The set of points z = pe’® for which 


p cos(6 + ¢) S h(ae'™, Be; P, @) 


for every real value of 6, constitutes a closed convex region in the z-plane. 


17°. h*(a, y3 p, M S h(x, y; p, 9). 


For the proof of 14° we observe that a similar relation with h replaced by h* 
holds. From this fact and (32) we see that 14° holds. 

Recalling Definition 6 and using the convergence of the power-series (1), 
we see that the function F(xz”, yz*; p, g), considered as a function of z for fixed 
(x, y), is of exponential type with indicator h*(xe'”’, ye"; p, q). Hence, in 
view of 11°, we have 


—H*(z, y; p, Q S h*(xe'™, ye; p,q) S H*(z, y; p, 9). 


From (6) and (32) we see that 15° follows. 

As we just observed, the function h*(ae, Be”; p, q), as a function of 8, is 
the indicator of a function of exponential type in z (namely, the function 
F(az”, 82"; p, q)). Hence each of the functions h*(ae™, Be; p, g), |a|+|8 | 
~ 0, satisfies the conditions in 10°. From the defining relation (32) we easily 
see that this implies that each of the functions h(ae™, Be"; p, g), |a| +|8| #0, 
satisfies the conditions in 10°. This proves that each of the functions h(ae’ ioe 
Be"; », q) is the indicator of a function of exponential type inz. By Definition 7 
and the first statement in 12° we see that the set of points z described in 16° 
is a closed convex region. This concludes the proof of 16°. 

Noting that 


(x, y; p,q) = lim sup h¥*(2’, y’; p, 9) = lim h( = (1+ yt + sie ) 


a'=2,y'=y 


= h*(2, y; p, 9), 
we see the validity of 17°. 


Ee Eee 
*! We follow the convention adopted by Behnke and Thullen concerning infinite points 


~ me *pp. 3-6). For example, we think of the z, y-space extended by an analytic plane 
at infinity. 
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We next prove the following lemma: 
Lemma 2. The function f(x, y) is regular at every point (x, yo) which is 
expressible in the form 
XH = a/2z”, Yo = B/2", 
where a, B are complex numbers and z = pe’® is any quantity different from zero 
and such that there exists a real value 6 for which 


(35) h(ae'™, Be”; p,q) < p cos(6 + ¢). 


Let 6 be any real number and ap, Bo any complex numbers. From (6) 
and (32) we see that for every positive number e there exists a neighborhood 
I, of (ao, Bo) of such a sort that we have both 


(36) h*(ae'”*, Be"; p,q) < h(ace'”””, Bre”; p, g) + € 
and 
(37) H*(a, B; p, 9) < H(a0, Bo; Pp, ) + «, 


for every point (a, 8) in Z,. Using (37) and recalling the results of Theorem 1, 
we obtain the result that the function f(z, y) is regular at every point (z, y) 
which is expressible in the form 


t=a/2’, y= b/2", 
where (a, 8) is in J, and where z is any complex number such that 
|z| > H(ao, Bo; Pp, 9) + «. 
By classical theory” this implies that the function 


(38) g(a, B,2) = 14(s, 8), 


as a function of a, 8, z, is regular for (a, 8) in I, and z such that | z| > H(a0, Bo; 
p,q) +. Our immediate goal is to show that the function g(a, B, z) is regular 
at every point Po(ao , Bo , 20), where z) = poe’®°® is any value such that 


(39) h(ave’”"*, Boe"; p, @) < po C0S(6 + ¢). 
If zo is such that | zo | > H(ao, Bo ; p, g), then the function g(a, 8, z) is already 
regular at Po. If | 2. | S H(ao, Bo; p, g) we proceed. Let « be a positive 
number such that 

h(aoe'”*, Boe"; p, @) + € < po cos( + yo). 


Let L be a half-ray in the z-plane which proceeds from the point 2) perpendicular 
to the line 


(40) h(ace’”"*, Boe“; p, q) + € = p cos(& + ¢) 


22 See, for example, W. F. Osgood, Lehrbuch der Funktionentheorie, vol. 2, Berlin (1924), 
p. 7. 
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and contained in the half-plane 
h(ave'””, Boe”; p,q) + & < p cos(% + ¢). 


Let z,; be any point on L exterior to the circle | z | = H(ao, Bo ; p, g) + & and 
and let 6 be a positive number such that every point z’ for which | 2’ — z,| < 6 
is also exterior to the circle | z| = H(ao, Bo; p, 9g) + &. Then g(a, B, z) is 
regular at every point (a’, 8’, 2’) for which (a’, 6’) is in I,, and z’ is in the circle 
2-2 |< 6.% Noting that for fixed (a, 8) the function F(az’, Bz"; p, g) is a 
function of exponential type in z with indicator h*(ae'”, Be"; p, g) and asso- 
ciated function g(a, B, 2), using (36) for « = « and using property 12°, we see 
that g(a, 8, 2), considered as a function of z, is surely regular at every point z 
in the circle C which has as its center the point z; and which is tangent to the 
line (40), this being true for every pair of values (a, 8) in J,,. Let us denote 
by r the radius of the circle C. Then we have proved the following two facts: 
(i) the function g(a, 8, z) is an analytic function of the three complex variables 
a, 6, 2, regular for (a, 8) in I,, and z in the circle | z — 2 | < 4; (ii) thefunction 
g(a, 8, 2) is an analytic function of the complex variable z regular for z in the 
circle | z — 2 | < r for every pair of values (a, 8) in J.,. From these two 
facts, using a classical result due to Hartogs,™ we obtain the result that g(a, 8, z) 
is an analytic function of the three variables a, 8, z, regular at every point 
(a, 8, 2) for which (a, 8) is in I,, and | z — 2 | <r. Hence, in particular, 
g(a, 8, 2) is regular at the point Po(ao , Bo , 20). 
a Bp 
zP’ za 


If z is different from zero, the regularity of g(a, 8, z) = : f ( ) at the point 


(ao, 80 , 20) implies the regularity of f(a/zi , 8/25), as a function of a, B, at the 
point (ap , 8o), which is equivalent to the statement that f(z, y) is regular at the 
point (c = a/zo, y = B/zo). Recalling that z is any value of z for which (39) 
holds, we see that the proof of Lemma 2 is complete. 

The result which we next obtain is used in the proof of Theorem 3. 

Lemma 3. Let % be any real number and a, Bo , any complex numbers such 
that | a | + | By | # 0. Then the function g(a, 8, z) in (38), considered as a 
function of a, B, z, is regular in the half-plane 


E a = ao, B = Bo, p cos(& + ¢) > h(are'™*, Boe’; p, 9) 
and it has a singularity on the line 


L a = a, B = Bo, p cos(B + ¢) = h(are'™®, Boe; p, q). 





* See the remarks in the sentence containing equation (38). 

“F. Hartogs, loc. cit.,2 especially pp. 18-19. A statement of Hartogs’ result in the 
form in which we shall use it in the present paper is given in a paper by S. Bochner and 
W. T. Martin, “Singularities of composite functions in several variables,’’ Annals of 
Mathematics, (2) 38 (1937), 293-303. (Theorem B, p. 294.) 
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In the process of proving Lemma 2 we proved that g(a, B, z) is regular at 
every point (ao, Bo, 2) where z is any value satisfying (39). This implies 
that g(a, B, z) is regular in the half-plane E. 

As a function of z alone, the function g(a’, 6’, z) has a singularity on the 
supporting-line 


p cos(O + y) = h*(a'e'?™, B’e'®*: » 9) 


(see 12° and footnote 20). Hence g(a, 8, 2), as a function of a, B, z, has a 
singular point on each of the lines 


a= a’, B - 6’, p cos(4 + ¢) = h¥(a'e'?*, B’e'®*: P, q); 


and hence by (33), it has a singularity on L. 

We next prove the following theorem: 

THEOREM 3. Let f(x, y) be any function regular at the origin and let (1) be its 
power-series development. Let F(x, y; p, q), h(x, y; p, q) and Dy, be defined as 
in (2), (32) and Definition 8, respectively. Then the function f(x, y) is regular 
at every finite point of Dpg. The (p, q)-diagram D,, is a region of the following 
character. Every analytic surface of the form 


(41) x = az’, y = Bz", (la|+|B8| #9, za complex parameter), 


cuts Dyq in a two-dimensional region D%*. As the point (2 = a/z”, y = B/2") 
runs over D%° the points z run over the exterior of a closed convex region 52° in the 
z-plane. The convex region 55, is identical with the set of points z = pe’™® for which 


(42) p cos(@ + ¢) S h(ae'”, Be; p, 9) 


for every real value of 0. If 2 is an extreme point” of 625 other than the origin, 
then the point (x = a/zi, y = B/z$) is a singularity of the function f(z, y). 

Let (20, yo) be any finite point of D,,. Then, by Definition 8 there exists 
a real value 6) such that (33) holds. Applying Lemma 2 with a = 4,8 = , 
z = 1, we see that f(z, y) is regular at (x , yo). 

From its definition it is easily seen that D,, is a region. We omit the details. 

By property 16° the set of points described by (42) is a closed convex region. 
Let us denote this region by 6’. Let (zo, yo) be any (finite or infinite) point 
in Di and write x = «/z), yo = B/28. Then, applying the definition of the 
diagram and property 14°, we see at once that the points zo are exterior to 5’. 
Conversely, if 2) is any point exterior to 4’, we easily see that the point (x = @/2), 
yo = B/zs) isin D${. Thus the region 5%8 described in the theorem is identical 
with 6’. 

Let (ao, 60) be any pair of complex numbers such that | a | + | Bo | # 9. 
Then from Lemma 3 and the relation of supporting lines to extreme points 
described in footnote 20, we see by an argument similar to one made by Pélya 
(loc. cit.,’ p. 578) that if 2 is an extreme point of 5%°° then the point (a = a9, 


pq 





*5 For the definition of an extreme point see footnote 19. 
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B= fo,2= z) is a singular point of the function g(a, 8, z) = (1/z)f(a/z”, B/z*). 
If z is different from zero this implies that the point (x = ao/z), y = Bo/z%) 
is a singular point of f(z, y). 

This concludes the proof of Theorem 3. Let us remark that in view of 15° 
the (p, q)-diagram D,, certainly contains the complete Cartan (p, q)-region 
G,, of Theorem 1. Thus D,, furnishes an extended region of regularity of 

2, Y)- 

a ean conclude this section with a few general remarks. By a consideration 
of the (p, q)-indicator h(x, y; p, q) information concerning the question as to 
whether or not a particular point on the boundary of the complete Cartan 
(p, q)-region Gq is a singular point of f(z, y) may be obtained. Furthermore, 
from the manner of defining the functions H(z, y; p, qg), h(x, y; p, q), it turns 
out that each of the functions logH(z, y; p, qg), h(x, y; p, q) is subharmonic 
whenever H(z, y; p, g) is continuous. We shall not discuss any of these matters 
further. 


9. Functions of exponential type. This section is devoted to the investigation 
of the special case p = g = 1. Throughout this section we write simply G, D, 
h(a, y), ete. for Gu, Du, h(x, y; 1, 1), ete. For this special case various addi- 
tional results, as well as more precision in the results already derived, may be 
obtained. For example, it is easily seen that the diagram D possesses an in- 
variant property analogous to that possessed by the circular region G. More- 
over it is possible to obtain information concerning the behavior of f(x, y) at 
the infinite points by a consideration of the indicator h(x, y). These aspects 
of the theory we do not consider here. However we do consider the question 
as to when a given region is the diagram of a function. 

We say that a function 


(43) F(z, y) = a, sag at 


is of exponential type if the associated series (1) converges in a neighborhood 
of the origin. Thus the Borel transform F(z, y) of a function f(z, y) is a func- 


tion of exponential type. We shall give a few examples of functions of ex- 
ponential type and give without proof their associated functions and regions. 





(i) F(x, y) = e**", f(x, y) = 1/(1 — ax — by); 
H(z, y) = |ax + by|, G:\ar+by| <1; 
h(x, y) = R{ax + by}, D :ax + by ¥ 1. 
(i) F(z, y) = a’yte™, f(z, y) = G+h)! 2’y'/(1 — ax — by)”, 


where j and k are positive integers. H(z, y), G, h(x, y) and D are the same 
as in (i), 
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(iii) Let, , --- , c, be any non-vanishing complex constants and let a, , --- 4, 
bi, --: , b, be any complex constants such that 


(44) |a;-a|+|b;-b| 40, Gk, j,k =1,-++,r, 
Then if 


(45) F(z, y) = Do eye, 


j=1 
we have 


r 


f(z, y) = ps = 


jai 1 — a;x — by’ 





H(z, y) = max |a;x + by |, h(x, y) = max R{aj;x + by}. 
j=l,+++,7r j=l, ¢++,r 


The region G consists of the product of all the regions | a;z + b;y| <1, 
j=1,--:,r. The diagram D is such that the convex region 6” of Theorem 3 
is the smallest convex region containing the points aja + b;8,j = 1, ---,r. 

For the particular class of functions of the form (45) the circular region G 
and the diagram D possess an important geometrical property; namely, each 
is planar convex.” The fact that G is planar convex in this case is an immediate 
consequence of the fact that it is the intersection of the regions | a;z + b;y| <1, 
each one of which is planar convex. The proof of the fact that the diagram D 
is planar convex involves the consideration of the convex regions 5” of Theorem 
3 and is somewhat more involved. We omit the details of the proof. 

We shall investigate more closely the relation between the property of being 
a planar convex region and the property of being the diagram of a function of 
exponential type. We first prove the following theorem: 

TurorEM 4. Let C be any region possessing the following three properties: 
(i) at contains the origin; (ii) it is planar convex and (iii) every analytic plane 
through the origin 


(464) «r=az, y=, (|a|+]8| #0, za complex parameter), 


cuts it in a (plane) region C™ which is such that as the point (x, y) runs over C 1 
the “inverted” point 


(47) 2’ = a’/ax, y’ — B’/y, 


runs in the analytic plane (46) over the exterior of a closed convex (plane) region 
J”. Then the region C is the diagram of a function of exponential type. 





* Planar convexity is a concept due to H. Behnke and E. Peschl, “‘Konvexitat in bezug 
auf analytische Ebenen im kleinen und grossen,’’ Mathematische Annalen, 111 (1935), 
pp. 158-177. For schlicht regions planar convexity is defined as follows: A schlicht region R 
is said to be planar convex if through every boundary point of R there passes an analytic 
plane which never cuts the interior of R. 

27 For the sake of completeness let us remark that the diagram of every function of 
exponential type possesses the geometrical property expressed by (iii); indeed, this prop- 
erty is essentially a restatement of the property of the diagram named in Theorem 3 for 
the case p = q = 1. 
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For the proof of Theorem 4 let us consider a point-set A consisting of every 
point (z, y) which is a boundary point of any of the regions C*’. Let (a, , B,), 
» = 0, 1, 2, --: , be an everywhere dense set of points of A. Then since C is 
planar convex and since each of the points (a, , B,) is a boundary point of C 
it follows from the definition of planar convexity that through each of the 
points (a, , 8,) there passes an analytic plane which never cuts C. Since C 
contains the origin the constant term in the equation of any such plane can 
not vanish. From these facts it is clear that there exists a finite or infinite 
sequence of distinct analytic planes 


(48) a,x + by = 1, s=0,1,2,---, 


such that each of the points (a, , B,), v = 0, 1, 2, --- , is on one and only one 
such plane and such that none of the planes cuts C. Notationally we proceed 
as though the sequence (48) were infinite. 

Let c,, s = 0, 1, 2, --- , be a sequence of non-vanishing complex constants 
such that the series 


Cs 
2 fal + loi 


is absolutely convergent and let us consider the series 


(49) 





(50) fzy=>d = 


s=0 1 —_— Asx = by 








Series of the form >> = ; have been investigated by various writers.” We 


s=0 2 — Os 

shall not carry through a detailed discussion of the properties of the series (50). 
Let us merely state a few facts concerning the series. The series (50) represents 
an analytic function f(z, y) regular in C. Using the geometrical property of C 
expressed in Theorem 4 by (iii), we may show that the function f(z, y) defined 
by (50) has a singularity at each of the points (a, , 8,), v = 0,1,2,---. Using 
these facts and the property (iii) again, we may show that the Borel transform 
F(z, y) of f(z, y) has C as its diagram D. We shall give no more of the details 
of the proof of the theorem. In the interest of completeness let us remark that 
the Borel transform of (50) has the form 


F(z, y) = oer, 
3s=0 
The question arises: Is the diagram D of every function of exponential type 
planar convex? The answer is in the negative; that is, there exists a function 
F(z, y) of exponential type whose diagram D is not planar convex. Behnke has 





* See, for example; A. Pringsheim, ‘“‘iiber bemerkenswerte Singularitatenbildungen bei 
gewissen Partialbruchreihen,”’ Sitzungsbericht der Bayerische Akademie, (1927), pp. 145- 
164, where also various references are given. 
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shown that there exists a function ¢(z, y) which is regular at every point of the 
complete circular region : 


(51) ja t+y’| <1, 


which is not continuable over its boundary and which has the circular region 
(51) as its invariant convergence region.” In view of Theorem 1 and equation 
(14) we see that the Borel transform ®(z, y) of g(x, y) has the type-function 
H(z, y) = | a + y’ |” and associated region G the region defined by (51). 
Furthermore, since ¢(z, y) is not continuable over the boundary of G, the diagram 
D of ®(2, y) is identical with the circular region G and hence the indicator has 
the form h(x, y) = |2° + y’|’*. By noting, for example, that the point (1, 0) 
is on the boundary of D and that every analytic plane through this point cuts 
D, we see that D is not planar convex, a fact which may also be seen by noting 
that the equation of the boundary | z’ + y’ | = 1 does not satisfy the necessary 
conditions for planar convexity given by Behnke and Peschl.” 


III. SumMaBiuiry. Strar REGIONS 


10. Summability by Borel’s integral means. In this section we investigate 
the summability of series of the form (3) by Borel’s integral means and relate 
the results to the problem of analytic continuation of the sum-function f(z, y). 
We first recall certain definitions and results in the theory of summation of 
series.” 

A series 


v=0 


is said to be absolutely summable (by Borel’s integral means) if each of the 
integrals 


| e “F(a)da, i] e*|F™ (a) | da, A= 0,1,2,--:, 
0 6 


exists, where 


v 


F(a) = > = 


v=0 v! 





The first of these integrals is called the sum of the series (52) 
18°. An absolutely convergent series is absolutely summable. 
19°. If a series 


(53) p(z) = Y a2’ 





29 See Behnke, loc. cit. 15, especially Theorems 11 and 12. The region in (51) is particu- 
lar region of a general class of regions possessing these properties. 

30 Loc. cit. 26. See Theorem 7a. : 

1 See, for example, T. Fort, Infinite series, Oxford (1930), pp. 222-233. See also the 
references in footnote 4. 
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is absolutely summable at a point M then it is absolutely summable for every point z 
on the straight line segment OM. Furthermore the function p(z) is an analytic 
function regular interior to and on the circumference of the circle having OM as a 
diameter. The analytic continuation of p(z) in this circle is represented by the 


integral 





| ” 6-* P(az)da, (Pe - > ne). 


v=0 v! 


20°. If a line is drawn from the origin to each singular point of p(z) and that 
portion of the plane bounded by perpendiculars to these lines at the singular points 
and including the origin is denoted by b; then (53) is absolutely summable within b 
to a function analytic at every point within b. It is not absolutely summable at 


_any point outside b. 


This concludes the resume of results from the classical theory. We next 
prove the following theorem: 
TueoreM 5. Let (1) be any series convergent in a neighborhood of the origin 


: and let us consider the series (3) associated with (1). If (3) is absolutely summable 


(by Borel’s integral means) for every value of (x, y) in a neighborhood of a point 
(1%, yo) then (3) ts absolutely summable in a neighborhood of every point of the 
curve-segment 


(54) <= top”, iia Yor", 0s p = 1. 


Furthermore the function f(x, y) is regular at every point (x, y) which ts expressible 
in the form 


(55) t= 2%2", y=yr, |2—3| 5}. 


The analytic continuation of f(x, y) in this set of points is represented by the 
integral 


(56) | e *F(2a”, ya"; p, q)da, 
0 


where F(x, y; p, q) is the entire function defined by the series (2). 
For the proof let 6 be a positive number such that the series (3) is absolutely 
summable for | — a | < 8, | y — yo| < 6. Then each of the series 


(57) p(a, B, z) = S(aa’, Bz") = p x { > aanc"f"} ’ 

v=0 pmt+qn=y 
where | a — 1 | < 6, | 8 — yo| < 4, is absolutely summable at z = 1 and hence 
by 19° each is absolutely summable for z on the straight line segment joining 
the points z = 0,z = 1. From these facts we see at once that (3) is absolutely 
summable in the neighborhood 


|x — xops |< p06, |y — yors| < p06, 


of any point (top), yop) for which 0 < po S 1. Furthermore, since (1) is 
absolutely convergent in a neighborhood of the origin, (3) is absolutely con- 
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vergent in a neighborhood of the origin and hence by 18° the series (3) is abso- 
lutely summable in a neighborhood of the origin. These results prove that 
(3) is absolutely summable in a neighborhood of every point of the curye- 
segment (54). 

That f(z, y) is regular at every point (x, y) expressible in the form (55) we 
see as follows. Retaining the notation of the previous paragraph, we see by 
19° that each of the functions p(a, B, z), where | a — 2 | < 6,| B — w| < 5, 
as a function of z alone, is regular for z in the circle | z — 3 | S 3. Moreover, 
since f(z, y) is regular at the origin, it follows that p(a, B, z), as a function of 
a, B, z, is regular for | a — 2 | < 6, | B — yo| < 4 for| | sufficiently small. 
Applying repeatedly a classical result due to Hartogs,” we easily obtain the 
result that the function p(a, B, z), as a function of a, 8, z, is regular for | a — x| <5, 
|B—y| < 6,|z2—4| S }. ‘From this we see that the function f(z, y) is 
surely regular at every point expressible in the form (55). 

From 19° it follows that the integral (56) represents the analytic continuation 
of f(x, y) in the set of points indicated. 

This concludes the proof of the theorem. We next define a four-dimensional 
analogue of the Borel polygon of summability and investigate its properties. 

Let f(z, y) be any function regular at the origin. Let (a, 8) be any pair of 
complex numbers such that | a | + | 8| #0. In the z-plane draw a line from 
the origin to each point z’ which is such that the point + = az’”, y = Bz’*isa 
singular point of f(z, y). Denote that (open) portion of the z-plane bounded 
by perpendiculars to these lines at the points z’ and including the origin by b¢5. 
As the point z runs over b%8 let the point (x = az”, y = Bz") run over a point- 
set B2°. Denote by B,, the set of points in the z, y-space consisting of every 
point (x, y) which is in any BS’, (| a| +|8| +0). We shall call B,, the Borel 
(p, q)-region of summability of f(x, y). 

From its construction it follows that B,, is a region. The theorem which 
we next prove relates B,, to the region of summability of (3). 

TuroreM 6. Let f(x, y) be any function regular at the origin and let By,q be 
its Borel (p, q)-region of summability. Then the series development (3) of f(z, y) 
is absolutely summable (by Borel’s integral means) in a neighborhood of every 
point of B,,. It is not absolutely summable in a neighborhood of any point 
exterior to Bog . 

Let (xo, yo) be any point in B,, (other than the origin). Recalling the con- 
struction of B,, , we see that there exists a positive constant 6 such that f(z, y) 
is regular at every point (z, y) which is expressible in the form 


(58) z = a2’,y = Be", §=|z—-4|54,|a—m| <8,|B— wl <é 


By 20° this implies that each of the series (57) with | « — 20| < 6, |B — yo| <4 
is absolutely summable for z = 1 which is equivalent to the fact that (3) is 
absolutely summable for every point for which | z — 1% | < 6,| y — Yo |< 4. 





32 See footnotes 24, 12. 
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As we remarked in the proof of Theorem 5 the series (3) is absolutely summable 
in a neighborhood of the origin. These two results show that (3) isabsolutely 
summable in a neighborhood of every point of B,, . 

Next let (ao, yo) be any point in a neighborhood of which (3) is absolutely 
summable. Then by Theorem 5 we see that f(x, y) is regular at every point 
(x, y) expressible in the form (55). By the construction of b;7° this implies 
that the point z = 1 is in b>7’° and hence the point (2 , yo) is in Byg. 

This concludes the proof of Theorem 6. 

Let us associate with every point (2, yo) in B,, the set of points (zx, y) ex- 
pressible in the form (55) and let us denote by %,, the totality of all points 
(x, y) obtained in this manner. It is evident that %,, is a region. Further- 
more, from Theorems 5 and 6 we see that f(x, y) is regular throughout the in- 
terior of Bp, and that the analytic continuation of f(z, y) in By, is represented 
by the integral (56). We shall call %,, the Borel (p, q)-region of regularity of 
f(z, y). 

We shall state without proofs some of the relations existing among the various 
regions which we have studied so far. They are easily seen to be related as 
follows: 


Gq S Boa S Boa & Dyq - 


Furthermore if the indicator h(x, y; p, q) is everywhere non-negative then 
$5, = D,,. If, however, h(x, y; p, q) is sometimes negative then D,, contains 
points which $,, does not contain and thus in this case the method of analytic 
continuation by the use of the functional transform F(z, y; p, g) furnishes more 
information than does the method using Borel’s theory of summability. 


11. Star regions. Let f(z, y) be any function regular at the origin. Let o 
and » be any two positive numbers. Consider a curve 


(59) t= ap’, y = Bp’, 0Sp<®%, 


where a, 8 are any complex numbers such that | a | +|8| #0. If the analytic 
continuation of f(z, y) has no singular point along this curve, we retain the whole 
curve. If = apo, y = Bph is the first singular point of f(x, y) along this 
curve, we retain only the curve up to the first singular point excluding that 
point. With the same construction for every pair of complex numbers for which 
|a|+|8| # 0, we obtain a portion of the 2, y-space (the infinite points 
omitted) which we call the (c, u)-star region of f(x, y) and which we denote by 
Su. If to = aps, yo = Bpb is the first singular point of f(z, y) on the curve 
(59) then we call the point (x , yo) the vertex of the (c, u)-star region belonging 
to the curve (59). 
Let a be any positive number and let us define the function 


A] 


60) , = unt y” 
a(Z, Y30,u) = ye, r'(1 + aom + ayn)’ 
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associated with the power-series development (1) of the function f(z, y). The 
function F(x, y; ¢, «) is obviously an entire function. Let us define two real- 
valued functions 


(61) c*(x, y;o, wu) = lim lim sup {a log log* | F(xe”’, ye“; o, u) | — w}, 


a=0 


(62) c(z, y; 9, u) = lim sup c*(2’, y’; 0, B), 
z'=2,y'=y 
where log’ A denotes log A if A 21, and Oif A < 1. 

The main result of this section is the following: 

TueorEM 7. The (c, u)-star region S,, of a function f(x, y) regular at the 
origin is identical with the set of points (x, y) for which c(x, y; 0, uw) < 0 and its 
vertices are given by the points (x, y) for which c(x, y; 0, uw) = 0. 

From the theory of Dirichlet series we have the following results: 

21°. (i) The limit in (61) exists whenever f(x, y) ts any function regular at the 
origin. (ii) The function f(xe*, ye ”*), as a function of the complex variable s 
for fixed (x, y), is regular for s on the ray I(s) = 0, R(s) > c*(x, y; 0, u). (iii) 
The function f(xe ”*, ye), as a function of s, has a singularity at the point 
c= c*(z, Y;9, H). 

We proceed with the proof of Theorem 7. Denoting by S,, the set of 
points (x, y) for which c(x, y; ¢, u) < 0, we shall first show that S,, © S.,. 
Let P(xo , yo) be any point in S,,. Then there exists a neighborhood U of P 
such that every point in U is also in S,,. In view of the character of S,, it 
follows that f(z, y) is regular at every point (p’2’, py’), where 0 S p S 1 and 
(x’, y’) is any point in U. Hence f(xe”’, ye“), as a function of 2, y and s, 
is surely regular for (x, y) in U and for s on the ray I(s) = 0, R(s) > 0. By 
21° this implies that c*(x, y; ¢, uw) < 0 for (x, y) in U, which by (62) implies 
that c(x, y; ¢, uw) S O for (x, y) in U. Using the easily proved property 


(63) c(xp’, ye"; 7, u) = c(z, y; 0, mu) + logp,0<p< 


and noting that there exists a value p > 1 such that the point (200, Yop) 
is in U, we see that c(xo, yo; ¢, un) < 0. Hence P is in S,, and consequently 
Sen & Seu - 

Next let P(zo , yo) be any point in Sj,. Then there exist a positive number 6 
and a neighborhood U; of P such that 


(64) c*(z, Y;9, h) < C(x » Yo;9, h) +56<0 


for (x, y) in Us. Hence by 21° each of the functions f(re’, ye), as a function 
of s for (x, y) in Us, is regular for s on the ray I(s) = 0, R(s) > c(xo, yo; 7, #) + 4 
Furthermore, since f(z, y) is regular at the origin, the function f(ze™, ye”), 
as a function of z, y and s, is regular for (x, y) in Us for R(s) sufficiently large. 





33 See M. Riesz, loc. cit. 6; V. Bernstein, op. cit. 6. 
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Applying Hartogs’ theorem,” we obtain without difficulty the result that 
ize“, ye), as a function of z, y and s, is regular for (z, y) in U; and for s 
on the ray I(s) = 0, R(s) > c(to, yo; 7, u) + 5. Hence, using (64), we have 
the result that f(ze", ye), as a function of z, y and s, is regular for (x, y) 
in U; and for s = 0, which implies that f(z, y) is regular at P. From (63) 
we see that with (20, yo) the set S., contains also all the points (2p, yop”) 
withO < p <1. This fact and the regularity of f(x, y) at the point P(x» , yo) 
prove that P isin S,,. Hence S ai se... 

Combining the results of the two previous paragraphs, we have the result 
that Sj, = Sou, Which proves the first part of the theorem. From 21° and 
(62) we see that every point (xo , yo) for which c(2 , yo ; 7, u) = 0 is a singular 
point of f(z, y) and indeed that it is the first one on the curve (59) formed with 
(a, B) = (to, yo). If (Xo, yo) is a vertex of S,, then it is clear from (63) that 
(20 , Yo; 9; hu) = 0. 

This concludes the proof of Theorem 7. 


PRINCETON UNIVERSITY AND THE INSTITUTE FOR ADVANCED Stupy. 





4 See footnotes 24, 12. The details here are entirely analogous to those in the proof 
given by Bochner and Martin (loc. cit., footnote 24) of their theorem C relating the star 
vertices of a function of several variables to the vertices of certain associated functions 
of a single variable. 
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A NOTE ON COMPLETELY CONTINUOUS TRANSFORMATIONS . 

By F. Smiraies tol 

(Received December 14, 1936) (4) 

1. INTRODUCTION whe 

In this note we shall consider completely continuous transformations between and 

the function spaces L” and L’, where p > 1, q > 1, and also between the corre- not 

sponding spaces S” and S’, whose elements are infinite sequences of complex ( 

numbers. 

We use the Lebesgue integral throughout, and suppose all functions intro- (5) 
duced to be measurable. 

A complex function f(s) of the real variable s is said to belong to the space wh 

L”, where p > 1, if is § 

20 s? 

| | f(s) |?ds < o., ] 

ie [3] 

We write f « L?. The norm || f ||, of f is defined by the equation wit 


~ 1/p 
sll = 4 [Ise Pras} . we 


Similarly, an infinite sequence {z,} of complex numbers is said to belong to 
the space S”, where p > 1, if I 


| r b>» | tn |? <0, 
i n=1 
wh 





We write x « S”, and define the norm || z ||, of z by the equation " 
20 1/p 
zl = (Ll?) ) 
n=1 
ther 
We consider transformations of the forms 

“0 (7) 
(1) g(s) = [ K(s, t) f(t) dt (—xo <s<~) if 
sa é 
and \ 
2 I 
(2) Yn = Dd, Onn Zn (m = 1,2, °°"); and 

n=1 . 

; i 

where f ¢ L’, g « L’, x « S?, ye S*. We shall obtain sufficient conditions that . 
the transformations defined by (1) and (2) should be completely continuous, (il) 
i.e. that they should transform every bounded set into a compact set. (ii 
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Banach [1], pp. 98-99, proved that a sufficient condition for the transformation 


1 
(3) g(s) = [ K(s, t) f(t) dt (0<s <1) 
to be completely continuous is that 
1 1 
(4) [ [ | K(s, t) |"dsdt < «, 
0 0 
where r = Max[p’, ql, 


and p’ is the conjugate index to p, i.e. (1/p) + (1/p’) = 1. This result does 
not hold for an infinite interval. 
Cohen [2] obtained a similar result for sequences, viz. that the condition 


(5) ay |amn |’ < ©, 
where r = Min[p’, ql, 


is sufficient for (2) to define a completely continuous transformation between 
S’ and S*. 

For the special case p = q, conditions have been given by Hille and Tamarkin 
(3] for the transformation (1), and by Cohen [2] for (2), which are identical 
with those given in Theorems 1 and 2 below. 

The theorems proved in this paper include all the above results, and, as 
we shall show in §3, go somewhat further. 


2. GENERAL THEOREMS 
Let us define, for given p(>1) and q(>1), 


IK=([_a( fixe ora)” }", 


where (1/p) + (1/p’) = 1. 


THeorEM 1. If 
(6) || K || < 2, 
then the equation 
(7) g(s) = [ K(s, t) f(t) dt 


defines a completely continuous transformation from L? into L*. 

We require the following result. 

Lemma. If || K || < , then, given e(> 0), we can find a real number N 
and a function G(s, t) such that 


(i) G(s, t) = 0 (|s| > Nor|t| > WN), 
(li) G(s, t) is continuous in —N S$ s S$ N, -N St < N,and 


(ii) ie = Gt <<. 
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We omit the proof, which is of a familiar type. For a similar argument, sec 
Hobson [4], p. 250. 

By the lemma, there is a sequence of functions K,(s, t), each continuous in g 
certain square and vanishing identically outside it, such that 


|| K — K, || 0. 


For each integer n, the equation 
g(s) = il K,(s, t) f(t) dt 


defines a completely continuous transformation from L” into L*. See Banach 
[1], p. 97. The fact that the interval of definition of g(s) is apparently infinite 
presents no difficulty, for g(s) vanishes outside a finite interval depending 
only on n. 


If g(s) = | K(s, t)f@ dt, 
we see by Hélder’s inequality that || g ||, = || K || - || f |p. Let | K| be the 
norm of the transformation determined by K(s, ¢), as defined by Banach [1], 
p. 54. Then | K | is the least number such that || g ||, S$ | K | - ||f||, for all 
fin L?. Hence we must have | K | S || K ||. 

Since || K — K, || — 0, we must have | K — K,|— 0. By Banach [I], 
p. 96, Theorem 2, the limit of a sequence of completely continuous transforma- 
tions convergent according to the norm is completely continuous. This is the 
required result. 

THEOREM 2. Consider the transformation 


(8) Yn = > AmnIn ; 


where xe S”. Thena sufficient condition that it be a completely continuous trans- 
formation from S’ into S* is that 


(9) > (= Jann”) < 0, 


m=1 \n=1 


We shall show that this is a consequence of Theorem 1. 


Define 
K(s,t) = 0 (s < Oort < 0), 
=On(m-1lSs<mn-—-1St<n), 
(10) f® =2, (n-1 St <n). 
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Then, whenm—1S58<™m, 


(11) g(s) = [ K(s, t) f(t) dt 
= }> Ene Ze 
= Yn. 

Furthermore If lp = lz lle; 

and lo lle = lly lle- 


Let 7 be any bounded set of elements z in S’, so that, for some A, || z ||, S$ A 
for all z in J. Let 7; be the set of functions f(t) of L” corresponding to the 
elements x in TJ’ by (10). Let 72 be the set of functions g(s) of L* obtained from 
the functions f(t) of JT, by equation (11), and let 7 be the corresponding set of 
elements y of S*. 

By Theorem 1, Tz is compact in L*. Hence any infinite subset of 7’: con- 
tains a subsequence {g®(s)} convergent in L‘. It follows that the correspond- 
ing sequence in 7’; is convergent in S*%, i.e. 7'3is compact. This proves Theorem 2. 

We now state two further theorems, which can be deduced from Theorem 1 
in the same way as Theorem 2. 

THEOREM 3. Consider the transformation given by 


(12) g(s) = > kn(s)an. 
If 
(13) / {x | als) ry ds < @, 


then (12) defines a completely continuous transformation from S? into L‘. 
THEoREM 4. Consider the transformation given by 


a4) wi / ” Kat) f(t) dt. 
If - 
00 0 q/p’ 
(15) > {/ | Km(t) |?” it} < ~, 


then (14) defines a completely continuous transformation from L” into S*. 


3. EXAMPLES 
We now discuss a few examples indicating the scope of the above theorems. 
(i) Let K(s, t) = st? n0dO<s<1,0<t<1, 


= 0 elsewhere. 
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Then (6) holds if and only if Bp’ < 1, ag < 1. Condition (4) is equivalent to 
ar <1, Br < 1, where 


r = Max[p’, gl. 


Thus (6) is more inclusive than (4). 


(ii) Let Onn =m “n. 


Then (9) holds if and only if Bp’ > 1, ag > 1. Condition (5) is equivalent to 
ar > 1, Br > 1, where 

r = Min[p’, q]. 
Thus (9) is more inclusive than (5). 


(iii) Each of the conditions (6), (9), (13), and (15) is best possible of its kind. 
E.g. consider (6). 


Take K(s, t) = s *t? in0d<s<i,0<t 


IA 
tle 
~ 


= 0 elsewhere. 


(6) is equivalent to Bp’ < 1, ag < 1. Suppose that Bp’ 2 1, say Bp’ = 1. 


Let f(t) = t*/?(log t)77, 
where 1/p <y <1. Thenf  L’, but 
4 
[ K(s, t) f(é) dt 
0 


does not exist for any value of s in (0, 3). 
(iv) Now suppose that Bp’ < 1,aq = 1. Then, for any fin L’, 


3 
ita / K(s, ) f( dt 


—1/q¢ 
= As ’ 


so that g(s) does not belong to L*. 
Similar examples can easily be given for conditions (9), (13), and (15). 


REFERENCES 


1. S. Banacu: Théorie des opérations linéaires (Warszawa, 1932). 

2. L. W. Conen: “Transformations on spaces of infinitely many dimensions.” Ann. 
Math. (2) 37 (1936), 326-335. 

3. E. Hiuix, J. D. Tamarxin: “On the theory of linear integral equations. II.” Ann. 
Math. (2) 35 (1934), 445-455. 

4, E. W. Hopson: Theory of functions of a real variable, vol. 2 (Cambridge, 1926). 


Princeton, N. J. 





th 


Th 


paj 
stu 


Vol. 


pp. 
1 an 


Ame 








t to 


ind. 


Ann. 


Ann. 


ANNALS OF MATHEMATICS 
Vol. 38, No. 3, July, 1937 


PEANIAN CONTINUA NOT IMBEDDABLE IN A SPHERICAL SURFACE’ 


By ScHIEFFELIN CLAYTOR 


(Received December 14, 1936) 


INTRODUCTION 


This paper is devoted to the demonstration of the following 

THrorEM. A -peanian continuum which is not homeomorphic with a subset of 
the surface of a sphere necessarily contains either a primitive skew curve’ or a 
topological image of one of the following figures: 














MA 
wails X 


Fia. 1 Fia. 2 








These two figures are due to Kuratowski, who suggested a réle for them in the 
paper’ in which he originally introduced the primitive skew curves into the 
study of non-planar point-sets. 

In the course of this proof we shall have occasion to refer to several previ- 
ously obtained results that are in the same general vein as our THEOREM. They 
are as follows: 

(A) Every non-planar* linear graph contains a primitive skew curve.” 





‘Presented to the American Mathematical Society, December 30, 1936. 

*For the definition of a primitive skew curve consult the Introduction to the author’s 
Topological Immersion of Peanian Continua in a Spherical Surface, Annals of Mathematics, 
Vol. 35, No. 4, (1934), pp. 809-835. This paper will hereafter be referred to as T.I. 

*Kuratowski, Sur les problémes des courbes gauches en Topologie, Fund. Math., XV, 
-f ieee See page 272, footnote 2, for a description of the construction of figures 

and 2. 

‘A planar point set is one which is homeomorphic with some subset of the plane. 

*Cf. Kuratowski, loc. cit.; and H. Whitney, Non-separable and planar graphs, Trans. 
Amer. Math. Soc., vol. 34, (1932), pp. 339-362. 
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(B) If K is a peanian continuum which is not homeomorphic with a subset 
of a spherical surface, then either 

1) K contains a primitive skew curve, or if not, then 

2) K has a cut-point P which is not a boundary point of the closure of every 
component of K — P. 

Special case of (B): 

(C) Every cyclic peanian continuum which is not homeomorphic with a 
subset of a spherical surface contains a primitive skew curve.° 

It will be seen at a glance that our result (C) compares favorably with the 
original result (A) of Kuratowski in the matter of the simplicity of the ideas 
involved. But in passing to the treatment of the general case (B) the author 
was obliged in T. I. to introduce the somewhat cumbersome notion of boundary 
point. We have managed here, however, to employ the remaining (and as yet 
unused) pair of Kuratowski’s curves in altogether freeing our results of auxiliary 
ideas involving the use of intricate definitions. 


PRELIMINARY LEMMAS 


Throughout our work we shall use C (and upon occasion C,,) to represent a cyclic 
peanian continuum, distinct from a point, which does not contain a primitive 
skew curve. 

Lemma 1. If P is a point of C that does not lie on any boundary curve’ of this 
continuum, then for any € > 0, there exists a normal representation,° 


C=A+J+B, 


such that B D> P, and 6(J + B) < «. 

DEMONSTRATION: As a consequence of proposition (C)° the continuum Cis 
homeomorphic with a subset C; of a spherical surface S,. If it should happen 
that C,; = S, then the truth of our lemma is apparent. If, on the other hand, 
C, ~ S, we can go further and consider a topological image C’, = t(C), of C 
in the euclidean plane S. The point P’, = t(P), cannot lie on the frontier F” 
of any domain in S complementary to C’; for if such were the case then 
F, = t'(F’), would be a boundary curve of C containing P. 

Now let 6 > 0 be so chosen that if X is a subset of C, and X’ = ¢(X), then 


(1) 5(X’) <6 implies 6(X) <«. 


According to a theorem of Whyburn”™ there exists in C’ a simple closed 
curve J’ of diameter <6 that encloses the point P’. Let A’ be the subset of C’ 





6 Cf. Introduction to T.I. 

7 See Definition I of T.I. 

§ Consult page 813 of T.I. for the definition of a normal representation. 

* Cf. Introduction. 

10 Concerning continua in the plane, Trans. Amer. Math. Soc. Vol. 29, No. 2, pp. 369-400. 
Theorem 7. 
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that lies outside of J’, and let B’ denote the subset of C’ that lies within JJ’. 
The curve J’ evidently separates A’ and B’ in C’, and furthermore constitutes a 
boundary curve of each of the two continua A’ + J’ and J’ + B’. Consequently 
4’ + J' + B’ is a normal representation of C’, and on setting A = c t4%. 
J = t(J’), B = t’*(B’) we get the desired normal representation C = 
4+ J+ B; for, B’ > P’ implies B > P and, in view of (1), the inequality 
i(J’ + B’) < 6 insures 6(J + B) < «. 

Lemma 2. Ina normal representation C = A + J + B, let P be a point CB 
that does not lie on a boundary curve of C; then neither will P lie on a boundary 
curve of J + B. 

DEMONSTRATION: Suppose on the contrary that P does lie upon some boundary 
curve L of J + B. Then let x denote that component of B which contains P, 
and choose along the curve L a point Q (¥ P) sufficiently close to P as to lie 
also in. With P and Q as end-points we take an are PQ such that C-PQ = 
P+Q." The continuum J + B + PQ may now be thought of as the sum 
of the two continua J + B and L + PQ which have the common boundary 
curve L; hence, by Theorem E» of T. I.,” it follows that J + B + PQ does 
not contain a primitive skew curve. 

Let us next be assured that J is a boundary curve of J + B+ PQ. In view 
of the manner in which the are PQ was added, it is clear that the point-set 
t+ PQ constitutes a component of B + PQ, and on comparing it with the 
component « of B, we observe that these two point-sets both have the same set 
of limit points on J; that is F(a + PQ) = F(z). Furthermore, the remaining 
components of B + PQ are each precisely identical with some component of B. 
Thus it can be seen, by Definition I of T. I., that the boundary curve J of J + B 
is also a boundary curve of the continuum J + B + PQ. 

It is next observed that C + PQ is the sum of the two continua A + J and 
J+ B+ PQ which have J as a common boundary curve. Then, on employing 
Theorem E, again, we find that C + PQ does not contain a primitive skew 
curve; hence (as this continuum is also cyclic) it has a topological image 
C’ + P’Q’, = t(C + PQ), in a spherical surface S. The arc P’Q’ evidently 
lies, except for its end-points P’ and Q’, within some domain D (in S) comple- 
mentary to C’. But the boundary of D is a simple closed curve Z’ which con- 
tains P’ and is moreover a boundary curve of C’. Consequently the point-set 
a = f"(Z’) contains the point P and is likewise a boundary curve of C, in contra- 
diction to our hypothesis. We conclude then that P cannot lie upon any 
boundary curve of J + B. 

lemma 3. Let a and b be distinct points which do not lie together on any 


en liarenilictng a a 


"In taking the are PQ we may assume that C has been topologically imbedded in a 


spherical surface S lying in euclidean 3-space and that PQ — (P + Q) is chosen in a domain 
complementary to S. 


® Page 828. 
"For N CM, F (N) = N-(M—N). 
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boundary curve of C; then C contains a subset homeomorphic with one of the fol- 
lowing figures: 


4 
b 
a a 
b 1a 
b 


Fia. 3 Fig. 4 Fia. 5 











Demonstration: As C is a cyclic continuum, it is well-known that the points 
a and b lie together upon some simple closed curve J in C. 

For an arbitrary « > 0, let C be covered by a finite collection S* of its regions” 
U, of diameter <e. Within each of the regions U, we choose a point p, so that 


(a) pz CJ whenever Uz J # 0, 
and 
(8) Pz ~ Py | When x ¥ y. 


For each pair of overlapping regions U, and U, (x ¥ y) one sees by (8) that 
the points p, and p, are distinct, and hence will bound an are L,, lying in 
U,+ U, WesetH=J+ p ee AS and proceed to show that each of the arcs 
L,, in H may be replaced by a peanian subcontinuum N,, of H in a fashion that: 


(a) Ny? pz + Py, 

(b) Ny CU.+ U,, 

and 

(c) M,=J+ » Ney; is a linear graph. 
zy 


First let Mo = J, and then arrange the arcs {Z,,} in a sequence {Lz,,,}, 
(v = 1,2,-+-,1). Next, if Mi. (1 S$ 7 S I) is a linear graph lying in H, let 
n® > 0 be so chosen that if p and q are points of M;_, then: 


(2) p(p,q) <n implies —pa,_,(p, 9) < 1)" 
where 
(3) n = min p[Lz,y, , F(Uz, + Uy,)]; y=1,2,-"°,1 


The point-set Lz,,,; — Mj: consists of an at most countable set of components, 
the closures of which are simple continuous ares. Those of these arcs which 





14 See Kuratowski’s Theorem B, loc. cit., p. 280. 

15 As C is locally connected, we may (and do) assume all our regions to be connected. 

16 The expression py (p,q) < indicates that the points p and q lie together upon an ar 
M of diameter < e. 
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contain either of the points pz; and p,; , or which are of diameter >y‘”, form 
a finite sequence {Acrl, r = 1, 2,-++,7;. .The remaining ares constitute a 
sequence {B;,.},8 = 1,2, °°, which is either finite or else: 


(4) lim 6(B;,,) = 0. 
As both of the end-points of B;,. lie at a distance <7‘ upon M;_,, we can, 
according to (2), replace each B;,, by a co-extremal arc Bi. on M,;_, of diameter 


(5) 6(Bis) <1, ae 


Furthermore, the sequence {B;,.}, if not finite, may as a consequence of (4) 
be so chosen that 


(6) lim 6(Bj,.) = 0. 


Then on putting 
(7) Nay; = (Law ay » i Bis) + >» Bi. 


it follows from (6) that Nz,,; is a peanian continu: m, which moreover contains 
the points pz, and py; in satisfaction of requirement (a). 
The relations (5) and (7) insure now that every point of N,,,,is at a distance 
<n from Lz,;,; , 80 that by (8) we have N,,;,,; C Uz; + Uy; (requirement (b)). 
Let us next set 


(8) M; = Miit+ D Ais, 

r=1 
and observe that M; is a linear graph for each value of 7 = 1, 2,---,1l. On 
considering then the structure of the two continua M; and Nz,,,; as represented 
in (7) and (8), one sees that M; = Mj, + Nz,y;, 7 = 1, 2, +--+ , 1; and conse- 
quently that 


l 
(9) Mi = Mo + D2 Nays:- 
i=1 


In (9) we replace My by J and suppress the subscripts e and i to obtain finally 
the relation M = J + dz Nzy, in conformity with (c).” 

Let us now make the construction just described for each ¢, of a sequence 
\¢,} that converges to zero; then the relations (a), (8), (a), (b), (c) may hence- 
forth be thought of as holding under the tacit assumption that the U’s, p’s, 
N’s and M have been replaced respectively by U™’s, p”’s, N”’s, and M”. 

Since {¢,} converges to zero, one may for an arbitrary > 0 choose an 
SS 


The author’s construction of the graph M duplicates almost in its entirety a procedure 
of Mazurkiewiez, Uber nicht plattbare kurven, Fund. Math., Vol. 20, pp. 282-283. 
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integer n(£) such that if p and q are points of J, and n is taken >n(E), then 


(10) p(p,q) < én + implies = p,(p, q) < &, 
and 
(11) 3€n < &. 


At this point we introduce three propositions, as follows: 

Proposition I. Given n > n(é), and P at any point of the point-set M"-U" 
then there exists in M" a peanian continuum X of diameter <é that contains both 
P and p; . 

Suppose first that J D> P. Then, according to the mode of construction of 
the graph M” we conclude from (a) that the point p; is also on J. Conse- 
quently, since p(P, pz) < ¢€,, it follows from (10) that there exists upon J an 
are X of diameter <é which contains P + p; . Furthermore J C M” implies 
X C M", which establishes the proposition. 

Suppose next that J > P. In view, then, of (c), it is clear that P C N?.,, 
for some pair of integers (x’, y’). Should it now happen that either 2’ = ¢ 
or y’ = ao, then by (a’) we see that NZ,, also contains the point p>. Our 
proposition now follows, on setting X = N?,, since (b) and (11) insure 
6(X) Ss 6(US, + Up) < 2e, < & If, on the other hand, 2’ ¥ o # y’, it is 
to be observed that at least one of the regions U?, and Uj, , say U2, , overlaps 
the region U?. Consequently, the summation }>,,,.N2,, (which appears in 
the right member of (c)) must include a continuum N7,, associated with (and 
containing) the points p? and p.. But the point p;, is also a point of the 
continuum N?%,,- ; hence X, = NZ, + Nz.,- , is a peanian continuum containing 
P + p?, which is of diameter <£ because of (11) and 6(Nf. + Ni) S$ 
6(U; + UP + Uy) S 38en. 

Proposition II. Given n > n(é), and A any arc in C having its end-points 
on the graph M”; then M” contains an arc I, co-extremal with A, which is at an 
upper distance u(II, A) < & from A.” 

Let P; and P: be the end-pvints of the are A. Then the covering collection 
S* evidently contains a set of distinct regions U?, , U2, , +--+ , Uz, , such that 


(12) Us, = Fi, Uy. a, 
(13) Ut,-U5.4, #90 for 1Sisr—1 (whenr > 1), 
(14) U}.-A ¥ 0, lsisr. 


As a consequence of our hypothesis and relation (12), it follows that Pi(P2) 
is a point of M"-U?, (of M”-U2.); therefore according to Proposition I there 





18 We call the reader’s attention to the fact that no importance has been attached to the 
order of the subscripts z and y; e.g. the continuum which we denote with N®., might well 
appear in the summation as N”,, . 

19 The upper distance, u(M, N), of a point-set M from a point-set N is the upper bound 
of the numbers p(m, N), where m is a point of M. 
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exists in M" a peanian continuum X;(X2) of diameter <é containing the two 
points Pi and pz, (P2 and pz,). 

Suppose that r = 1. Then the two peanian continua X; and Xz have in 
common the point po, = pz,, and their sum contains an are II having P; 
and P, as its end-points. This arc II is furthermore at an upper distance <é 
from A; for, an arbitrary point p on II must lie in X; for either 7 = 1 or j = 2, 
then 


(15) p(p, A) S p(p, P;) S 6(X;) < &, 
which, in view of the compactness of II, implies u(II, A) < &. 
Suppose thatr > 1. Then, for each value of 7 (= 1, 2, --- , r — 1) the rela- 


tion (13) insures that there is a continuum N¢,,;,, appearing in the summation 
YozwNzy. If we now put 


r—1 


(16) R=Xi+ > Novesss + Xe, 


it follows from X; D pz, , X2 D pz, , and (a), that R is connected and hence a 
peanian continuum. Take II to be any are lying in R and having P; and P; 
as its end-points, and consider an arbitrary point p lying on II. If p should 
lie in either X, or X2 then, as in (15), we observe that p(p, A) < & If, on the 
other hand, p € X; (j = 1, 2), then from (16) we conclude that p C N?,.,., 
for some value of k, = 1, 2,---,7r — 1. Consequently (b) implies either 
p CUZ, or p C UG,,, ; and in either case p(p, A) < e, follows directly from 
(14) and 6(UZ) < e,. Then (11) infers p(p, A) < &, and on account of the 
compactness of II we finally get u(II, A) < &. 

ProposiTIon III. Jf, fori = 1, 2,---,n,---,J,,; is a boundary curve of the 
graph M"* and the sequence {J,,;} converges to a sequential limit L of diameter > 0, 
then L is a boundary curve of C. 

We first show that the collection {J,,} is equicontinuous. Suppose on the con- 
trary that this is not so, then from {J,;} we can readily choose a subsequence 
[Jn], 7 = 1, 2,+++, each curve J,, of which contains a point-pair (P; , Q:) 
such that 
1°) the point sequences [P;] and [Q;] converge each to a single point 7 in C; and 
2°) the two ares determined on J n; by (P;, Q:) can be designated by A; and B; 

in a fashion that the are sequences [A;] and [B,] converge respectively to 
sequential limits A and B of diameter >0. 

Since C is cyclic, there exists in C an arbitrarily small region U containing the 
point 7’ such that its complement C — U is a peanian continuum ”° and, as 
both of the continua A and B are of diameter >0, it is clear that U may be 
taken sufficiently small that 
(17) (C — U)-A #0 # (C — U)-B. 

SLi 


' * Cf. Kuratowski, Une caractérisation topologique de la surface de la sphere, Fund. Math., 
Ol. 13 (1929), pp. 307-318; see property (y) pp. 314-315, and note (2), p. 315. 
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Next, let W be a subregion of U containing 7’, for which 

(18) 3& = p(W, C — U) > 0. 

An integer v can now be chosen sufficiently large that we have simultaneously 
(i) n, > néé), 

(ii) P,+Q, CW, (a consequence of (1°) and W > T) 

(iii) (C — U)-A, #0 # (C — U)-B,, (a consequence of (2°) and (17)). 


We see by (iii) that the peanian continuum C — U contains an arc A having 
one end-point on A, and the other on B,. As these end-points both lie upon 
the graph M”’, it follows from Proposition II that M”’ contains an are I, 
co-extremal with A, for which 


(19) u(II, A) < &. 
Then, since C — U DA, one concludes from (19) that 
(20) u(l, C — U) < &. 


Let us now choose upon II a subare a8 which has its end-points a and 6 lying 
respectively in A, and B, , without having any other point on J,,. Then (20) 
implies 

(21) u(aB, C — U) < &. 


P, and Q, are, according to (ii), points of W and hence are the end-points of 
an arc A’ lying in this region. Thus again, by Proposition II, it is to be observed 
that the graph M”’ contains an arc II’, co-extremal with A’, for which 


(22) u(Il’, A’) < &. 
Then as a consequence of W > A’ and (22), we obtain 
(23) u(Il’, W) < &. 


There exists upon II’ an are a’8’ having one end-point a’ on the are a@P,f (of 
J»,), the other end-point 6’ on the are aQ,B (of Jn,), and not touching J,, at 
any other point. The inequality (23) implies then that 
(24) u(a'p’, W) < &, 
and it is now clear that the two arcs a8 and a’B’ do not have a common point; 
for, in view of (18), (21), and, (24), we see that p(af, «’B’) > & Observe finally, 
however, that the point pair a + 6 separates the point pair a’ + §’ on J,, ; 
so that (in the light of lemma 1 of T. I.) Jn, is not a boundary curve of M a 
This contradiction of our hypothesis establishes the equicontinuity of the col- 
lection {J,;}. 

In consideration next of the fact that the limit L of the equicontinuous collec- 
tion {J,,;} is of diameter >0, we consult lemma 6 of T. I. in ascertaining that L 
is actually a simple closed curve. 
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It now remains but to show that L is a boundary curve of C. Suppose that 
this is not the case; then according to lemma 1 of T. I. there exist either 
(a) arcs @@3 and aa, in C, having no point in common and only their end- 
points on L, such that (a; + as) separates (a2 + a,) on L; 
or if not, then 
(b°) are triods 7; and T2 in C such that T,-T; = T,-L = T:-L =a+b+¢, 
where a, b, c, are the feet of the triods T; and T:. 
Case 1. Assume that the situation (a°) subsists. Accordingly, we choose a 
number ¢ > 0 satisfying the condition 


(25) 5e < min. [p(aia3, a2a4), p(a , a3), p(a2 , a4)], 

and take four regions U; , U2, Us , Us in C such that 

(26) Ui; > 4;, 5(Ui) < «, t = 1, 2, 3, 4, 
and 


(27) if bs is a point of L-U; (¢ = 1, 2, 3, 4) then the point pair b; + bs separates 
be + by on L. 


Within each region U; we choose another region V; containing the point a, , 
such that 


(28) ps = p(Vi, C — U,) > 0, a = 1, 2, 3, 4. 
Then we put 

(29) 3d; = plaiaize — (Vi + Vixs), LI), i=1,2 
and take 

(30) & = min (e, pi, pe, ps, ps, Gi, de). 


An integer h may now be chosen sufficiently large that 

(i°) wn > n(é), 

(i°) Vi-J,, ¥ 0, i = 1,2,3,4, 
( 

( 


ill 


— 


ii US uy, , L) < &, and 

iv’) if c;is a point of J,,-U; (¢ = 1, 2, 3, 4), then the point-pair c, + cs sepa- 
rates ¢ + con Jy, .” 

The relation (ii°) insures that the connected point-set V; + aidize + Vi+e 

( = 1, 2) contains an are A; having one end-point in V;-J,, and the other in 

Vise'Jm; and, in view of (i°), weecan, according to Proposition II, approximate 

the are A; by a co-extremal subare II; of the graph M“* such that 

(31) u(I; 5 A;) <& i= 1, 2. 

eS 


: That the integer h may be taken sufficiently large as to imply (iv®) is assured by the 
“quicontinuity of the collection {Ju,;} together with the relation (27). 








640 SCHIEFFELIN CLAYTOR 


There clearly exists upon II; (¢ = 1, 2) a subare CiCi+2 having only the end-point 
c; in U;-J,,, and only the end-point ci;2 in Uise-J,,. Moreover the are 
ciCiz2 (¢ = 1, 2) has no other points than its end-points on the curve J,,. For, 
suppose, on the contrary, that some interior point p of c,¢,42 should lie on J,, . 
Then (iii°) implies 


(32) p(p, L) < &, 

and since p C II, , the relation (31) insures 

(33) p(p, A.) < &. 

According to (33) however, there exists a point g C A, such that 
(34) p(p, q) < &. 


As p does not lie in either U, or U,42, we conclude, in view of (28), (30), and 
(34), that the point q cannot lie in either V, or V,42. Hence, since A, C 
Ve + a,4.42 + Voi2, we see that qg is a point of a,a,42 — (Ve + Vos2); which 
in consideration of (34), implies 


(35) plp, AgAg+2 — (V. + V.42)] << €. 
Finally, on combining (30), (32), and (35), one gets 
(36) placMe+2 nes (V, + Voi2); [| < 2 < 2d, } 


and since the inequality (36) is in contradiction to (29), we must conclude 
that the are c,c,,2 has only its end-points c, and ¢,42 on Jy, . 

Let us furthermore be convinced that the two arcs ccs and c2c, do not overlap 
one another. From c,cj,. C I; (¢ = 1, 2), and (31), we get 


(37) u(citise , Ai) < &, ¢ = 1,2; 
which of course implies 

(38) ulecise , (Vi + aidize + Vize)] < &, 4 = 1,2. 
But, since U; D V; (i = 1, 2, 3, 4), it follows by (25), (26), and (30) that 
(39) pl(Vi + arias + Vs), (V2 + aeoay + Vu)] > 3 2 3é. 


Hence, on combining (38) and (39), we obtain p(cyc3 , ccs) > £&} which insures 
that the arcs ccs and cc, have no points in common. 

If one now observes, by (iv?) that the points-pair c; + cs separates the point- 
pair c + con J,, , then it follows that we have finally encountered the contra- 
diction that J,, is not a boundary curve of M”’. 

Case 2. Suppose that situation (b°) subsists. As in Case 1, we are here led 
in an analogous fashion to the contradiction that a sufficiently large integer k 
exists for which J,, will not be a boundary curve of the graph M“*. The details 
of the discussion are left to the reader. 

In the light of the contradictions that were encountered in the treatment of 
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Cases 1 and 2, we conclude that L is necessarily a boundary curve of C; thereby 
completing the demonstration of Proposition III. 

We now proceed directly with the proof of the lemma under consideration. 
If we suppose that the two points a and b lie together on some boundary curve 
J, of the graph M” for every value of n = 1, 2, --- ; then it is clear that we can 
choose from the sequence {J,} a subsequence {J,,;} converging to a sequential 
limit L of diameter >0. Then, from J,; Da + b (i = 1, 2,--- ) and lim, 
J,, = L, it immediately follows that L > a+ b. But, according to Proposi- 
tion III, L is a boundary curve of C; thus we have contradicted our hypothesis 
that a and b do not lie together on any boundary curve of C. 

There exists then some integer g such that the points a and 6 do not lie together 
upon any boundary curve of the graph M’. However, according to Kuratowski,” 
M’ has a topological image ¢(M’) in the plane S. If we now recall that the 
points a and 6 lie on the simple closed curve J of M’, then it is apparent that 
the points ¢(a) and ¢(b) lie upon the curve ¢(J) in t(M’). The points ¢(a) and 
{(b) are furthermore not conjugate” points of ((M’). For if such were the case, 
they would lie together on the frontier F of some maximal domain in S comple- 
mentary to that cyclic element of t(M’) containing t(a) + t(b). Then on recog- 
nizing F as a boundary curve of t(M’), one would conclude (in contradiction of 
our hypothesis) that ¢"(F) is a boundary curve of M® containing a + b. 

It appears then that ¢(a) and ¢(b) are non-conjugate points of t(M’) which 
lie upon the simple closed curve t(J); hence, by Kuratowski’s Theorem B,™ 
these two points must lie upon a curve I in ¢(M”’) that is homeomorphic with 
one of the figures 3, 4, and 5 (where to be sure ¢(a) and ¢(b) are situated upon T' 
in a manner precisely comparable with the location of the points a and b in the 
corresponding figure). We now observe in conclusion that the homeomorphic 
image t (I) of I, which lies in M® and contains a + B, is also a subset of C. 
Q. E. D. 

Lemma 4. Let P, CC, be a point that does not lie on any boundary curve of C, 
and let P’ be any point of C — P; then there exists a normal representation C = 
A+ J+ B such that 


(i) ADP’, | oF and 
(ii) no point of J lies together. with P’ on any boundary curve of A + J. 


DEMONSTRATION: As a consequence of our hypothesis, the points P and P’ 
do not lie together on any boundary curve of C. Hence, by Lemma 3, there 
exists in C a curve T homeomorphic with some one of the figures 3, 4, 5; where 
it is to be understood that the points a and b occurring in the figures are here 
denoted by P and P’. Now take e > 0, such that if c’ is any closed one-cell 
of T that does not contain P, then 
(40) p(c’, P) > «. 

EE Eee 
* See result (A) in the Introduction. 


* Cf. Kuratowski, loc. cit. p. 278. 
“Cf. Kuratowski, loc. cit., p. 280. 
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According to Lemma 1, there exists a normal representation C = A + J + B, 
such that 


(41) BF, 
and 
(42) i(J + B) < «. 


From the structure of I it is apparent that a one-cell c’ of T which contains 
the point P’ does not also contain P; hence we see from (40) that P and P’ 
are at a distance >, which implies, in view of the inequality (42), that A D P’. 
And this together with (41) insures that the normal representation A + J + B 
satisfies the condition (i) of our lemma. 

We next show that this normal representation also satisfies the condition (ii). 
Suppose, on the contrary that there is a point Q’ on J that lies together with P’ 
on some boundary curve J’ of A + J. Then let H = that component of A-T 
which contains P’, and consider the curve H + J. It may be observed without 
difficulty that we can choose within H + J a curve I’ homeomorphic with one 
of the figures 3, 4, 5, (where, of course, the points a and b which appear in the 
figure are now denoted by P’ and Q’). Wenext let P’Q” denote any are having 
only its end-points P’ and Q’ on C. It appears then that the point-set 
I’ + P’Q’ is a primitive skew curve which, moreover, is contained in 


A+ J+ PO. 


This, however, is altogether impossible. For, it is readily seen that 
A + J + P’Q’ may be represented as the sum of the two peanian continua 
(A + J) and (J’ + P’Q’), each of which has J’ as a boundary curve. Further- 
more, neither (A + J) nor (J’ + P’Q’) contains a primitive skew curve; hence, 
by Theorem EF, of T. I., it follows that A + J + P’Q’ does not contain a primi- 
tive skew curve. We conclude then that the normal representation A + J + B 
satisfies the condition (ii) of our lemma. 


DEMONSTRATION OF THE THEOREM 


Let K be a peanian continuum which is not homeomorphic with a subset of a 
spherical surface; and let us assume, moreover, that K does not contain a 
primitive skew curve. Then, according to proposition (B)” it immediately 
follows that K has a cut-point P which is not a boundary point of the closure of 
every component of K — P. We now proceed to show that this situation 
implies (in proof of our THEoREM) that K must contain a topological image of 
one of the figures 1 and 2. 

Let M be the closure of some component of K — P such that P is not a 
boundary point of M. Since M — P is connected, we conclude, in view of the 





25 See footnote 11. 
26 Cf. Introduction. 
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well-known structure of a peanian continuum relative to its cyclic elements, 
that either 

Case (I): P lies in some proper cyclic element C; of M; or 

Case (II): P is an end-point of M. 

Tut TREATMENT OF CaSE (I): We begin by introducing the following 

Constructive Metuop: Given (1), that the point P lies within, but not 
upon any boundary curve of, a continuum C, , and (2) a point P, of C, — P; 
then we determine in C, a curve T, + QnPns, as follows: 

There exists, by Lemma 4, a normal representation C, = A, + J, + B, 
such that 


(1) A, P.,, By a FP, 

and 

(2) no point of J, lies together with P, on any boundary curve of An + Jn. 

We now set C;, = Jn + B, ; then since P does not lie upon any boundary curve 


of C, it follows, by Lemma 2, that this point does not lie upon any boundary 
curve of C,,. Hence, according to Lemma 1, there exists for 


3) «= AP, Ja) 

a normal representation C, = A, + J, + By, such that 
(4) B, > P, 

and 

(5) oJ. + B,).< ¢. 


From the relations (3), (4), and (5) we get J, C Aj, so that the peanian 
continuum A, + J; evidently contains an arc Q,P,41, with end-points Q, 
and P,41, such that Ja*(QnPni1) = Qn and Jn-(QnPnit) = Pair. As Qnrisa 
point of the curve J,, it follows from (2) that P, and Q, do not lie together 
upon any boundary curve of the cyclic continuum A, + J,. Therefore, by 
Lemma 3, there exists in A, + J, a topological image I’, of one of the figures 3, 
4, and 5; where P,, and Q, occupy positions upon I’, comparable with those of 
the points a and b in the corresponding figure. We now take the sum 
l, + Q,Pny1 as our required curve; for which we evidently have 


rn° (QP ni) = Qn . 
To continue we put 


(6) Cur = Jn +B,; 


then (4) implies P C C, 41. Furthermore, the point P does not lie on any 
boundary curve of Cry: ; for if so, then by applying Lemma 2, we would en- 
counter the contradiction that P also lies on some boundary curve of C,. Hence, 
since P,., CC, 41 — P, we are in position to proceed with the construction of 
the next curve Pit + QnitPre 
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Let us now consider the above mentioned cyclic element C; of M. As (, 
is a proper cyclic element, it follows that C; # P; which allows us to choose P, 
an arbitrary point inC, — P. Furthermore, since the point P is not a boundary 
point of M, it follows that P cannot lie upon any boundary curve of C,. Hence, 
we employ our Constructive Method for n = 1 and obtain thereby an initial 
curve I; + Q,P2 ; with the observation that in so doing we have also obtained 
C, and P2, thus setting the stage for the determination of T, + QP;. By 
continuing this process for the successive values of n = 2, 3, 4, --+ , we generate 
an infinite sequence of curves {T, + QnPn4:}, and then consider their sum 
Z = dye. (Cn + QnPn41). From the manner in which Z is constructed, it is 
readily seen that if uw > v, then 
Py, when u =v+1 


i + QuPus): (T, + QP v4) ” 
0 when u >v+1. 

Furthermore, on substituting n — 1 for n in (5) and (6), we get 6(C,) < «4, 
n = 2, 3,--+ ; which of course implies p(z,, P) < én; for any point z, of 
Tn, + QnPn4i. Thus, since lim,-. e, = 0, it follows that P is a limit point of Z, 
which moreover is the only one that does not belong to Z. 

Now let PQ be any are lying within K — M which emanates from the cut- 
point P of M, and then set 

@’=Z+ Pd. 

It is apparent that ® is a closed point-set; and we proceed to show that ® con- 


tains a subset homeomorphic with one of the figures 1 and 2. Since the curve 
I, is, for each value of n, homeomorphic with some one of the three figures 3, 


4, 5, it follows that there exists an infinite sequence of integers nm; < m <-+** < 
ni < +++, such that either 
(a) r,, is homeomorphic with figure 3, (¢ = 1, 2, --+ ), or 
(B) l,; is homeomorphic with figure 4, (¢ = 1, 2, --+ ), or 
(y) I,, is homeomorphic with figure 5, (¢ = 1, 2, --- ). 
Let us now set 
ni+i—l 
G; = Qn; Prt + a (T, + Q, P41), i=1, mor? s 


and observe that the two end-points Q,,; and P,;,, of each continuum (; are 
joined by an arc Q,;P,;,, lying in G; . 
Suppose that condition (a) subsists. Then on putting 


(7) Y= 2 (Lay + Pas Press) 
it is a simple matter to identify V + PQ as being a curve that is homeomorphic 
with figure 1. 

Suppose that condition (8) subsists. The curve W is here also represented by 
the summation (7); but, in view of condition (6), ¥ + PQ is in this instance 
homeomorphic with figure 2. 
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Suppose that condition (y) subsists. Then let t; (¢ = 1, 2,-++ ) represent 
that unique vertex on the curve T,; which is of order 4; and let Q,,t; denote that 
are upon I’,, which has Q,, and ¢; as its end-points and which has no vertex of 
T,, as an interior pont. We then set W’ = > (Tn; — Qaits) + Qa:Paisi], 
and observe finally that ¥’ + PQ is homeomorphic with figure 1. Having now 
completed the treatment of Case (I), let us pass to 

Tue TREATMENT OF Case (II): We choose in M an arbitrary are B which 
emanates from the point P; and let {C,} be the sequence consisting of all of 
those cyclic elements of M such that for each value of n 





(i) B-C, consists of more than a single point. 
and 
(ii) B-C, is not a subset of any boundary curve of M. 


The sequence {C,} must contain an infinite subsequence converging to P; for if 
not, there would exist a subare 6 of B, containing P, such that if C were any 
cyclic element of M having more than one point on f, then 8-C would be a 
subset of some boundary curve of C. Consequently, according to Definition II 
of T. I., 8 would be a boundary arc of M and we would thereby encounter the 
contradictory inference that P is a boundary point of M. 

In view of (i) it is a simple matter to choose, for each value of n, a subare 
P,Q, of B having its end-points P, and Q, on C,, such that B-C, C P,Q, , 
and P, and Q, lie upon B in the order P,Q,P. Suppose now that for some 
number ¢€ > 0, it is true that the inequality p(C,, P) < e€ implies that the 
points P, and Q, lie together upon a boundary curve of C,. Then, if 
U1, Ue,***, Us,*** , be an integer sequence consisting of all values of n for 
which the cyclic element C, is at a distance <e from P, it is clear that each 
subare P,,,Q,; of B can now be replaced by a co-extremal are P,,t;Qu; which lies 
along some boundary curve of C.;. Accordingly we set 


B’ = (B — em Pu Qu;) + int PutQu; ’ 


and observe that B’ is also an arc. Furthermore, if B” is any subare of B’, 
which contains P and is of diameter <e, then B” is a boundary arc of M. But 
this contradicts our hypothesis that P is not a boundary point of M; conse- 
quently, we conclude that there exist cyclic elements C, lying arbitrarily close 
to P such that the points P, and Q, do not lie upon any boundary curve of Cy . 

In view of the preceding considerations, it is now a simple matter to choose 
from {C,,} a subsequence {C,,,},7 = 1, 2, «++ , such that 


f) B-C,, CP.Q,,, ¢=1,2,---; 
(ii) P,, and Q,,; do not lie upon any boundary curve of C,,;, «= 1,2,---, 
(iii) limi. C,, = P, 

(iv) the point order Pn, Qn, PneQn, *** Pn:Qn; *** P is preserved upon the arc B. 
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As a consequence of (i), our Lemma 3 applies here for C = C,;, a = P,,, 
b = Q,, ; and we are assured of the existence in C,,; (¢ = 1, 2,-+- ) ofa curve 
T,, homeomorphic with one of the figures, 3, 4, 5. Let Q,,;P,;,, denote that 
unique subarce of B that joins the two distinct points Q,,; and P,;,, ; then from 
(i) and (iv) we are assured that Tn;-(Qn:Pnis:) = Qniy Trig? (QniPris,) = 
Pasay, t = 1,2,°°+. On now putting Z = Dimi (Pa; + Qn;Pn;4;) one sees, 
as a consequence of (ii) and (iv), that P is the sole limit point of Z not belonging 
to Z. Accordingly, we choose PQ an arbitrary arc in K — M emanating from 
the point P, and set 


= Z+ PQ. 


From this point on one may proceed precisely as in Case 1 to show that ® (and 
hence K) contains subset homeomorphic with either figure 1 or figure 2. This 
concludes the proof of our THEOREM. 

In view finally of the obvious fact that neither of the figures 1 and 2 has a 
topological image in a spherical surface, we can state as follows: 

FUNDAMENTAL THEOREM. A necessary and sufficient condition that a peanian 
continuum be homeomorphic with a subset of the surface of a sphere is that it con- 
tains neither a primitive skew curve nor a topological image of either of the figures 
1 and 2. 
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ALEXANDERSCHER UND GORDONSCHER RING UND 
IHRE ISOMORPHIE 


von Hans FREUDENTHAL 


(Received November 10, 1936) 


J. W. Alexander [3] hat eine Produktbildung fiir die Elemente der von ihm 
selbst [1, 2, 3] und von A. Kolmogoroff [1, 2, 3] entdeckten oberen Bettischen 
Gruppen’ konstruiert; je ein Element der oberen Bettischen Gruppe p-ter und 
o-ter Dimension liefern als Produkt ein Element der oberen Bettischen Gruppe 
(0 + o)-ter Dimension. I. Gordon [1] hat im AuSenraum eines in der d- 
dimensionalen Sphiare liegenden Polytops P eine Multiplikation der unteren 
d.h. gewohnlichen) Bettischen Gruppen definiert, bei der je einem Element der 
Bettischen Gruppe p-ter and o-ter Dimension des AufSenraumes ein Element 
der Bettischen Gruppe (p + o — d)-ter Dimension des Aufenraumes als 
Produkt zugeordnet wird. Nun weif} man aber durch J. W. Alexander [1, 2] 
und A. Kolmogoroff [1, 4, 5], dafS die p-te obere Bettische Gruppe von P iso- 
morph der (d — p)-ten unteren Bettischen Gruppe des AuSienraumes von P ist. 
Das Verhalten der Dimensionszahlen laf}t vermuten, daf} sich diese Isomorphie 
auch auf die Produktibildungen erstreckt, daf} also die Alexandersche Multi- 
plikation in P und die Gordonsche im Aufenraum von P im Wesentlichen 
miteinander identisch sind. Diese Vermutung werden wir bestitigen (allge- 
mein fiir beliebige abgeschlossene Teilmengen P der Sphire und beliebige 
Koeffizientenbereiche). Unser Isomorphiesatz verhilt sich zu den Dualitiits- 
sitzen Jordanscher Richtung etwa wie der letzte Teil der Cechschen Unter- 
suchungen [1], der die Isomorphie zwischen Schnittbildung und Produktbildung 
in Mannigfaltigkeiten feststellt, zu den Dualititssiitzen Poincaréscher Richtung. 
Unsere Methode aihnelt der Cechschen. 

Der gréfte Teil unserer Arbeit’ dient der Einfiihrung einer zweckmafigen 
Symbolik. 


1. Kin Simplezgitter ist ein System von ,,Ecken”’, in dem fiir gewisse endliche 
Eckenmengen ein alternierendes ,,Produkt’’ [aoai --- 4@,], p-dimensionales 
Simplex genannt, derart erklirt ist, da jede echte Teilmenge der Ecken eines 
Simplexes wieder ein Simplex erzeugt. Die Eckenmenge wird im Folgenden 
stets als endlich vorausgesetzt. 

Unterer (oberer) p-dimensionaler Komplex k,(k”) heiSt vorlaufig jede Linear- 
Eee 

‘Bei J. W. Alexander ,,duale Bettische Gruppen” genannt. Wir folgen A. Kolmogoroff in 
unsern Bezeichnungen. 


“Eine vorliufige Mitteilung der Ergebnisse der vorliegenden Arbeit findet sich in der 


aa : Uber M annigfaltigkeiten und ihre Abbildungen, Proceed. Akad. Amsterdam 40 (1937), 
9) Pa . 
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form in den p-dimensionalen Simplexen mit Koeffizienten aus der kompakten 
(abzihlbaren diskreten) additiven abelschen Gruppe I'(A); dabei seien I und A 
Charakteregruppen [Pontrjagin 1] mod 1” voneinander. Die k,(k’) bilden eine 
kompakte (abzihlbare diskrete) Gruppe K,(K’). Das Simplexgitter wird, wo 
es nétig ist, in Klammern angedeutet. Bei den Simplexen wird die Dimension, 
je nachdem in was fiir einem Komplex sie gerade auftreten, ebenfalls durch 
einen unteren oder oberen Index angedeutet. 

tt, soll dann und nur dann +1(—1) sein, wenn beide ,,Faktoren’”’ dasselbe 
(entgegengesetzte) Simplex darstellen, sonst 0. Bei Verwendung von Kom- 
mutativitits- und Distributivitaitsvorschriften ist dann das Produkt k’k, 
allgemein als reelle Zahl mod 1 erklart. Auf die Art werden K’ und K, dual 
zueinander (d.h. Charakteregruppen voneinander). 


2. R und S seien zwei Simplexgitter und f ein stetiger Homomorphismus 
{K,(R) C K.(S); 
die Gleichung 
k°(S)(fk,(R)) = (k’(S)f)k,(R) 
(identisch in k’ and k,) definiert dann einen Homomorphismus 
k°(S)f © k*(R) 


(also in umgekehrter Richtung; es ist zweckmafig, hier das Funktionszeichen 
hinter das Argument zu schreiben). Unsere Bemerkung |aBt sich natiirlich 
umkehren. 

Hin und wieder werden wir einen Komplex durch die ihm zugehérige (alter- 
nierende) Koeffizientenfunktion ¢ andeuten;’ das Zeichen f tritt dann auch vor 
oder hinter die Koeffizientenfunktion. 

Beispiele fiir Homomorphismen f: 

a) p = o.— 8 sei eine simpliziale Abbildung von R in S. 8 induziert einen 
stetigen Homomorphismus von K,(R) in K,(S), der auch 8 genannt wird, 
8[ao +++ a,] = [8a --+ 8a,], also auch einen Homomorphismus von K*(S) in 
K*(R); dabei ist ¢8[ao --- a,] = y[8ao --- 8a,], also jedes Simplex geht in die 
Summe seiner Urbilder iiber. 

b) p = o.—S sei eine Zerschlagung von R, d. h. es gebe eine Zuordnung } 
(mit noch besonderen Eigenschaften), die jedem Simplex ¢, von R eine Summe 
Zu, verschiedener Simplexe u von S zuordnet (wobei jedes absolute wu, in genau 
einer Summe auftritt). 3 induziert einen stetigen Homomorphismus 3K,(F) 
C K,(S), also auch einen Homomorphismus K’(S)3 C K°’(R). Dabei ist 
g3(u’) = y(t’) = LZe(u’), welche Summe zu erstrecken ist iiber die wu’ von 
? = yu’. 





* Als Bereich der Produkte kann man auch allerlei andere Gruppen wahlen [H. Freuden- 
thal 2, Nr. 16, 47]. 

’ Nur hin und wieder. Meistens fiihrt die Verwendung von Funktionen statt Komplexen 
zu grofien Komplikationen. 
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c)p =o +1, R = S.—t ordne jedem k, seinen ,,unteren” Rand rk, zu, also 
t[ao «++ a] = B(—1)"[ao «++ a; +++ a,). 
(Wegzulassende Ecken sind mit einem Zirkumflex versehen.) k’*r ist dann der 
obere Rand [Kolmogoroff 1, 2] oder die ,,Ableitung” [Alexander 1, 2, 3] von’ 
k’. Man hat 
gt [do +++ apes] = Ze(—1)" plo +++ Gs +++ ayy]. 

Man bemerkt, daf} 8 und r miteinander vertauschbar sind; zu den nicht ex- 
plicit genannten Eigenschaften der Zerschlagung gehért auch die Vertausch- 
barkeit von t und 3. 


3. Ein unterer (oberer) Zyklus z,(z’) ist ein k,(k’) mit rk, = 0 (k’r = 0); 
ein unterer (oberer) Rand h,(h*) ist ein Element von rK,(K’r). (Bei Alexander 
heifen die z’ ,,exakt” und die h’ , abgeleitet””). Die z,(z’) bilden eine abgeschlos- 
sene Untergruppe Z,(Z°) von K,(K”*) und die h,(h’) eine abgeschlossene Unter- 
gruppe H,(H’) von Z,(Z°). Die untere (obere) Bettische B,(B’) ist die Faktor- 
gruppe Z,/H,(Z°/H*). Aus Pontrjaginschen Satzen [1] folgt, dai B, und B’ 
dual zueinander sind [Alexander 1, Kolmogoroff 1, 3]. 

Das Simplexgitter, auf das sich die Gruppen beziehen, deuten wir, wo es 
notig ist, in Klammern an. 

Wegen der letzten Bemerkung von 3 gilt: 8 induziert einen stetigen Homo- 
morphismus 8B,(R) C B,(S) und einen Homomorphismus von B’(S)8 C B*(R). 
Entsprechendes gilt fiir 3. (Dafi bei den oberen Bettischen Gruppen der 
Homomorphismus gerade in umgekehrter Richtung induziert wird, macht sie 
in manchen Fallen weniger handlich als die unteren.) 


4. R sei ein kompakter metrischer Raum, 8, eine monotone positive Nullfolge, 
R, eine endliche Teilmenge von R, von der jeder Punkt von R einen Abstand 
<#d, habe, weiter sei R, C Rayi. R, wird ein Simplexgitter durch die Festset- 
mung: [a -*+ a,] ist fiir jede Teilmenge a), --- , a, von R, definiert, deren 
Durchmesser < e, ist; dabei sei €, eine positive monotone Nullfolge mit €, = €n41 
+23,. Zu jedem n gibt es eine simpliziale Abbildung 8,R,,, C R, , die jeden 
Punkt um héchstens #, verriickt. Nach der letzten Bemerkung von 4 bilden 
also die Bettischen Gruppen B,(R,) baw. B?’(R,) eine G,-adische bzw. G,-ale 
Folge [H. Freudenthal 1; 2, Nr. 2, 11] mit den Abbildungen 8,B,(Rni1) CR, 
baw. B°(R,)8, C B(Rnii1). Der G,-adische bzw. G,-ale Limes der Folge 
heifie untere bew. obere Bettische Gruppe B,(R) bzw. B’(R) des kompakten Raumes 
Rk. Aus allgemeinen Satzen [Freudenthal 2, Nr. 8, 13, 39] folgt die Unab- 
hingigkeit dieser Gruppen von der speziellen Wahl der 3,, usw. Aus allgemeinen 
Dualititssitzen tiber Gruppenfolgen [Freudenthal 2, Nr. 20, 21] folgt die 
Dualitit von B,(R) und B°(R). 


5. Eine stetige Abbildung f eines kompakten Raumes R in einen kompakten 
Raum § induziert einen stetigen Homomorphismus der G,-adischen Folge 
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B,(R.) in die G,-adische B,(S,) [Freudenthal 2, Nr. 19] und damit auch der 
Limesgruppe B,(f) in die Limesgruppe B,(S); ebenso einen stetigen Homo- 
morphismus der G,,-alen Folge B’(S,) in die G,-ale Folge B’(R,) und damit auch 
.der Limesgruppe B’(S) in die Limesgruppe B’(R). 


6. Sei jetzt R ein im Kleinen kompakter Raum, also Vereinigung einer aufstei- 
genden Folge kompakter Riume R,. Wendet man 5 an auf die eineindeutige 
Abbildung von R, in Ry: (fiir alle n), so kann man die Bettischen Gruppen 
B’(R) baw. B,(R) als G,-adischen baw. G,-alen Limes der B’(R,) baw. B,(R,) 
definieren. 


7. Die Bettischen Gruppen eines endlichen Polytops P darf man in der Weise 
berechnen, daf} man die Polytopecken zu Ecken eines Simplexgitters R macht 
und die Eckenmengen, die konkrete Simplexe erzeugen, Simplexe von R erzeugen 
laBt; die Bettischen Gruppen des Gitters R stimmen mit denen von P iiberein. 

Aus Dualititsgriinden geniigt es, diese Tatsache fiir die unteren oder die 
oberen Bettischen Gruppen zu beweisen; fiir die unteren ist sie wohlbekannt 
[z. B. Freudenthal 2, Nr. 41]. Trotzdem wollen wir einen selbstindigen Beweis 
fiir die oberen Bettischen Gruppen skizzieren: 

Die durch ein abstraktes Simplex in P definierte Punktmenge ,,konkretes 
Simplex”’ soll durch ein vorgesetztes m angedeutet werden. 

Wir metrisieren P so, daf} die und nur die Punktmengen von R, die Simplexe 
erzeugen, einen Durchmesser <1 haben. Von der endlichen Menge S, 
R CS CP habe jeder Punkt von P einen Abstand <e; Simplexe wu’ von S 
seien dadurch charakterisiert, daf} sie einen Durchmesser <e haben. Man 
darf annehmen, daf} eine Zerschlagung 3t, = Zu, existiert, bei der die in }f, 
auftretenden mu, das zugehorige mé, doppelpunktfrei iiberdecken. Ferner darf 
man die Existenz einer simplizialen Abbildung 8S C R voraussetzen, bei der 
jedes mt auf sich selbst abgebildet wird; 8 wird als Produkt p°p® --- yp? 
genommen, in dem p innerhalb jedes mé, eine Projektion von einem geeigneten 
Punkt im Innern auf den Rand darstellt. Daf 83; in B’(R) den identischen 
Automorphismus erzeugt, ist (bei geeigneter Wahl der Projektionszentren) 
klar. Wir haben nur noch zu zeigen, da& auch 38 in B’(S) den identischen 
Automorphismus induziert, also da® in S aus 938 ~ 0 folgt: o ~ 0. Fir 
jedes ¢’ setzen wir y,(u’) = g(u’), wenn mu’ C mt’, sonst = 0. gv hat die 
Koeffizientensumme 0, berandet in mt’ also ein x?,°3 ¢a) = 9° — Lexte t 
verschwindet fiir alle u’ mit mu’ in geeignetem mt’. Wir setzen weiter ga(v’) 
= ga(u’) fiir mu’ C mt’, sonst = 0- gat: ist in mi’ ein oberer e-Zyklus, 
berandet dort also ein xqyi0+1(u"); gi(u’) = oi(u?) — Exner t verschwindet 
fir alle u’ mit mw’ in geeignetem imt’**. So fahrt man durch alle Dimensionen 
fort. 


8. R sei ein Simplexgitter (Simplexe #), S seine baryzentrische Zerschlagung, 
d.h. Ecken von S sind die Punktmengen a, «+ , a, (auch ao..., genannt), fiir 
die [a --- a,] erklart ist und nicht verschwindet, Simplexe u, von S sind die 
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Ausdriicke, die sich nach evtl. Umordnung schreiben lassen als [a,,4,, *-* ds,], 
so dag die Indexmengen tt, 1, *** , 1, eine aufsteigende Folge bilden. 

[aoa «++ a,] = = + [@,,Qrgr, *** Avor,---»,]3 die Summe ist tiber alle Permuta- 
tionen der 0, 1, --- , e zu erstrecken, das Vorzeichen + ist das der betreffenden 


Permutation. 
R sei eine d-dimensionale Pseudomannigfaltigkeit; alle zz sind von der Form 
a + tg; das Vorzeichen, mit dem ein ¢z in dieser Summe auftritt, heifie a(tz). 
Wir betrachten die Abbildung 


dlao ++ * Gp] = Tw(do +++ Aa) [Ao...pMo...p,p41 °° * Ao---p,p4t, ---d) 3; 
hier steht also rechts die zu [a --- a,] gehorige Dualzelle. Wir beweisen nun‘ 
(1) r(bk) = (—1)"** d(kr). 
Wir brauchen den Beweis blof3 fiir k we t = [a --- a,| zu fiihren. In 


rz 4 [dp... 2+ Th wma.” * * ae ee 


tritt jedes [do...p °° * Go...p...¢°** Go...p..-i--a] fiir 7 < d zweimal und zwar mit entge- 
gengesetztem Zeichen auf; das folgt fiir 7 < d durch Vertauschung von 7 und 
i+ 1, fir 7 = d aus der Tatsache, dafi R eine Pseudomannigfaltigkeit ist. 
Wir haben also einerseits 


td [ao eae a] =2 7 [do..-p,o41 st eye ee 
andererseits 
d([ao «+ - a,|t) - (—1)’" bz [ao °°: yp Ap+1] 
= (-1)?"S F [do...9.041 °° * o..-p.p4t---dly 


woraus die zu beweisende Formel folgt. 
b bildet also Z’ homomorph in Z, (mit dem Koeffizientenbereich A) ab, 
ebenso B’ in B, . 


9. Von nun an seien die a; von R in einer festen Reihenfolge angeordnet);° 
ein Simplex heifit normal, wenn seine Ecken in der gegebenen Reihenfolge 
aufgeschrieben sind. 





‘Wir behandeln & also sowohl als oberen als auch als unteren Komplex. D.h. wir 
verlangen von den Koeffizientengruppen von jetzt an nicht mehr, da sie dual, sondern 
daf sie identisch sind. Ganz exakt ware es, hier einen Operator einzufiihren, der einen 
Koeffizientenbereich mit seinem dualen vertauscht, und einen Operator, der einen unteren 
durch den zugehérigen oberen Komplex ersetzt (und umgekehrt). Wir verzichten darauf. 

*Die Verwendung einer festen Reihenfolge rithrt von E. Cech und H. Whitney her. 
Daf die wesentlichen Begriffsbildungen von dieser Willkiir unabhangig sind, ergibt sich 
bei uns als Nebenresultat. Was eigentlich hinter dieser festen Reihenfolge steckt, zeigt 
die simpliziale Abbildung » aus Nr. 9 der vorliegenden Arbeit; unter Verwendung von 0 
kénnte man iibrigens auch den Unabhangigkeitsbeweis direkt fiihren. Zusatz bei der Kor- 
rektur: Den Gedanken, daf hinter der festen Anordnung der Ecken die simpliziale Abbil- 
dung osteckt, hat (unabhiingig von der vorliegenden Arbeit) auch Herr 8. Lefschetz gehabt; 
siehe seinen Vortrag The Role of Algebra in Topology, Bull. Am. Math. Soe. (1937), pp. 345- 
359, den ich inzwischen im Manuskript kennen lernte.—Bemerkt sei noch; daf} man 
mittels o das Alexandersche auch auf das Cartesische Produkt zuriickfthren kann. 
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o sei die simpliziale Abbildung, die jedes @yyn,...n, (to C m C +++ Cn,) in das 
a, iiberfiihrt, das in der gegebenen Reihenfolge das héchste ist unter allen a, 
mit ren,. In nicht verschwindende ¢, gehen die und nur die u, iiber, die sich 


schreiben lassen als [do...,Qo..-,,,41 °** Go---r,A41,---r+0], WObei (in der gegebenen 
Reihenfolge) a, héher steht als a,, sobald \ S u < ». 
(2) od[a --- a,] = 2 + [a, --- aa], 


wo nur iiber normale Simplexe summiert wird und das Vorzeichen x(a --- a,) 
ist. 


10. Fir normale Simplexe t? = [ao --+ a,], = [b, «++ bp40] wird t’-?’ definiert 
als [ao ++ Gpbpi1 ++ Dose], falls a, = 6, ist, sonst = 0 (also auch = 0, wenn 
Qo, °** Gp, boii, ***, bee kein Simplex erzeugen); das ist die Alexandersche 
Produktbildung [3].. In naheliegender Weise ist dann k’-/’ erklart, falls die 
Koeffizienten von k’ baw. I’ Koeffizientenbereichen entnommen sind, zwischen 
denen eine Multiplikation besteht; k’® und I’ sind dabei als lineare Kombination 
normaler Simplexe anzusetzen. 

Von Alexander iibernehmen wir, daf} damit eine Multiplikation zwischen den 
Elementen von B’ und B’ definiert ist (die Produkte sind Elemente von B’*’). 

Bei simplizialen Abbildungen, die die Reihenfolge nicht zerstéren, geht das 
Produkt zweier Bildsimplexe (Komplexe, Elemente der Bettischen Gruppen) eines 
Simplexgitters in das Produkt der Urbildsimplexe (-komplexe usw.) des Urbild- 
gitters iiber (fiir Zerschlagungen gilt das Entsprechende nicht). Die Betrach- 
tungen von 4-6 lassen sich also dahin ausdehnen, dafi die Produktbildung auch 
fiir die B’ beliebiger kompakter und im Kleinen kompakter Riume definiert 
(und bei Beriicksichtigung der Topologie der B’) stetig ist. Ebenso zeigen die 
Betrachtungen von 7, daf} die Multiplikation der B’ eines Polytops als die im 
zugehorigen Simplexgitter zu berechnen ist. 


11. P sei ein Polytop in der d-dimensionalen Homologiesphire E; die Teilung 
von E sei so gewihlt, dafS P aus konkreten Simplexen, mt, dteser Teilung bestehe; 
die Ecken von E seien so angeordnet, da erst die von P und dann die tibrigen 
kommen; ferner soll P jedes Simplex von E enthalten, von dem es alle Eckpunkte 
enthalt. Die Ecken der baryzentrischen Unterteilung (Simplexe: u), die 
nicht in P liegen, und die aus ihnen erzeugten baryzentrischen Simplexe bilden 
ein Polytop Q. Von einem ¢, das nicht ganz in P liegt, sagen wir, es liege in 
E\P. Von einem k, dessen siimtliche ¢ bzw. u in E\P baw. Q liegen, sagen 
wir, es liege selbst in E\.P baw. Q. Ist t C E\P, so ist dt CQ, und umgekehrt. 
Wir definieren 


a = rd. 
z’ sei ein oberer Zyklus in P. Dann ist 2’°r C EXP, also d(2’t) C Q, also 


nach (1) auch az’ = rdz’ CQ. 
z’ sei obendrein ~Oin P. Dann ist 2’ = k’ ‘rt +k’ mit k’ CP, kh’ C ENP. 
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Also az” = rd(k”*r) + rdk’. Da wegen (1) der erste Summand verschwindet, 
ist az” unterer Rand von dk’, d.h. eines Komplexes aus Q. 

Beides zusammen ergibt: a erzeugt einen Homomorphismus aB*(P) C 
B,_-»-1(Q), von dem wir zeigen werden, daf} er ein “Isomorphismus auf” ist (mit 
der tiblichen Modification im Falle d — p — 1 = 0): 

z4_)-1 sei ein unterer Zyklus in Q, den wir, da E eine Homologiemannigfaltig- 
keit ist, in der Form dz’*’, 2°** C E\P ansetzen diirfen. In E berandet bz2°* 
ein dk’; l8t man aus k’ alle Simplexe von E\P weg, so entsteht 2’, ein oberer 
Zyklus in P, und es ist az’ ~ zg» in Q. 

Sei az’ ~ 0 in Q. Dann ist rdz* ~ 0 in Q, und es gibt ein k? C E\P mit 
tbc’ = rok’. Wegen (1) ist dann d((z” — k*)r) = 0, also (2° — k’)r = 0, also 
?—k’ =k’“r. Lat man in dieser Gleichung alle Simplexe von E\.P weg, 
so hei®t das: 2? ~ 0 in P. 

a vermittelt also einen Isomorphismus zwischen B’(P) und Ba_,-1(Q) (Alex- 
ander-Pontrjaginscher Dualitatssatz). 


12. Von zwei Komplexen in einer Homologiemannigfaltigkeit, deren Schnitt 
man zu bilden hat, setzt man voraus, daf} der eine in Dualzellen, der andere in 
urspriinglichen Simplexen gegeben ist; der Schnittkomplex ergibt sich dann in 
Simplexen der baryzentrischen Unterteilung. Die Koeffizienten entstammen 
Bereichen zwischen denen eine Multiplikation erklart ist. 

k,, l, seien zwei Komplexe in E, p + o = d,° und sei k, = dk” °. Der Schnitt 
dk*” X I, beider driickt sich durch die u,,¢-¢ aus. Wir brauchen ihn nur fiir 
Dualzellen und Simplexe zu erkliren:’ 


(d[a --- Qa—p]) X [ao --- Gap *** a,] = = + [d...d—p Mo-.-d—p,»4 
shia i Bade-thannahe 


wo uber alle Permutationen », --- , v4,-¢a derd — p+ 1, +++ , o zu sum- 
mieren und fiir -+ das Vorzeichen der betreffenden Permutation zu nehmen ist, 


(D[ao +++ da—p]) X [bo +: bo] sonst = 0. 
Nimmt man ¢*” und ¢, normal an, so ist 


(4) o(dt* ” X te) = [aa—pQa—ps1 *** Ae] 
im ersten Fall, sonst 0. 


13. Die Gordonsche Operation, @ genannt, ist so definiert: je einem Ele- 
ment von Bg,.s(Q) und Be_,-1(Q), baw. reprisentiert durch die Zyklen za. 
und zs_,; in Q, ist zugeordnet das Element von Bz_,-e-1(Q), das reprisentiert 
wird durch r(kg_, X Kap), WO thee = Za-o-1 und tka, = Za-p-. ist. Nach 11 





* Fitr p +o < dsetzt man den Schnitt bekanntlich 0. Im Folgenden lassen wir diesen 
(trivialen) Fall stets unberiicksichtigt. , 
"Siehe J. H. C. Whitehead, Annals of Math. (2) $3 (1932), 521-524. 
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diirfen wir za_¢—1 baw. 2a_p-1 in der Gestalt az’ baw. az’ annehmen, z’, 2’ C P. 
Zi-e-1 ® 2a-p-1 liist sich also berechnen als r(d2” X dz’). Da o (wegen der 
Voraussetzung iiber die Anordnung der Ecken) eine simpliziale Abbildung von 
Q in sich darstellt, kénnen wir hier auch schreiben 


(5) az” @ az’ ~ ro(dz” X odz"). 


und auf diese Form die Regel (4) enwenden. 
Seien t’ = [ao -+- a,], ’ = [a, «++ a,42] normale Simplexe. Dann ist wegen (2) 


odt? = Tr(a --* aa)[a, -** aa] 
(nur tiber normale Simplexe zu summieren), also wegen (4) 
o(dt’ & odt?) = La(ao --* Ga)[Apre *** Gal. 
Andererseits ist wegen (2) 
od(t’-t”) = Zr(ao +++ au)[Api0 **+ Gal, 
wihrend fiir andersartige Simplexe beide Ausdriicke verschwinden. Also 
o(dt” X odt’) = od(t’-2’). 


Diese Gleichung bleibt giiltig, wenn man die ¢ durch Komplexe ersetzt; unter 
Beriicksichtigung von (5) erhalt man also 


az” @ az’ ~ a(z’:2’), 


die zu beweisende Isomorphie zwischen Gordonscher und Alexanderscher 
Operation. 


14. Die Beziehung a war von der vorgelegten Reihenfolge der Ecken unab- 
hingig; dasselbe gilt von der Gordonschen Operation. Also liefert auch die 
Alexandersche Operation bei jeder Anordnung der Ecken dasselbe Resultat fiir 
die Produkte von Elementen aus B’(P) und B’(P). 

Sei nun P eine beliebige abgeschlossene Teilmenge von EZ. Nach 10 hat die 
Alexandersche Operation fiir die B’(P) einen Sinn; P ist dabei aufzufassen als 
R,-adischer Limes einer absteigenden Folge von Polytopen P, und B’(P) als 
G,-aler Limes der B’(P,), zwischen denen (fiir jedes n) die Operation erklart 
ist. Die zugehérigen Q, erzeugen R,-al (als ihre Vereinigung) Q, die Komple- 
mentiirmenge von P, und dabei erzeugen die Bz_p-1(Q) Rn-al Ba_p-s(Q) (siehe 6); 
die fiir jedes n existierende Gordonsche Operation erzeugt dabei eine “‘Gordon- 
sche Operation” zwischen den B,_,1(Q). Wegen der Isomorphie_beider 
Operationen fiir jedes n erhalt man so die gewiinschte Isomorphie heider Onera- 
tionen hinsichtlich B’(P) baw. Ba_p-1(Q), die wir beweisen wollten. 
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1. Etant donnés deux espaces métriques X et Y, on désigne par Y~ la classe 

de toutes les transformations continues de X en des sous-ensembles de Y; Le 
r , . "a4 xX 

lorsque Y est borné ou bien X compact, on considére Y“ comme un espace 








2 . xX adm 
métrique, en posant pour fi, fee Y": lente 
lfi-—fe| = sup | filz) — fo(z) |. 
= 3 
Deux transformations fi, fo € Y* sont dites homotopes, quand il existe une grou 
transformation g e Y**'*"* telle que g(x, 0) = fi(x) et g(x, 1) = fo(z) pour en G 
TE > # Ne 
Y est dit rétracte’ de X, lorsque Y C X et qu’il existe une fonction f « Y* grou 
telle que f(y) = y pour y e€ Y. r( 
Y s’obtient de X par une déformation continue dans Z, lorsque X +Y CZ GE wg 
et qu’il existe une fonction g « Z**"°'" telle que g(z, 0) = x pour xe X et N 
g(X, 1) = Y; en d’autres termes, qu’il existe une fonction f « ZX f(X) = Y (1) 
homotope A la transformation fy « Z* de X en X par l’identité (a savoir ot | 
f(z) = g(, 1) et fo(x) = g(a, 0)). C’es 
Y est dit rétracte de X par déformation,® lorsque Y C X et qu’il existe une fonc- G 
tion ge X**""" telle que g(x, 0) = x pourze X, g(X,1) = Y et g(y, 1) = y pour home 
y « Y; en d’autres termes, s’il existe une fonction f « X* rétractant X en Y et isom 
homotope A la transformation fy « X* de X en X par l’identité (4 savoir ov 
f(z) = g(x, 1) et fox) = g(a, 0)). g 4 
M. W. Hurewicz* a introduit récemment la notion de type d’homotopie. FM dont 
On dit que deux espaces compacts X et Y ont le méme type d’homotopie, F port 
lorsqu’il existe deux transformations f « Y* et g e X” telles que les transforma- (1) 
tions gf « X* et fg « Y” sont homotopes respectivement 4 l’identité de X } 
en X et de Yen Y. 2) 
2. Quand on cherche 4 appliquer ces notions 4 l’étude de la structure homo- ou x 
topique d’un espace compact, les problémes suivants se posent: — 
Fi 6] 
1 X X [0, 1] désigne le produit cartésien (produit combinatoire) de X et de l’intervalle clos us 
[0, 1]. 4 8) 
2K. Borsuk, Fund. Math. 17 (1931), pp. 152-170. 6h 
°K. Borsuk, Fund. Math. 21 (1933), p. 91. ‘ 
*W. Hurewicz, Beitrige zur Topologie der Deformationen I, Proceed. Akad. Amsterdam, 0 
38(1935), pp. 112-119; II, ibid., pp. 521-528; III, ibid., vol. 39(1936), pp. 117-125; IV, ibid., ; p. 26 
pp. 215-224. Nous les désignerons dans les renvois ultérieurs par D. I, D. II, D. III et @ cour 
D. IV. : ut 
6D. III, p. 124. i a 
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Trowver les propriétés d’un espace compact X pour lequel 
(a,) i exrste wn sous-ensemble compact Y de X de dimension S n qui est un 
rétracte par déformation de X; 
(3,) il existe un sous-ensemble compact Y de X de dimension S n en lequel X 
soit déformable par une déformation continue (dans X); 
(y,) a existe un espace compact Y (assujetti au besoin a certaines propriétés 
locales) de dimension S n et dont le type d’homotopie soit le méme que celui 
de X. 
Le but de cet article est l’étude du cas n = 1. II sera demontré qu’en 
admettant certaines hypothéses sur X, les propriétés (a), (61), (v1) sont équiva- 
lentes et on établira une condition nécessaire et suffisante pourqu’elles aient lieu. 


3 Soit G un groupe (discret). Nous appellerons rétracte de G* tout sous- 
sroupe G’ de G pour lequel il existe une transformation homomorphe h de G 
en G’ telle que h(x) = x pour 2 e G’. 

Nous allons considérer une fonction 7(G)’ qui fait correspondre 4 tout 
groupe G un entier non négatif ou ©, défini comme il suit: 

1G) = n équivaut d Vexistence d’un sous-groupe G' de G qui est 1° rétracte 
de G, 2° engendré par n générateurs libres. 

Nous aurons recours au théoréme suivant 
(1) Si G’ est un rétracte de G, les deux groupes étant libres et ad n générateurs, 

onaG’ = G. 
C’est une conséquence immédiate du théoréme suivant: 

G éant un groupe libre d un nombre fini de générateurs et h une transformation 
homomorphe de G qui n’est pas une isomorphie, les groupes G et h(G@) ne sont pas 
isomorphes.” 


4. Nous avons introduit récemment’ un coefficient de multicohérence r(X) 
dont nous ferons intervenir dans la suite les deux propriétés suivantes, se rap- 
portant aux continus X localement connexes pour les dimensions 0 et 1.”° 
(1) (X) 2 n équivaut a Vexistence d’un polyédre (topologique) Y de dimension 1, 

réracte de X," et tel que b,(Y) = n. 


(2) r(X) = rfm:(X)],” 


oti m(x) est le growpe de Poincaré de X. 





'D. IV, p. 220, 

'8. Eilenberg, Sur les espaces multicohérents I, Fund. Math. 27 (1936), p. 775. 

— Math. Ann. 111 (1935), p. 276, aussi F. Levi, Math. Zeitschrift 37 (1933), 
p. 90-97, 

"8. Eilenberg, 1.c., pp. 153-190. 

“8. Lefschetz, Ann. of Math., 35 (1934), p. 119; C. Kuratowski, Fund. Math. 24 (1935), 
p. a La connection locale pour la dimension 0 n’est autre que la connection locale tout 
court, 

"8, Eilenberg, 1.c., p. 173. 

"ibid., p. 175. 
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L’hypothése que X est un continu localement connexe pour les dimensions 
0 et 1 implique que 7(X) est discret avec un nombre fini de générateurs et 
de relations définissantes. 

Quant au nombre b;(Y), qui entre dans |’énoncé (1), il suffira de savoir que 
lorsque Y est un polyédre de dimension 1 (le seul cas qui nous intéresse ici), 
ce nombre est égal au premier nombre de Betti de Y. Par conséquent 
(3) Y étant un polyédre connexe de dimension 1 avec b,(Y) = n, m(Y) est un 
groupe a n générateurs libres. 


5. X et Y étant des continus localement connexes pour les dimensions 0 et 1, 
toute fonction f « Y* détermine une transformation homomorphe du groupe 
m(X) en sous-groupe de m(Y). Cette homomorphie reste la méme si |’on 
passe de f 4 une autre transformation f; « Y* homotope 4 f. On montre sans 
peine que: 

(1) Sif « Y* est une rétraction de X en Y C X, m(Y) peut étre considéré comme 
un sous-groupe de 1;(X) et la transformation homomorphe correspondant 4 f est 
une rétraction de m(X) en m(Y). 

(2) Si Y s’obtient de X par une déformation continue (dans X), le groupe ™(X) 
est tsomorphe a un sous-groupe de m(Y). | 


6. Nous désignerons par 7,(X) le n-iéme groupe d’homotopie de X au sens 
de M. W. Hurewicz."* Le groupe m(X) est done considéré comme premier 
groupe d’homotopie. Pour n = 2, le cas 7,(X) = 0°” est le seul dont nous 
aurons 4 nous occuper. Ce cas est caractérisé par la condition que toute 
transformation f « X*"”* soit inessentielle, c.4.d. homotope a une transformation 
constante.”* 

Les espaces tels que t,(X) = 0 pour tout n = 2 sont dits asphériques.” 

Nous ferons l’usage dans la suite du théoréme suivant: 
(1) Sotent: X wn continu de dimension finie, localement connexe pour les dimen- 
sions 0 et 1; Y un continu asphérique et localement connexe pour toutes les dimen- 
sions;” fi, fo « Y* deux transformations déterminant la méme transformation 
homomorphe de m(X) en un sous-groupe de m,(Y). Alors les transformations 
fi et fo sont homotopes.”® 

Nous montrerons d’abord que 
(2) Le théoréme (1) reste vrai lorsqu’on y remplace X par un continu qui est un 
rétracte absolu de voisinage’® (et dont la dimension est arbitraire). 





18K. Borsuk et S. Eilenberg, Fund. Math. 26 (1936), p. 221. 

“4D, I., p. 114. _- 

18 Nous écrivons 7,(X) = 0 pour “‘le groupe 7,(X) se compose d’élément neutre.”’ 

16 §,, désigne la surface sphérique A n dimensions. 

17D). IV, p. 215. 

18D). IV, p. 219. 

19 Un espace compact est dit rétracte absolu de voisinage (K. Borsuk, Fund. Math. 19 
(1932), p. 222), lorsque tout espace Y, dans lequel on peut plonger X topologiquement, 
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Supposons X plongé dans le cube fondamental Q, de l’espace de Hilbert. 
X étant un rétracte absolu de voisinage, il existe un ensemble ouvert U D X 
ot une fonction g eX” telle que g(x) = z pour z e X. 

[lexiste aussi un polyédre (de dimension finie) P C U et une fonction continue 
yeP* telle que pour tout x e X le segment rectiligne z, ¥(X) soit contenu dans U. 
Par conséquent, en désignant par fo la transformation de X en X par l’identité, 
les fonctions fo € U* etpe U~ sont homotopes et il en est de méme des fonctions 
h € ys et gy € x": puisque ¢fo = ho. 

Les fonctions fig € Y” et fop « Y” déterminent la méme transformation homo- 
morphe de 7;(P) en un sous-groupe de 7,(Y), car les fonctions f, « Y* et fe « Y* 
déterminent la méme transformation de (X) en un sous-groupe de 7(Y). 
Le polyédre P étant de dimension finie, nous pouvons appliquer (1) et en 
déduire ’homotopie des fonctions fig « Y” et fee « Y”, donc aussi celle des 
fonctions fiyy « Y* et fopy « Y*. La transformation gy e X* étant homotope 
i la transformation de X en X par l’identité, il en résulte l’homotopie des 
fonctions f; « Y~* et fo « Y~, c.q.f.d. 


7. Lemme. Soient: X un continu quelconque, localement connexe pour les 
dimension 0 et 1, et Y un sous-continu de dimension 1 de X localement connexe 
(pour la dimension 0). Il existe alors un polyédre topologique (connexe et de 
dimension 1) Y; © Y qut s’obtient de Y par une déformation continue dans X. 

DéimonsTRATION. D’aprés un théoréme de M. 8S. Mazurkiewicz,” il existe 
pour tout » > 0 un polyédre topologique Y; C Y et une fonction continue ¢ 
telle que p(Y) = Yiet | y — g(y) | < 7 pour tout ye Y. 

Posons fo(y) = y pour tout y e Y. Comme Y C X, on a donc fy « X”, 
fw eX" et | fo — foe | < 0. 

L’espace X étant localement connexe pour les dimensions 0 et 1, l’espace 
X" est” localement connexe (pour la dimension 0). Par conséquent on peut 
choisir 7 > 0 assez petit pour que fo et fog soient homotopes. Y;s’obtient donc 
de Y par une déformation continue dans X. 


8. TotorEME. Les quatres propriétés suivantes sont équivalentes pour tout 
continu X qui est un rétracte absolu de voisinage:” 
(a:) il existe un ensemble compact Y C X de dimension < 1 qui est wn rétracte de 
X par déformation; 
(41) il existe un ensemble compact Y < X de dimension < 1 qui s’obtient de X 
par une déformation continue (dans X); 


Se ee ee 


admet un sous-ensemble ouvert U > X quise laisse rétracter en X. Les rétractes absolus 
de voisinage sont localement contractiles (ibid., p. 236-7), donc aussi localement connexes 
pour toutes les dimensions. Dans le cas ov ils sont de dimension finie, ils coincident avec 
les espaces localement contractiles (ibid., p. 240) et aussi avec les espaces localement 
connexes pour toutes les dimensions (C. Kuratowski, I.c.). 

“8. Mazurkiewicz, Fund. Math. 20 (1933), p. 281. 

®¢. Kuratowski, l.c., p. 285. 
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(y1) il existe un continu localement connexe (en dimension 0) Y de dimension < | 
dont le type d’ homotopie est le méme que celui de X; » 
(61) mi(X) est un groupe libre d un nombre fini de générateurs et r,(X) = 0) 
pour n = 2. 

DémonstTrRaATION. Nous allons établir les implications: 


(a1) — (81) — (61) — (a1) et (a1) > (11) > (4). 


(a1) — (B81). Cela est évident, puisqu’un rétracte par déformation s’obtient 
de X par une déformation continue (dans X). 

(6:) — (4). On peut admettre en vertu du lemme que Y est un polyédre 
topologique de dimension 1. 

Le groupe m(Y) est un groupe libre (4 un nombre fini de générateurs) et le 
groupe 7(X) est isomorphe en vertu de 5(2) & un sous-groupe de m(Y). Par 
conséquent m(X) est un groupe libre, en tant que sous-groupe d’un groupe 
libre. 

Pour montrer que 7,(X) = 0 pour tout n = 2, considérons une transforma- 
tion f « X*" quelconque. La transformation f est done selon (8) homotope A 
une transformation f; « X*" telle que fi(Sn) CY. Or, on a m,(Y) = 0, puisque 
n = 2et Y est polyédre de dimension 1.” La transformation f,, et par consé- 
quent aussi f, est inessentielle. 

(6:1) — (a1). Soit m le nombre des générateurs libres du groupe m(X). On 
a done z[m(X)] = n et, en vertu de 4(2), r(X) =n. D’aprés 4(1), il existe 
par conséquent un polyédre (topologique) Y de dimension 1, qui est un rétracte 
de X et pout lequel b,(Y) = n. Soit f « Y* la rétraction de X en Y. Cette 
fonction détermine selon 5(1) une rétraction de 7;(X) en son sous-groupe 7(Y). 
Or, les deux groupes étant libres et 4 n générateurs (le premier par hypothése 
et le second en vertu de 4(3)), on conclut de 3(1) que 7(X) = m(Y) et que 
cette rétraction est une identité. La fonction f « X* détermine donc la trans- 
formation identique de m(X) en lui-méme. En posant fo(x) = x pour tout 


x e X, on trouve que les fonctions fo, f e X* déterminent la méme transformation F 


homomorphe de 7(X) (notamment la transformation par l’identité). Il en 
résulte en vertu de 6(2) que fo et f sont homotopes, donc que Y est un rétracte 
de X par déformation. 

(a1) — (m1). Soit Y un rétracte de X par déformation. II existe donc une 
fonction f « X* qui effectue la rétraction de X en Y et qui est homotope 4 la 
transformation de X en X par l’identité. En considérant les fonctions f « i 
et g « X” od g(y) = y pour tout y « Y, on trouve que 1° gf ¢ X* coincide avec 
f « X* et par conséquent est homotope A la transformation de X en X par 
Videntité, 2° fg « Y” est elle-méme une identité, puisque f(y) = y et g(y) = Y 
pour tout ye Y. Les espaces X et Y ont donc le méme type d’homotopie. 

(v1) > (6). X et Y ayant le méme type d’homotopie, les nombres de Betti 





*2 OQ. Schreier, Abh. Hamburg Sem. 5 (1927), p. 161. 
23—D. IV, p. 216. 
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correspondants sont égaux,”* par conséquent le premier nombre de Betti de Y 
est fini. Comme Y est un continu localement connexe et de dimension 1, il en 
résulte que Y est localement contractile. Donec 1° le groupe 7,(Y) est libre, 
2° x,(Y) = 0 pourn 2 2.° Or, +,(X) est isomorphe a 7,(Y)™ pour tout n, 
ce qui achéve la démonstration. 


9, Remarquons enfin que l’on peut remplacer dans le théoréme établi tout 
i heure l’hypothése que le continu X est un rétracte absolu de voisinage par 
celle que X est un polyédre connexe, donc par un cas particulier.” En revanche, 
on n’aura méme pas besoin d’admettre dans ce cas que ce polyedre soit fini, de 
sorte que le théoréme pourra étre établi aussi pour des polyédres connexes 
infinis, méme de dimension non bornée. En particulier, on peut prendre comme 
X un domaine ouvert situé dans un espace euclidien. 

Pour démontrer le théoréme ainsi modifié, il suffit de disposer des énoncés 
analogues 4 4(1), 4(2) et 6(2). Les deux premiers sont établis dans mon 
article: Sur les espaces multicohérents II (Fund. Math. 29 (1937) p. 114, th. 2 et 
4), Quant 4 la proposition 6(2), elle se démontre exactement comme pour 
les polyédres finis.”” 


VARSOVIE. 





4D). III, p. 125. 
% Cf. renvoi 21. 
*D. IV, p. 217. 
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SUFFICIENT CONDITIONS BY EXPANSION METHODS FOR THE 
PROBLEM OF BOLZA IN THE CALCULUS OF VARIATIONS’ 


By Wiuuram T. Rep 


(Received October 22, 1936) 


1. Introduction. In 1913 Levi [13]° established the sufficiency of the well- 
known conditions (see, for example, [5], p. 128) for a strong relative minimum 
in the non-parametric plane problem of the calculus of variations without the 
use of a field of extremals. We shall speak of Levi’s method as an expansion 
method since it is an extension of Legendre’s idea of expanding the total varia- 
tion.’ Described briefly, the method involves certain inequalities on the 
Weierstrass E-function which are implied by the usual strengthened Weierstrass 
condition, together with certain elementary integral inequalities. It also 
utilizes the Clebsch [Jacobi] transformation of the second variation. A very 
simple proof of this transformation for the problem of Lagrange has been given 
by Bliss ({1], p. 691; [2], p. 738). 

For partial differential equations and more general functional equations one 
does not have available imbedding theorems corresponding to those known for 
ordinary differential equations. Consequently, it is to be expected that Levi's 
method, which avoids the use of such imbedding theorems, will prove fruitful 
in the study of more complicated problems of the calculus of variations.‘ The 
writer plans to consider this question in a later paper. 

In the present paper Levi’s method is applied to the general problem of 
Bolza in non-parametric form. This problem has been treated rather exten- 
sively within recent years by the Weierstrass field method (see the papers of 
Bliss, Morse, Hestenes, Hu and Reid [19] listed in the bibliography). The 
extension of the expansion method to the problem of Bolza is not trivial. In 
particular, it involves the proof of certain inequalities for the Weierstrass 
E-function. These inequalities are established in Section 4. Section 3 is 
devoted to an extension of an auxiliary theorem on accessory extremals due to 
Hestenes. It is to be remarked that the details of Levi’s method have been 
considerably simplified in the present paper. The inequalities of Section 5 are 





1 Presented to the American Mathematical Society, Sept. 10, 1935. 

2 Numerals in square brackets refer to the bibliography at the end of this paper. 

3 In an earlier paper [12] Levi stated a sufficiency theorem for a strong relative minimum 
and attempted to prove it by expansion methods. The error in his work was pointed out 
by Hahn [8], who also showed by an example that the theorem as stated by Levi was false. 
Malnate [14] has extended the results of Levi [13] to the problem in three-space. It is to be 
remarked that the criticism made by Duren [6] of Levi{13] and Malnate [14] is invalid. 

4 Miranda has recently applied Levi’s method to the double integral problem of the 
calculus of variations [Mem. R. Accad. d’Italia, vol. 5 (1934), pp. 159-172]. 
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due to McShane, who suggested to the author their advantages over certain other 
integral inequalities previously used in the proof of the sufficiency theorem of 
this paper. Theorem 6.1 of this paper is the same as Theorem 9.2 of Hestenes 
(9] and Theorem 21.1 of Bliss [4]. The other sufficiency theorems of Hestenes 
and Bliss may be derived as consequences of this theorem, since in each case it 
may be proved that the hypotheses imply the positiveness of the second variation. 

Ina later paper the author will give sufficient conditions by expansion methods 
for the problem of Bolza in parametric form. 


2. Formulation of the problem. The problem of Bolza is that of finding in a 
class of arcs 


(2.1) y:() (@=1,--+,n;% SxS 2) 
satisfying differential equations and end-conditions 

(2.2) galt, y, y'] = 0 (8 = 1,-+-,m <n), 
(2.3) ulti, y(%1), %2, y(%e)] = 0 (u = 1,-+--,p < 2n + 2), 


one which minimizes a given functional 


(2.4) J = gli, y(x1), t2, y(a2)] + li fiz, y, y’] dz. 


In the present paper derivatives of f[x, y, r], glx, y, rv], gla, ya, 22, Yea, 
¥4[t1, Yn, 2, Yx] with. respect to their arguments are indicated by writing these 
variables as subscripts. The tensor analysis summation convention is used 
throughout. If 2 = (z;), the norm ~/(z;z;) is denoted by ||z||. The particular 
sets 2; = 0, 2:3; = 0 (2,7 = 1, --+ , m) are denoted by (0,) and (0;;), respectively. 

We suppose that we have given an open region & of points [z, y, r] = [z, y:, 

‘*,Yny 71, °**, Tn] in which the functions f[z, y, r], ¢s[x, y, r] are of class C*.° 
It is also supposed that Jt, is an open region of (2n + 2)-dimensional points 
In, Ya, 22, Ya] in which the functions g, y, are of class C’, and in which the 
matrix (Yue, Vuvir Yur, Vays.) has rank p. The terms differentially admissible, 
lerminally admissible and admissible will be employed in the sense used by Morse 
15). This usage of admissible is different from that of Bliss [2], [3] and [4]; 
it seems, however, to be in agreement with that of Bolza ([5], p. 15 and p. 543). 

The above problem of Bolza is said to have separated end-conditions if the 
relations (2.3) fall into two sets 


Yel, y(a1)] = 0, Wo [Xe , y(x2)] = 0 (p =1,--- ,k; o=k+ gist? » P); 
and the function g is of the form g = gilti, y(x1)] — gelxe, y(x2)]. 


LL esessieeeineeeesis 
Mi. order to carry through the analysis of this paper it is actually sufficient to assume 
that the functions J, gp are of class C? in . When only this weaker assumption is made 


the accessory equations (2.12) may not be expressed as linear equations in nm» i, Me, but 
‘an be written in the canonical form (2.13). 
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For a discussion of necessary conditions the reader is referred to the papers of 
Bliss, Morse, Graves and Hestenes listed in the bibliography. We shall here 
state explicitly, however, certain relations and conditions which will be used in 
the present paper. 

Let F[x, y, r, \] = Aof[z, y, Tr] + Asgalz, y, vr]. An extremal is defined as a 
differentially admissible arc y,(x) of class C’ and a set of multipliers \) = con- 
stant, Ag(x) of class C’ such that the differential equations (d/dz)F,,{z, y, y’, \] — 
F,,|z, y, y’, \) = 0 are satisfied. As is customary, an extremal will be said to 
satisfy condition I if 


(2.5) ((F — yiF,,) dx + F,,dyJdi + dodg + ody, = 0 


holds for certain constants e, and every choice of the differentials dx, dy, , 
dx2, dy. An extremal is non-singular if the determinant 


Few Par; 
(2.6) A=| 








PBr ; Osa 


is different from zero at each element [z, y(x), y’(x), A(x)] (a1 S x S 2). 
In the future we shall be concerned with an extremal of the form E:y;(z), 
ho = 1, Ag(x) (1 S & S m). The strengthened Weierstrass condition Ij is 


said to hold along this extremal if N is a neighborhood in [z, y, r, \] space of the 
set [x, y(x), y’(x), A(x)] and 


(2.7) E[z, Y,7, d; 7] = F(z, Y; 7, A] TT F[z, Y,7, A] aig (7; ee, r)F,, [z, Y,7, \] > 0 


at every [z, y, r, \] of N and all (#;) such that [z, y, r], [z, y, 7] are distinct differ- 
entially admissible sets. The strengthened Clebsch condition III’ is that at 
each element [z, y(x), y’(x), \(z)] we have 


(2.8) FP 9; 30; > 0 


for all sets (1;) ¥ (0;) satisfying the equations ¢¢,,7; = 0. 
Along a given admissible arc EF the equations of variation are 


(2.9) $,[z, N; n'] = pr; ni “+ Poy; 18 = 0 (8 <a i, Ca m), 
(2.10) W,[é, n(a1), &, n(xe)] = dy, [E1, n(a1) + Ery’(a1), &, n(x2) + fey’ (x2)] = 9. 


A set of functions »,(x) of class D* satisfying (2.9) on 2:22, together with con- 
stants £, & satisfying (2.10), is termed an admissible variation along EZ. An 
admissible arc E satisfies the non-tangency condition if the matrix (Wye, , Yue.) of 
coefficients of & , & in the expressions V, evaluated along E is of rank two. 

For an extremal E:y;(x), \) = 1, As(x) which satisfies with constants ¢ con- 
dition I the second variation is 


(2.11) Jo = 2y[f, n(21), &, n(a2)] + [ % 2w[x, 0, 7’) dz. 
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In this expression 
Q(x, 2, 01) = Free ning + 2Prvs 0605 + Fy, 601, 
Qy[é1, n(1), &, n(x2)] = 2H [&1, n(e1) + fry'(a1), £2, (ae) + fy’(zx2)], 
where as a function of [da, dy, dz2, dy], 
2H (dx, dy, date, dy] = [(F2 — yi: F,,) dx’ + 2 F,,dy:dzx]; + 2G, 


and 2G is a quadratic form in [dz , dy, dx2, dyi2] whose coefficients are the 
second derivatives of g = 9g + Guy. The explicit form of y will be needed in the 
proof of the sufficiency theorem of Section 6. 

Along a non-singular extremal arc the accessory equations are 


(2.12) (d/dx)Q,; [x, n; n’; bu] ‘ioe 2); [z, n, n’, | aaa 0, Pz; [z, n; n'] eal 0, 


where Q(x, n, 7, wu] = w(x, n, tr] + wsPs[x, n, zr]. With the aid of canonical vari- 
ables 2, ni, {3 these equations may be written in canonical form 


(2.13) ni = H;,, oi = —H,,, 


where H(z, , ¢) is the Hamiltonian function for the second variation. 

An extremal satisfying condition I will be said to also satisfy condition IV. 
if along this extremal Je = 0 for arbitrary non-identically vanishing admissible 
variations £, &, m:. The strengthened condition obtained by excluding the 
equality sign in IV will be denoted by IV*. For a discussion of the relation of 
IV and IV to the various forms of the Mayer (Jacobi) condition which have 
been used, the reader is referred to Reid ([{17], [18], [19]), Hu [11], Hestenes (([9], 
(10]), Morse [16] and Bliss [4]. For an extremal satisfying III’ each of the 
strengthened forms of the Mayer condition which have been used, with the ad- 
dition of the non-tangency condition in certain cases,’ can be proved to imply the 
above condition IV. 


3. An auxiliary theorem. The following theorem is a ready consequence of a 
theorem initially proved by Hestenes ({9], p. 807; see also Bliss [4], p. 112), 
using a form of the Mayer condition introduced by him. We shall use a slight 
extension of this theorem which we shall state specifically as Theorem 3.2. 

THEOREM 3.1. Suppose that for a problem of Bolza with separated end-condi- 
lions B:y,(ar), Xo = 1, Xe(x) (a, S x S 2) is a non-singular extremal which satisfies 
with constants e, conditions I and IV. Then there exists a conjugate system of 
solutions n; = w(x), £: = via(x) of the canonical accessory equations (2.13) with 
determinant | uix(x) | ¥ 0 on x22, and such that the inequality 


2r [&, ha, fo, hie] 
= 2Qy[éi, win(a1)hin, 2, Win(T2) hie] + Ajs Wiz (e)Vin(Ts)hes i >0 


ee 


(3.1) 


"See, in particular, Bliss [4], p. 96 and p. 139. 
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is valid for all sets [&:1, hi, &, hi2] ¥ [0, 0;, 0, 0] satisfying 
(3.2) Lylés, hi, &, Reel = Vy [E, ie(ar)her, &, Wie(2e2)hie] =O (wu = 1,--- , 9), 


For a problem of Bolza with separated end-conditions, as supposed in the 
above theorem, conditions (3.2) consist of two sets 


L, lh, hal = 0, Lelé&, he] = 0 (p=1,°:- , kjo=k+ 1,-++,p). 


Moreover, in this case 21 [&, ha, &, he] = 2Ti[&, hal + 2T2[k&, hel, where 
T, and I, are quadratic forms in their arguments. Consequently, the above 
conclusion is true if and only if the inequalities T; > 0, T: > 0 hold for all non- 
identically vanishing sets [£, hal], [&, hie] satisfying, respectively, the conditions 
L, = 0, L,. = 0. The hypotheses of the above theorem are equivalent to those 
of Lemma 20.2 of Bliss [4]. The hypotheses of Lemma 7.1 of Hestenes [9] 
are weaker, however, since in place of IV* Hestenes assumed merely the strength- 
ened form of the Mayer condition which he introduced. For the case of fixed 
end-points a very simple proof of the above theorem is given by Reid ([19], 
Theorem 4.3). 

Under the above hypotheses we have that E:y;(x), Xx = 1, As(x) (41 S t Sm) 
is a non-singular extremal arc, and by the existence theorem for differential 
equations this extremal is defined for x in a neighborhood of the interval 2,2. 
Since | wix(x) | ¥ 0 on 2122, the set [&, hi, £-, hz] is zero if and only if the 
corresponding set [& , wix(21)hir, £2, Uin(te)hie] is zero. If the class of normed 
sets [f:, hi, &, hz] satisfying 


Ly = 0, & + & + || (wie [xa] haa) ||? + || (wise re] Are) ||? = 1 


is non-vacuous, let 2x denote the minimum of the quadratic form I in this class. 
In view of the above theorem, we have x > 0. If this class of normed sets is 
vacuous, in which case the problem of Bolza reduces to a problem of Lagrange 
with fixed end-points, x may be chosen as an arbitrary positive value. 

Now suppose that [X1, Ya, X2, Yi] is in the region 9, , and such that the 
extremal y;(x), \» = 1, Ag(x) of Theorem 3.1 is defined and non-singular on 
X,X2; moreover, that the system of accessory extremals wiz , viz defined above 
has determinant | wj(r) | ~ 0 on X,X2. For such a set, define nis = Yis — 
Yi(Xs) = Uie(Xs)his (Ss = 1,2). If [X1, Ya, Xe, Yu] is sufficiently near the end 
elements [21 , yi(21), 2, yi(ae)] of E, the set [2:(0), 2:(0), v2(@), 22(0)], where 
t5(0) = x, + O[X, — 2], 2is(0) = Onis + yi[z5(0)] (0 S 0 S 1; 8 = 1, 2), belongs 
to #1. In particular, if [X,, Ya, X2:, Xz] is terminally admissible we have 


0 = 1X1, Ya, X2, Ya] — Wulti, yi(21), V2, Yi(re)] 
(3.3) = WulX1, na + yi(Xr), Xe, m2 + yi(X2)] — vuler, yslar), 22, yet) 
1 


al [ {(d/d0) pylai(@), 2:16), x2(0), 2:0(0)]} dO (u = 1,-°*, Pp): 


Now the right-hand members of (3.3) may be written as linear expressions in 
[X:1 — 21, nu, Xe — 22, nz] whose coefficients are continuous functions of 
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(Xi, Ya, X2, Yq] and reducing for [X1, Ya, Xe, Yio] = [t1, yi(ri), ae, yi(2)] 
to the coefficients of the linear forms ¥,. The following result is then a con- 
sequence of Theorem 3.1 and a simple continuity argument. 

TunorEeM 3.2. Suppose the hypotheses of Theorem 3.1 are satisfied. Then, 
using the notation of that theorem, there exists a neighborhood Ny of the end-values 
[rr , yi(t1), 2, yi(a2)] such that if [X1, Yi, X2, Yio] is in No the extremal y;(z), 
hy = 1, As(x) ts defined and non-singular on X,X2, while | ux(x) | ¥ 0 on this 
interval; moreover, if [X1, Yi, X2, Ya] is terminally admissible, we have 


(3.4) I [Xi — %1, hia, Xe — 22, ha] 2 «[(Xi — a1) + (X2 — a2)” + nana + ne nel, 


where nis = Yis — yi(Xs) = Uix(Xs)hes (8 = 1, 2). 
That the result of Theorem 3.1 is in general not true for a problem without 
separated end-conditions is illustrated by the simple problem of minimizing 


Jly = i y” dx in the class of arcs y(x) (21 S x S x) satisfying the end-conditions 


vily] = y(ar) + y(a) = 0, yz = xz, = 0, ¥3 = %—1= 0. 


Clearly E:y:(z) = 0 is the minimizing arc for this problem. Along this arc, 
Jon] = 20 [n], Vii = Yriln], Ve = £1, Vs = &, and if the conclusion of Theorem 
3.1 were true there would exist a solution wu of the accessory equation u” = 0 
such that u(x) ¥ 0 on (0, 1), and u(1)u’(1)h3 — u(0)u’(0)hi > O for every set 
(hy, he) # (0, 0) satisfying w(O)hi + u(1)he = 0. It may be demonstrated 
readily, however, that there is no such function u(z). 


4. Results concerning the Weierstrass E-function. This section deals with 
the behavior of the Weierstrass E-function whenever conditions IIy and III’ 
are satisfied. As stated in the introduction, the proof here given of conclusion 
(4.1) of Theorem 4.1 utilizes both of the assumptions IIy and III’. For the 
smpler problems of the calculus of variations not involving auxiliary differ- 
ential equations this conclusion may be proved assuming only IIy (see Tonelli 
[20], vol. 1, p. 351). A corresponding proof of this result for the problem of 
Bolza would be of interest in itself. From the standpoint of the sufficiency 
theorem, however, assumption of III’ is necessary to insure the inequality (4.2). 

TaEoreM 4.1. Suppose E:y;(x), o = 1, Ae(x)(a1 S x S 22) is an extremal arc 
satisfying conditions IIy , III’. Then there exists in (2n + m + 1) dimensional 
[t, y, 7, \]-space a neighborhood No of the values [x, y(x), y’(x), A(x)] (a1 S © S 22) 
belonging to this extremal, and positive constants K, 7; , 2 such that: 

l’. if [x, y, r, A] is in No and [z, y, 7] is a differentially admissible set satisfying 
i? —r|| > K, then 


(4.1) Elz,y,7,\;7] 2n||#—rll; 


2, if [x, y, 7, A] is in No, and [z, y, 7), [x, y, 7] are differentially admissible sets with 
i'—r|| < K, then 


(4.2) E[z, y, 7,4; 7] = 42 ||# — rll. 
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The proof of conclusion (4.1) here given depends upon the following three 
lemmas. The neighborhoods which are determined in these lemmas may be 
supposed, without loss of generality, to be of the form a — 6 <2 < m+ 4, 
lly — y(x) || < &, || 7 — y’(x) || < 43, || Cs) || < d+, where 6, &, 45, 5; are 
positive constants. Such a neighborhood is convex in the arguments y, r, \; 
that is, if [z, y, r, \] and [z, g, 7, \] are two elements of such a neighborhood, 
then the elements [z, y + 0(7 — y), 7 + 07 — 1r),X + OA — d)] (0 S$ 6 <1) 
are also in the neighborhood. 

Lemma 4.1. If E:yi(x), Xo = 1, As(x) (11 S TS 2X) ts an extremal satisfying 
III’, there exists in [x, y, r, \]-space a neighborhood N, of the elements [z, y(z), 
y'(x), (x)] and positive constants c, « such that if [x, y, r, XJ, [x, y, #, d] are in 
Ni and 


(4.3) | Pr; [z, Y, 7] un | = 4 | T I, 
then 
(4.4) Py rj [x, y, 7, Alain; 2€ | v ie 


The proof of this lemma is a simple continuity argument, and will be omitted. 

Lemma 4.2. Suppose E:yi(x), 0 = 1, Asg(x) (41 S X S M2) ts an extremal 
satisfying IIy. Let Ne be a second neighborhood of the elements [x, y(x), y'(z), 
d(x)] with an associated positive constant d such that whenever [x, y, r, \] is in Ne 
and |6s| S d (8 = 1,--- ,m) the element [x, y, r, X + 6] is in N. Then if 
[x, y, Tr, A] is in Ne and [z, y, rl, [x, y, 7] are differentially admissible sets, we have 


(4.5) | Br; [z, Y; r] (7; = ri) | Ss (1/d) E{z, Yy, 1, r; 7] (6 =1,°::, m). 


For since [z, y, 7], [x, y, 7] are differentially admissible and [x, y, r, \] is in No, 
it is a consequence of II, that 


0s E{r, ¥, T,X + 4; 7] = E{z, Yy, 7, ; 7] a: 5s ger; [x, Y; r] (Fi; my ri) 


for all 6g satisfying | 5; | < d. This inequality is readily seen to imply (4.5). 

Lemma 4.3. Suppose E:yi(r), 0 = 1, Ag(x) (a1 S 2 S 22) ts an extremal 
satisfying lly, III’. Then there exists a positive constant k, and a neighborhood 
N; of the elements [x, y(x), y'(x), (x)] such that whenever [x, y, 7, \] is an element 
of Ns there are values z; = 2:|x, y, 7, \], ve = valx, y, 7, ] satisfying the relations: 
(i) [z, y, 7 + 2, X + »] ts in N; (ii) gs[z, y, r + 2] = 0 (8B = 1,---, m); (ili) f 
[x, y, 7] is differentially admissible, then 


(4.6) Elz, y,r,d; 7] = Elz,y,r +z, +9;%7] — ble’. 
Consider the system of equations 


(4.7) F,,[z, y,r + 2,4 +] — F,,[z, y, 7, 4] = 0, 
7 
gslz, y, 7 + 2] = 0. 
These equations are satisfied on the closed and bounded set 21 S x = %; 
yi = yi(x), ri = yi(z), Me = g(x), 2: = 0, v»g = 0. Moreover, at elements of 
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this set the Jacobian of the system with respect to the variables z;, vs is the 
determinant A, which is different from zero in view of III’. Hence, by the 
usual implicit function theorem, there exists a neighborhood N; of [x, y(x), 
(2), \(a)] and a constant such that for [z, Yy, ', A] in N3 the system (4.7) 
has a unique solution 


(4.8) zi = zi[z, y, 7, A], vs = velz, y, 7, dJ 


satisfying 22; + veye < y, and for such values of [x, y, r, \] the functions 2; , vs 
are of class C”. We may obviously restrict N3; so that the functions z, , vg of 
(4.8) are such that [z, y, 7 + 2,4 + vjisin N. Under these restrictions the above 
defined functions 2; , vg satisfy (i) and (ii) of the lemma. It is to be remarked 
that for a simple problem not involving differential equations gs = 0 the above 
lemma is trivial; in this case the solutions (4.8) reduce to 2; = 0, vs = 0. 

Now suppose [x, y, 7, A] is in N; and [z, y, 7] is a differentially admissible set. 
The relation 


E[z, y,7,\; 7] = Elz, y,r +2, +7; 7] + Ela, y, 7, As 7 + 2] 


is a consequence of (4.7). Moreover, 


1 
Elz,y,7r,A;r +z] = ats | (1 — 6)F,,,;[z, y, r + 02, \] dO 
: 0 


IV 


= ky | z || ; 
where k; is a positive constant such that if [x, y, r, \] isin NV, then 
(4.9) | Frirjlz, y, 7 Awe; | S I || w[? 


for arbitrary sets = (2;). This completes the proof of (iii). 

Now suppose that the extremal E:y;(x), \) = 1, Ag(x) (a1 S x S 2) satisfies 
both IIy and III’. Let Ny be a neighborhood of the elements [z, y(x), y’(x), 
\z)] (a1 S @ S 2) such that N,’ is interior to each of the neighborhood N, , 
N2, Ns, and such that if [z, y, r, A] is in Mp and 2; , vg are the functions determined 
in Lemma 4.3, then [z, y, r + z, +] isin both Ni and Nz. Since Np is interior 
to N 1 and N; there exists a positive constant d; such that whenever [z, y, 7, \] 
isin Ny and w = (uj) has || w || S d,, then [z, y, r + u, A] is in both N; and N;. 
Finally, denote by o; and os positive constants such that if [z, y, r, A] is in N3 
and z; are the corresponding functions determined by (4.8) we have \|z|| So, 
garde, y, 7 + ae; | S og. We shall now show that conclusion (4.1) is true if 
1 = Min {ed/2; dic/4} and K = Max {2d; ; 4ko;/cd; ; (2kyo;/de:) + (202/e)}. 
The constants ¢, , ¢, d, k, are those of the above lemmas. 

If this conclusion is not true there exists a particular element [x, y, r, \] of No 
and a set (7;) such that [x, y, #] is differentially admissible, || # — r || > K, and 
Elt,y, 7,3 7] < 7 ||# — r||. In view of (4.6) we then have E[z, y, r + 2z, 


ee eee ered | 


" Nois used to denote N o, together with its boundary points. 
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A+ 757] <n ||F—r|| + hoi. Since [z, y,r + 2,4 +7] is in Ne and gg[z, y, 
r + z] = 0, it follows from Lemma 4.2 that 


| vor; (2, y, 7 + 2] (% — 7s — 2%) | S [nm |] # — 7 || + kroil/d, 
and 
| var; (x, y, 7 + 2] (% — ri) | S [n||* — || + hroil/d + w < a |lF — rl, 


This last inequality is a consequence of 7, S «d/2 and ||# — r|| > K > 
(2ki0;/de) + (202/e). If 6 is the value such that @||# — r|| = d,, then 
0 < 6 < 3. Moreover, since [z, y, r + z, \ + v] and [z, y, r + O(7 — r), dJ 
are both in N, , we have by the use of the mean value theorem and Lemma 4.1 
that each of the quantities E[z, y, r,\4;r + 0(7 — r)], Elz, y, r + 0(F — 1), \; 7] 
exceeds c@° || # — r ||’. 
Let T [z, y, 7, 43 7] = F[z, y, 7,4] + (% — ri F,,[2, y, 7, \]. Then 

T(z, y,7 + 0 (7 = r),A;r + (7 bia r)] sie T [x, y, 7, AST + OF ed r)] 

= E[z, Y, 7; A;r + OF ue r)] > 0, 


T |x, y,r + 07% —1r),A;7r] — Tla, y, 7, A;7T] = — Elz, y, r + OF — 1), A; 7] < 0. 
Hence, by continuity, there exists a value ¢, 0 < « < 6, such that 
T [x, y,r + OF — r), A;r + off — r)] — T[z, y, 7, 37 + oF — 1)] = 0. 
This relation implies 
E[zx, y, r, 4; 7] = Ela, y, r + 0(% — r), d; 7 


(4.10) bk 


+ E[z, y, r + 0(% — r), 57). 





o 


In view of the relations 6 || # — r|| = di, gg[x, y, 7] = 0, it is a consequence of 
IIy and Lemma 4.3 that E[z, y,r + 0(7 — r),\; 7] = —kioi. Since 0 <a <8 
<4, ||#—r|| > Ki = 4k,o}/cd,, 71 < d,c/4, it then follows from (4.10) that 


E[z, y, r, 4; 7] 2 ||* —1||. This inequality, however, contradicts the 
assumption that E[z, y, r, \; 7] < 7 ||# — r||. Hence conclusion (4.1) is 
proved. 


In order to prove (4.2), consider the neighborhood No defined above. If 
[z, y, r, A] is in No with [z, y, r] differentially admissible, and (7;) an arbitrary 
set such that [z, y, 7] is also differentially admissible, and || * — r|| < di, it 
then follows from the mean value theorem and Lemma 4.1 that E[z, y, r, \; 7] 2 
c||#—r||*. On the other hand, Elz, y, 7, \; #]/ || # — r || ?is a positive-valued 
continous function on the bounded closed set: [z, y, r, A] in No, ¢galz, y, 7] = 9, 
galx, y, 7] = 0,d; S ||# — r|| S K. Hence there exists a positive constant 7: 
satisfying conclusion 2° of Theorem 4.1. 

It is to be emphasized that conclusion 1° of the above theorem is independent 
of the assumption that ¢g,[z, y, r] = 0, whereas this assumption is one of the 
conditions under which relation (4.2) is valid. The following simple example 
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illustrates the fact that in general (4.2) i is not true if [z, y, r] fails to be differ- 
entially admissible: n = 2,m = 1,f = ri, a=", E:y(x) = 0 = y:(z). 
For this problem E[z, y, r, A; 7] = (41 — 71). 

Now consider the convex function R[f] = /(1+¢) —1=¢/(V11+ 8) +1) 
fort>0. Wehavet 2 Rd], t’ = 2R{t], and the following result is an immediate 
consequence of the above theorem. 

TuzorEM 4.2. Suppose the hypotheses of Theorem 4.1 are satisfied. Then, 
using the notation of that theorem, if [x, y, r, d] is in No and [z, y, 1], [x, y, *] are 


differentially admissible sets we have 


(4.11) E[z, y, 7, A; 7] = 73 Ri|| # — r|I], 


where 73 = Min {71, 72}. 

The use of the function R[t] was suggested by E. J. McShane. McShane has 
also communicated to the author an independent proof of Theorem 4.2. Further 
properties of this function are given in the following lemmas. 

Lemma A. If 6 > 0, then 6 Min {1, 5} R[rt] S R[ét] < 5 Max {1, 5} R[{E]. 

These inequalities follow from the relation R[ét]/R[f] = o[/(1 + ¢?) + 1)/ 
(V(1+ 6’) + 1)], and the fact that the quantity in square brackets is between 1 
and 1/6. 

Lemma B. If h 2th 2 O, then Rlt: + &] S 4 Rt] S 4(R[t] + R[E)). 

This is a consequence of the relation R[t; + #] S R[2t] and Lemma A. 

lemma C. If 5 > 0, then R[t] Min {2, 5} < t Min {6, t} < (V(1 + &°) +- 1) 
Rif. 

For consider the function p(é) = ¢ Min {6, t}/R[é] = Min {6, t} (/(1 + ¢) 
+1)/tfort > 0. It is seen that p(¢) increases on (0, 5) and decreases on (6, ©), 
and hence p(t) S p(6) = V(1 +6) +1. Moreover, lim:o p(t) = 2, lim:..,, p(t) 
= 6, and therefore p(t) 2 Min {2, 6}. Lemma A follows directly from these 
two inequalities on p(t). 

We shall now prove the following result, which will be used explicitly in the 
proof of Theorem 6.1. 

TarorEeM 4.3. Suppose that E:y;(x), o = 1, Ae(x) (a1 S x S 2%) is an extremal 
satisfying conditions I1y , III’, and that there exists a family of mutually conjugate 
accessory extremals n; = uUin(x), fs = vie(x) along this extremal with | uix(x) | ¥ 0 
n 1%. For arbitrary sets (hi) let y(x, hh) = yz) + un(z)he, ri(z, h) = 

vile) + win(z)he , As(a, h) = Ag(x) + pse(x)he , where ug = ysx(x) are the multi- 

phers for the accessory extremals wiz, viz. Then for every « > 0 there exists a 
i he Sie in xy-space of the [x, y(x)] on E such that if [x, y(x, h)] is in Fx 
and {z, y[x, h], *] is differentially admissible, we have 


(412) Ele, y(x, h), r(x, h), Mw, h); #] = rRE|| * — r(@, h) ||] — € || AI! 
where r = 75/4, 


In order to prove (4.12), consider the functions z:(z, h) = zi[x, y(z, h), r(x, h), 
Mt, h)], vg(a, h) = velx, y(x, h), r(x, h), (x, h)], where z.[z, y, r, A], vslz, y, 7, AJ 
are the functions (4.8). Now z,(z, 0) = 0 = vs(z, 0), and since n; = w(x) 
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satisfies the equations %,[x, n, 7’] = 0 it follows readily that z;(z, 0) = 0 = Van, 
(x, 0). Hence corresponding to a given e > 0 there exists a neighborhood % Ji in 

zy-space of E such that whenever [z, y(z, h)] is in ¥1e we have: (i) [x, y(z, h), 
r(x, h), M(x, h)] and [z, y(x, h), r(x, h) + a(x, h), (x, h) + v(z, h)] are elements 
of No; (ii) || (x, h) || S @ || h||, where & = ¢/(27s + hi). If [z, y(z, h)] is in 
%1., then by Lemma 4.3 and Theorem 4.2 we have 


E{z, y (x, h), r(x, h), A(z, h); 7] = T3 R{|| ne r(z, h) ae z(x, h) ||] 

— eh; || h |? 
In case || 2(x, h) || S || # — r(a, h) || /2, then R[|| # — r(x, h) — a(z, h) ||] = 
R{|| # — r(a, h) ||/2] = (1/4) R[|| * — r(a, A) ||], the last inequality by Lemma 
A. Inequality (4.12) is then true since tr = 73/4, & < ¢/ki. If || # — r(z, h) || 
< 2|| 2(x, h) ||, then || # — r(x, h) || S 2e || A ||, and (4.12) is a consequence of 
(4.13) and the relations 


R{|| * — r(x, h) — 2(z, h) ||] 20 = Rl] # — r@, h) ||] — Ril] F — r(z, h) ||] 
= R{\| * — r(x, h) |l] — () || # — rG, a) |P 
= R[|| * — r(x, h) ||] — 2e2|| A ||’. 


(4.13) 


5. Elementary integral inequalities. The integral inequalities of this section 
are due to McShane, and replace in the proof of Theorem 6.1 certain inequalities 
previously used by the author. The proof of this theorem originally given by 
the author made use of integral inequalities similar to those used by Levi and 
involved Lebesgue integrals. Theorem 5.1 is proved for the general case of 
Lebesgue integrals. In the application to the proof of Theorem 6.1, however, 
the functions involved are Riemann integrable. 

THEorEM 5.1. If hj(x) (i = 1, --- , n) are absolutely continuous ona S x S b, 
and || h(x) || S 6 on this interval, then 


of all w'iiae sal [ete nae + aco [P| 


(5.2) Hi |h |? dx < al [et h’ ||] dx + || h(a) | 


where d, = 4(V/(1 + &) +1) Max {1, b — a}, d, = 3(b — a)dh. 
If we define 


(5.3) (2) = || ma) || + [IWC IN 
then for every zx on ab we have 
s [io liat 


(5.4) I m(@) — nea) || =| [7 
§ Inequality (5.4) follows from Jensen’s inequality since || u || is a convex function of 
the vector u. It may also be proved by the use of Cauchy’s inequality | wiv; | < || u| |v li. 
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and hence H(x) = || h(a) || + || h@) — A@) || = || h@) ||. Therefore, 
b 4 
| |r|] |r lars I Min {6, H(x)} H’(z) dx 


Min Hf 6H’(x) dz, f° H (ax) H'(x) az} 


Min {sH(b), H*(b)} = H(b) Min {8, H(b)} 
(53) < (V(1 + &) + 1) RIA). 


The last inequality of (5.5) is by Lemma C. 
On the other hand, since R[t] is convex we have by Jensen’s inequality and 
Lemmas A and B that 


IA 


lA 


@- a)" f RUIW [ae 


b 
= R ( ‘% a [ ||P || as | = R[(b — a) (H(b) — H(a))] 


> (b — a)” Min {1, (6 — a)*} R[H(b) — H@)] 
(5.6) > (b — a)" Min {1, (6 — a) *}((1/4)R[H()] — R[H(@))). 


Inequality (5.1) is then obtained by combining (5.5), (5.6), and making use of 
the relation R[H(a)] S$ H*(a) = || h(a) ||’. 
To obtain (5.2), we note that for each z on ab, 


|| h(x) |? = |] A@ ||? + [ * 2thd(tyhi(t)] at 


So [P+ 2 [Umi = LL Ul dr 


and therefore, 


b b 
(5.7) [ |h |? dx < (b — a)| || A() |? + 2 | [|All aca 
Inequality (5.2) is then a consequence of(5.1) and (5.7). 


6. Sufficient conditions for a strong relative minimum. The results of the 
preceding sections will now be used to prove the following sufficiency theorem 
for the general problem of Bolza. This theorem has been proved by Hestenes 
((9], Theorem 9.2; see also Bliss [4], Theorem 21.1) by the classical field methods 
of the calculus of variations. 

THEoREM 6.1. Suppose that E:yi(x), 40 = 1, ds(x) (a1 S % S 2) ts an extremal 
we satisfying with constants e, conditions I, Ili, III’ and IV+. Then there 
érists a neighborhood § of E in xy-space and a neighborhood Nt of the ends of E in 
In, Ya %2, Yi2|-space such that J(C) > J(E) for every admissible arc C in § 
with ends in N and not identical with E. 
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It has been pointed out by Hestenes [9] (see also Bliss [4], p. 119) that in order 
to prove this theorem for the general problem of Bolza zt is sufficient to show that 
the theorem is true for a problem of Bolza with separated end-conditions and satis- 
fying the non-tangency condition. Consequently, in the following proof we shall 
assume that these further conditions are satisfied. As indicated by the example 
at the end of Section 3, the conclusion of Theorem 3.1 is in general not true along 
an are E which satisfies for a problem with mixed end-conditions the hypotheses 
of Theorem 6.1. It is to be remarked, however, that when the conclusion of 
Theorem 3.1 holds along such an arc the following expansion method gives a 
sufficiency theorem without the introduction of an equivalent problem with 
separated end-conditions. 

It follows from hypotheses I and IIT’ that E:y;(x), \o = 1, Ag(x) (a1 S x S 2) 
is a non-singular extremal arc. Denote by w(x), vx(x) a mutually conjugate 
family of accessory extremals along E satisfying the conditions of Theorem 3.2. 
The multipliers corresponding to wiz , viz are wg = pusx(x). Now suppose that C: 
Y(x) (Xi S x S Xe) is an admissible arc with end-values [X,, Y;(X,), X, 


’ 


Y ;(X2)] in the Jt) neighborhood of [x1 , y:(x1), x2 , yi(x2)] defined by Theorem 3.2. 
Let n(x) = Yi(x) — y:(x) on X1 Xe, and define functions h,(x) by the equations 
ni(x) = Uix(x)hz(x); finally, let us(x) = uer(x)hi(x). Corresponding to a given 
arc C of this type we shall set uw; = uje(x)he(x), vi = win()hi(x). We have, in 
the notation of Section 4, Yi(z) = y:(z, hiz]), yi(x) + ui(x) = ri(zx, h{a)), 
Ae(x) + wp(x) = Ag(x, h[x]). Finally, let mp, Mo denote positive constants such 
that for every element [X1, Yin, X2, Yi2] in No we have mp || A || S || (wiz}hi) || 
< My\\h|| (Xi S x S X:) for arbitrary sets h = (hj). 


If we write, for brevity, Ag = g[Xi1, Y(X1), X2, Y(X2)] — gla, y(m), %, | 


y(x2)], then 


J[C] — J[E] ag + | Ste, Y, vide — | ste, y,vlae 


Xe 
pow [ (Fle, Y, ¥',x +a] — Fle, y, y’, A) de 


Xi z2 
-| Fie, yy, Nde— [ Fx, y, y’, \) dx 


1 X2 
(6.1) =Ag+J-J- J’ 
Now it is readily verified that 


X2 
J* = [ E{z, Y,y’ +w,\+ 4; Y’] dz 


1 


X2 
* I (F[z, Y,y’ + wu’, + nu] — Fle, y, y’, d)) de 


X2 
= I v.F,,[", Y,y’ + uw’, + wu] dz. 
1 
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By the theorem of the mean we have 
F{z, Y,y +u,r + z] i- F[z, Y; y’; A] 
(6.2) = Fu; + Fyne + Qe, 0, u’, w] + B(2), 
F,, (2, Y, y’ > u', r + | = F,, + Friry Ue + Prey, Mk + Fy vg us + Bi (2), 
and for every « > O there exists a corresponding d, > 0 such that whenever 
nil <d. we have | B(z)| S e|| h(z) |I’, || BY(z) || S (€/Mo) || A(z) ||. It is 
understood that the partial derivatives of F occurring in the right-hand members 
of (6.2) have the arguments [z, y(x), y’(x), A(x)]. It follows from (6.2) that 


2 Xe . 
ef Elz, Y,y +w,¥+48; yids + [ (F,, ni + Fy, i) dx 
63) * : mi 
+ aya) [ (2Q[z, nN; n’, ul] sill F,, :»;,040j) dx +f (B + v; B; ) dz. 
Xi 1 


In view of the Euler-Lagrange equations the second integral in (6.3) reduces to 
F,.(X.)ni(Xs) |,-,- By the Clebsch transformation (see Bliss [1]; also [2], p. 
739) the third integral in (6.3) is equal to h;(X.)ui;(Xs)vin(Xs)he(Xs) |,.,. Let 
*. be a neighborhood of E such that if C is in §». then || n(x) || S d. on X, Xe. 
Consequently, if C is an admissible arc in § with end-points in Jt) we have 





x 
Fz I " Ele, Y,y +w,r¥0+ 4; Yl] dz + [F,, 0: + (hj ussvinhil x} 
(64) ” m 
=e fai all I Ip ae 
1 
Asin Section 2, let g[21, ya, 22, Yo! = gti, Yn, Le, Ya] + Gyult1, Yar, Ze, Yue), 


where e¢, are the constants with which the end-values of E satisfy the trans- 
versality conditions of I. Consider the function 


"lh, wa, bh, We] = gli, wa + y(t), b, We + yilb)] 


(6.5) ty x2 : = 
se | F[z, Y, y’, A] dz — i F(z, Y,Y; d] dx + F,,,(ts)Wis 
zy 


s=2 
e=1 9 
te 





where the functions y;, y; , Ag in (6.5) are the functions belonging to the extremal 
y(t), 40 = 1, d(x). Now expand g* by Taylor’s formula about the point 
l= ,, Wis = 0 (s = 1, 2), and evaluate at t, = X,, wis = ni(Xs) = Yi(Xs) — 
y(X.). It is a consequence of the Euler-Lagrange equations and transversality 
conditions that 


Ag* = g*[X1, 2:(X1), X2, ni(X2)] — g*[1, 0:, 22, Oi) 
= y [Xi — 1, ni(X1), X2 — %, ni(X2)] + y", 


and for every « > 0 there exists a bounded neighborhood Yt. of the end-values of 
E which is interior to the Jt) neighborhood of Theorem 3.2 and such that if 
ti, ¥(X,), Xe, ¥i(Xs)] is in N,, then 


(67) |y*| < e[(X1 — ay)? + (Xe — 2)? + || (Xs) |? + || 2X) [P71 


(6.6) 
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If the are C is admissible we have Ag = Ag, and 
(6.8) Ag* = dg — J — J’ + F,,(X,)0i(X.) 


s=2 
e™=] ° 





In view of the continuity of the functions u,x(x), v(x) we may also suppose 
that the neighborhood 9, is so restricted that whenever [Xi, Yi, X2, Yq) is 
an element of Jt. we have 


(6.9) | hj[usy(Xs)vin(Xs) — usj(xs)vie(es)] he | < Qe || h II? (s = 1, 2) 


for arbitrary sets h = (Aj). 
The above relations imply for an admissible arc in the §2. neighborhood of £ 
with end-points in Jt, the following inequality: 


J[C] — J[E] = T[Xi — 11, hi(X1), X2 — we, hi(Xe)] 


X2 
+f Elz, Y,y’ + uw, + wu; Y'] da — e{(X1 — 1)’ + (X%: — 2)’ 
(6.10) . 


+ (Mo + 1)[I| A(X) |? + |] A%) |) + ie (II? + All 1 I] aay. 


For a given « > 0 let §, denote a bounded neighborhood of £ in sy-space 
which is interior to both the neighborhood §:,. of Theorem 4.3 and the neighbor- 
hood ¥2. defined above. Suppose C:Y,(x) (Xi S x S Xe) is an admissible are 
in §. with end-points in Jt. Since Yt, is interior to the neighborhood Yt, of 
Theorem 3.2, inequality (3.4) is applicable to the quadratic form T. We also 
have that E[z, Y, y’ + wu’,\ + uw; Y’] satisfies inequality (4.12). The functions 
h(x) determined by C are absolutely continuous, and || h’(x) ||, R[|| A’(z) |], 
and R{[|| v(x) ||] are Riemann integrable on X;X2. Moreover, since mp || h’ || < 
\|v || we have by Lemma A that R[||h’ ||] S R[||o||/mo] S ds R[||o|\], 
where d3 = (1/m) Max {1, 1/mo}. Combining these inequalities, it follows 
that for an admissible are C in §. with end-points in Jt. we have 


2 


J([C] — J[E] = > | (« — e)(X, — 2)” + [km — €{ Mo + 1 + 2d, + d,}]- 


(6.11) * 
|| A(X.) | + [7 — eds(2d, + d,)] [ R{|| v(x) ||] dz. 


Now d;, and d; depend upon the particular are C in that they involve (Xz — X:) 
and a quantity 6 such that || h(x) || < 6 on X,X_. These quantities, however, 
are uniformly bounded when e is restricted to a bounded set of values, for 
example 0 < ¢ < 1, and C is in the §, neighborhood of EZ with end-points in the 
9. neighborhood of the end-points of EF. Hence there exists an ¢ > 0 such that 
for 0 < ¢ < e all the quantities x — ¢, xm) — e{M) + 1+ 2d+d,}, 7 - eds(2dz 
+ d,) are positive. Let § = §%, NR = N. with O < € < @. Then for an 
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arbitrary admissible are C in § with end-points in 9% we have J[C] = J[E], and 
the equality sign holds if and only if 


o= [Rill o@) lila =X,-2=(||MX)||  (@=1,2), 


X1 
that is, if and only if C is identical with E. We have established, therefore, the 
conclusion of Theorem 6.1. 

As emphasized above, in the proof of Theorem 6.1 all the integrals involved 
may be taken as Riemann integrals. Now let § and 9% denote the neighborhoods 
determined above, and suppose that C:Y,(%) (Xi S x S X2) is an are in § 
whose end-values are in Jt and terminally admissible, while Y;(x) (¢ = 1, --+ , n) 
are absolutely continuous and satisfy gg[z, Y, Y’] = 0 almost everywhere on 
X,X». Interpreting the integrals as Lebesgue integrals we have as before that 
J(C] 2 J{E] and the equality sign holds if and only if C is identical with Z. 
It is to be remarked that for such ares C the integrals of the functions f[z, Y, Y’] 
and E[z, Y, y’ + u’,’ + u; Y’] may be equal to + ~. 

If in the proof of Theorem 6.1 use is made of integral inequalities similar to 
those introduced by Levi, instead of the inequalities of Section 5 suggested by 
McShane, then the extension of this theorem corresponding to that of the 
preceding paragraph is less general. It is then necessary to assume that the 
functions defining C are such that || Y’(zx) ||? is Lebesgue integrable. 

It is readily seen that the above method gives an expansion proof of Linde- 
berg’s theorem for a semi-strong relative minimum. Conclusion 1° of Theorem 
4.1 is not involved in this proof. Such an expansion proof of a semi-strong rela- 
tive minimum has been given by Levi [12] for the plane problem with fixed end 
points. 
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. Introduction. 
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_ Plateau’s Problem for one contour (k = 1). 

_ Plateau’s Problem for k contours. Preparations. 

. Solution of Plateau’s Problem for k = 2. 

. Plateau’s Problem for arbitrary k. 

_ Solution of Plateau’s Problem and the problem of least area based on conformal 


mapping. 


_ Plateau’s Problem for one-sided minimal surfaces and for minimal surfaces of 


higher genus. 


1. INTRODUCTION 


The construction of a surface of least area bounded by a given contour T in 
the 3-dimensional Euclidean 21, 22, x3-space is one of the classical problems in 
the calculus of variations.’ To formulate the problem analytically we suppose 
the surface under consideration represented by functions 2,(u, v) of two param- 
eters u, v (or by a vector r(u, v) with the xz, as components) in a given domain B 


of the u, v-plane with the boundary C; these functions shall be continuous in the 


closed domain B + C, have piece-wise continuous second derivatives in B and 
mapC on I. Then the problem requires us to minimize by one of these ad- 


missible functions the integral 


(1) 


where we have with the usual notations 


AG) = | [ viea — F) dude 


ree EQ): one ECR) 


Le Oy OXy 
au av 





F == Tut = 


This integral A(r) is invariant under ies transformations of the param- 
eters u, » and their domain B, which, if I is a simple Jordan curve, may be 


chosen as the unit circle uv +y<1. 
eS 


‘ 1 Cf, throughout this paper as a reference the excellent report by Radé “‘The problem of 
lateau,” Ergebnisse der Mathematik, II, 2, Berlin, 1933. 
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The Euler conditions of this variational problem form a system of non-linear 
partial differential equations in B with additional non-linear conditions, express- 
ing not only that the required surface is bounded by I, but also that it has 
mean curvature zero or is a “minimal surface.”’ Replacing the problem of least 
area by that of a minimal surface bounded by [—this problem is called Plateau’s 
problem’—one has to meet first the difficulty consisting in the non-linearity of 
the differential equations and second the difficulty consisting in the non-linearity 
of the additional conditions. Riemann and after him Weierstrass, H. A. 
Schwarz, Darboux and others have already entirely disposed of the first difficulty. 
By taking advantage of the freedom in the choice of the parameters one can 
linearize the differential equations of the least area problem. Suppose it is 
possible to introduce isometric parameters u, v on the surfaces S considered in 
our variational problem, i.e. parameters for which 


(2) E-—G=0; F = 0, 


or, in other words, parameters which correspond to a conformal mapping of the 
surface S on the u, v-plane. Then we have 


(3) A(t) = D(x) = Ds(r) 
with 
(4) pa) =4 ff (B+ @) dud = ff (2 + 2) dudo 


where D(r) is the classical Dirichlet integral. 
In general, if w and v are not necessarily isometric parameters, we have that 


A(r) S / I / EG du dv, and therefore 
B 


(5) A(z) = D(x), 
where 

(5a) A(r) = D(x) 
holds if and only if 

(2) E-G=F=0. 


Under the conditions (2) the Euler equations for A(z) = D(z) simply become 
linear: 


, .f 
6 A = . = <— —- 
(6) nails ( ae + =) 
or 
(7) Ar = 0 





2 On account of the famous experiments by Plateau. Cf. Radé, loc. cit. 
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This leads to the definition of a minimal surface as one for which, in a suitable 
representation, we have the linear differential equation 


Ar = 0 


parametric 
(7) 
with the additional non-linear conditions 


(8) E-G=F=0. 


In other words, Plateau’s problem requirés us to find a “‘notential vector’ 
r(u,v)in B+ C which gives a conformal mapping of B on a surface bounded 
by ae 

If we consider potential functions 2, as the real parts Rf,(u + iv) = Rf,(w) of 
analytic functions f,(w) of the complex variable w = u + i, it follows at once 


that 
(8" (E—G@) — 2F = Difi(w)F = ow) 


is an analytic function of w = wu + w for any potential vector r. The con- 
dition (2) that our potential surface S with Ar = 0 be a minimal surface can 
be expressed by 


(9) g(w) = 0. 


It may be remarked that the boundary conditions represent two non-linear 
relations between 2; , 2, 23 on C while the two additional relations (2) or (9), 
which have the appearance of two additional non-linear partial differential 
equations, amount to only one more requirement of the type of a boundary 
condition. For, since y(w) is an analytic function with any potential vector r, 
this function must vanish identically if its real part E — G has the boundary 
values zero and if in addition the imaginary part vanishes at one point. 

On this definition of a minimal surface Riemann, Schwarz, and others have 
based the solution of Plateau’s Problem for many interesting particular cases— 
thereby deviating from the calculus of variations as the starting point. More 
recently Garnier obtained a rather general result by pursuing the line of Rie- 
mann’s method. But it was crily by combining Riemann’s idea again with the 
viewpoint and with the method of the calculus of variations that eventually, 
in 1932, T. Radd and J. Douglas independently succeeded in giving a satisfacto- 
rily general existence proof.‘ 





* This linearization of the non-linear Euler equations corresponds exactly to that of the 
Euler equations of geodesic lines by choosing the arc length as parameter. Incidentally 
the linearization of the differential equations of a minimal surface is only a special case 
of amuch more general fact concerning quasi-linear partial differential equations of the 
second order in two independent variables (cf. Courant-Hilbert, Methoden der mathemat- 
‘schen Physik, vol. II, Chapter III, in press). 

* Quite a different approach to the problem of least area from that of the calculus of 
Variations was attempted by Lebesgue. More recently McShane has also pursued this 
line, and has established the solution for k = 1 under remarkably general conditions for 
the surfaces in competition. Cf. Rado’s report. 
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The merit of Douglas’s works extends beyond the solution of the original 
problem of Plateau. Apart from a somewhat greater generality with respect to 
admissible boundaries I and apart from his remark that the method applies to 
any number m of dimensions of the 2; , «++ , 2m-space he has attacked the prob- 
lem itself on a broader front. He envisaged the more general and much more 
difficult task of the construction of a minimal surface which is bounded by | 
given contours (Jordan curves) T;, +++ , T, and which has a prescribed topo- 
logical structure, e.g. is required to be one-sided or two-sided and to have a 
prescribed genus. Douglas has so far published a solution of the problem for 
two-sided minimal surfaces of the genus zero for k = 1 and k = 2 and also for 
one-sided surfaces of the type of a Moebius strip with k = 1. Moreover he has 
announced the publication of a solution in the general case.” 

Rado achieved his goal by first approximating to the lower bound of the 
integral A(r) by means of polyhedral surfaces and then by mapping these 
surfaces conformally on the unit circle. Douglas, on the contrary, lays much 
emphasis on avoiding the use of conformal mapping and rather on including 
Riemann’s mapping theorem as a consequence of the solution of Plateau’s 
problem for m = 2; i.e. for a two-dimensional r-space.° 

The representation of the minimal surface by a potential vector r and the 
consideration of the relationships (5) (5a) between A(r) and D(r) makes it 
plausible that r is the solution of the variational problem: To minimize the 
Dirichlet integral D(r) under the condition that r maps the circle B on a surface 
S bounded by I." This problem will be called Problem I. 

However, Douglas does not make such a variational problem of the classical 
Riemann-Dirichlet type the basis of his reasoning. Instead, from the beginning, 
he substitutes in the Dirichlet integral for r potential vectors solely and then 





5 Journal of Math. and Phys., vol. XV (1936) p. 55-64 and p. 106-123. The second of 
these papers gives more detailed information about the proof, which is based upon the 
theory of Riemann’s multiply-periodic 3-functions on a Riemann-surface. 

A complete reference to Douglas’ previous papers is included in his article “The problem 
of Plateau,’”’ Bull. Amer. Math. Soc. (1933) p. 227-251. 

° However, Douglas also applies the theory of conformal mapping of polyhedral surfaces 
to show that his solution gives the least area. 

7 If we assume the possibility of a conformal mapping on the unit circle for all surfaces 
admitted to competition in the original variational problem A(r) = min., then from our 
inequalities (5) and (5a) it follows immediately that the lower limits of A(r) and D(x) 
must be identical. Therefore, the solution of the problem for the Dirichlet integral also 
solves the original problem for the area and satisfies E — G = F = 0 in addition to Ar = 9, 
because for the solution x we have A(r) = D(r). This reasoning for k = 1 which plays an 
important réle in Radd’s proof was later emphasized also by Douglas “The mapping 
theorem of Koebe and the problem of Plateau,” Journ. of Math. and Phys. vol. X (1931) 
pp. 106-130. It is true that the initial assumption requires some discussion. But it can 
be verified in a rather elementary manner and with sufficient generality, even in the higher 
cases for k > 1, 
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transforms the integral D(r) by means of Poisson’s formula into his well-known 
functional, which contains only boundary values of r on C: 


1 [** (** [ee) — r@)F 
(0) miele, I I 4 sin? Ha — py 7 
where r(8) are the boundary values of r on C as functions of the angle 3. Now 
he starts with the problem of minimizing H(p) if all those vectors r on C which 
map C in a continuous monotonic way on I are admitted to competition. 

This ingenious departure from classical lines to a variational problem not 
implying derivatives makes it easy to establish the existence of a minimizing r. 
Thereby the complications in the method are shifted to the task of excluding 
harmful singularities from the solution and of identifying the solution with the 
boundary values of a potential vector satisfying (2). 

In the case of two contours where the generalization of the boundary func- 
tional H(r) becomes less elementary, these complications are more marked; 
and this certainly is true all the more in the case of more contours or of higher 
genus, where Douglas, according to his announcement, will make essential 
use of the theory of Abelian functions on Riemann surfaces of arbitrary genus, 
also considering their dependence on the moduli of the surface. 

To link Plateau’s problem with these deep and beautiful theories will be, 
when presented in detail, an achievement of highest interest. But it seems 
worthwhile to avoid the complications arising from the explicit expression by a 
boundary-functional, and rather to start directly with a Dirichlet Problem I 
as above, where the vectors x in competition need not be potential vectors.” 

The method which I thus have developed on the line of Dirichlet’s Principle 
not only solves Plateau’s problem and the most general problem formulated by 
Douglas for any number of contours and any prescribed topological type, in a 
very simple way, but it also allows us to solve Plateau’s problem in cases ap- 
parently not accessible to Douglas’ original method, in which parts of the bound- 
aries are free on prescribed manifolds of any dimension less than m. Moreover, 
other problems in geometry and hydrodynamics, not as yet solved, seem acces- 
sible to this method. 

The method consists essentially of two parts. In the first part the variational 
Problem I is solved. According to the fundamental Dirichlet Principle the 
solution must be a potential vector. In the second part the solution is shown, 
by variational methods, to satisfy the condition (9) characterizing a minimal 

*Radd (1.c.p. 86 ff) has already observed that in the case of one contour, by a reasoning 
based on such a variational problem, an alternative of Douglas’ proof of the relations 
E- G=F = (canbe given. Moreover, as also was noticed by Rado (l.c.p. 77), in exclud- 
ing the possibility of a degeneration from his solution, Douglas uses an argument equiva- 
lent to a reasoning which has been applied in some of my former papers on the Dirichlet 


principle and conformal mapping. In the present paper this reasoning is of basic impor- 
tance for the construction of the solution itself. Cf. Lemmas 5 and 6. 
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The merit of Douglas’s works extends beyond the solution of the original 
problem of Plateau. Apart from a somewhat greater generality with respect to 
admissible boundaries T' and apart from his remark that the method applies to 
any number m of dimensions of the 2 , --* , %m-space he has attacked the prob- 
lem itself on a broader front. He envisaged the more general and much more 
difficult task of the construction of a minimal surface which is bounded by k 
given contours (Jordan curves) T;, +++ , T' and which has a prescribed topo- 
logical structure, e.g. is required to be one-sided or two-sided and to have a 
prescribed genus. Douglas has so far published a solution of the problem for 
two-sided minimal surfaces of the genus zero for k = 1 and k = 2 and also for 
one-sided surfaces of the type of a Moebius strip with k = 1. Moreover he has 
announced the publication of a solution in the general case.” 

Rado achieved his goal by first approximating to the lower bound of the 
integral A(r) by means of polyhedral surfaces and then by mapping these 
surfaces conformally on the unit circle. Douglas, on the contrary, lays much 
emphasis on avoiding the use of conformal mapping and rather on including 
Riemann’s mapping theorem as a consequence of the solution of Plateau’s 
problem for m = 2; i.e. for a two-dimensional r-space.° 

The representation of the minimal surface by a potential vector rx and the 
consideration of the relationships (5) (5a) between A(r) and D(z) makes it 
plausible that r is the solution of the variational problem: To minimize the 
Dirichlet integral D(r) under the condition that r maps the circle B on a surface 
S bounded by [."_ This problem will be called Problem I. 

However, Douglas does not make such a variational problem of the classical 
Riemann-Dirichlet type the basis of his reasoning. Instead, from the beginning, 
he substitutes in the Dirichlet integral for r potential vectors solely and then 





> Journal of Math. and Phys., vol. XV (1936) p. 55-64 and p. 106-123. The second of 
these papers gives more detailed information about the proof, which is based upon the 
theory of Riemann’s multiply-periodic 3-functions on a Riemann-surface. 

A complete reference to Douglas’ previous papers is included in his article “‘The problem 
of Plateau,’’ Bull. Amer. Math. Soc. (1933) p. 227-251. 

° However, Douglas also applies the theory of conformal mapping of polyhedral surfaces 
to show that his solution gives the least area. 

7 If we assume the possibility of a conformal mapping on the unit circle for all surfaces 
admitted to competition in the original variational problem A(r) = min., then from our 
inequalities (5) and (5a) it follows immediately that the lower limits of A(r) and D(z) 
must be identical. Therefore, the solution of the problem for the Dirichlet integral also 
solves the original problem for the area and satisfies EH — G = F = 0 in addition to Ar = 9, 
because for the solution r we have A(r) = D(r). This reasoning for k = 1 which plays an 
important réle in Radd’s proof was later emphasized also by Douglas ‘‘The mapping 
theorem of Koebe and the problem of Plateau,” Journ. of Math. and Phys. vol. X (1931) 
pp. 106-130. It is true that the initial assumption requires some discussion. But it can 
be verified in a rather elementary manner and with sufficient generality, even in the higher 
cases for k > 1. 
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transforms the integral D(x) by means of Poisson’s formula into his well-known 
functional, which contains only boundary values of r on C: 


1 f** (* [ele) — x) 
t) H@) = 7 I f 4 sin? Ha — 6) “* 
where x() are the boundary values of r on C as functions of the angle 8. Now 
he starts with the problem of minimizing H(r) if all those vectors r on C which 
map C in a continuous monotonic way on I are admitted to competition. 

This ingenious departure from classical lines to a variational problem not 
implying derivatives makes it easy to establish the existence of a minimizing r. 
Thereby the complications in the method are shifted to the task of excluding 
harmful singularities from the solution and of identifying the solution with the 
boundary values of a potential vector satisfying (2). 

In the case of two contours where the generalization of the boundary func- 
tional H(r) becomes less elementary, these complications are more marked; 
and this certainly is true all the more in the case of more contours or of higher 
genus, where Douglas, according to his announcement, will make essential 
use of the theory of Abelian functions on Riemann surfaces of arbitrary genus, 
also considering their dependence on the moduli of the surface. 

To link Plateau’s problem with these deep and beautiful theories will be, 
when presented in detail, an achievement of highest interest. But it seems 
worthwhile to avoid the complications arising from the explicit expression by a 
boundary-funectional, and rather to start directly with a Dirichlet Problem I 
as above, where the vectors r in competition need not be potential vectors.” 

The method which I thus have developed on the line of Dirichlet’s Principle 
not only solves Plateau’s problem and the most general problem formulated by 
Douglas for any number of contours and any prescribed topological type, in a 
very simple way, but it also allows us to solve Plateau’s problem in cases ap- 
parently not accessible to Douglas’ original method, in which parts of the bound- 
aries are free on prescribed manifolds of any dimension less than m. Moreover, 
other problems in geometry and hydrodynamics, not as yet solved, seem acces- 
sible to this method. 

The method consists essentially of two parts. In the first part the variational 
Problem I is solved. According to the fundamental Dirichlet Principle the 
solution must be a potential vector. In the second part the solution is shown, 
by variational methods, to satisfy the condition (9) characterizing a minimal 
ee 

* Rado (1.c.p. 86 ff) has already observed that in the case of one contour, by a reasoning 
based on such a variational problem, an alternative of Douglas’ proof of the relations 
E- v= F = Qcanbe given. Moreover, as also was noticed by Rado (l.c.p. 77), in exclud- 
ing the possibility of a degeneration from his solution, Douglas uses an argument equiva- 
lent to a reasoning which has been applied in some of my former papers on the Dirichlet 


principle and conformal mapping. In the present paper this reasoning is of basic impor- 
tance for the construction of the solution itself. Cf. Lemmas 5 and 6. 
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surface. The domain B of the parameters u, v for r(u, v) in all cases can be 
supposed as bounded by circles, one-sidedness or higher genus being taken care of 
by proper coordination of certain boundaries. (Also other types of domains 2 
are suitable, and even, in case of higher genus, sometimes preferable.) The 
variational problem is dealt with, on the basis of elementary lemmas. In the 
case k > 1 or for higher genus etc. some additional conditions are required to 
prevent degeneration of the domain B. 

For the task of the second part two essentially different methods are offered. 
On the one hand one can avoid any use of theorems on conformal map- 
ping in which case the condition EH — G = F = 0 appears as a “natural boundary 
condition,” arising by suitable variations with respect to the degree of freedom 
left in the boundary representation, and in higher cases by additional variation 
with respect to the domain B. For m = 2 then, indeed, general theorems on 
conformal mapping result as special cases. 

On the other hand for the second part one can use a quite different method 
based on simple, but general theorems on conformal mapping of domains in the u, 
v plane, bounded by Jordan curves. By consenting to the use of those slightly 
less elementary tools one can simplify the task of the second part considerably. 

Rado’s and Douglas’s methods yield a minimal surface which at the same time 
has the least possible area under the prescribed conditions. The same is true 
for the method presented in this paper. However there exist in many cases 
minimal surfaces with given boundaries which do not furnish the least possible 
area (e.g. the catenoid, if the endpoints of the generating curve are nearly 
conjugate). As was first noticed by Max Shiffman’ such cases of relative minima 
are also accessible to the method of this paper. 

An outline of the method has already been published.” In the present paper 
the problem for k contours and genus zero is treated in full detail with the first 
method avoiding conformal mapping in §§3, 4, 5, 6. The second variant based 
on theorems on conformal mapping is given in §7; how the method applies to the 
case of higher genus and to the case of onesided minimal surfaces is discussed in 
§8. The proof of a mapping theorem used in §7, the detailed discussion of the 
topological degenerations of the domains B used in §8, the amplification for the 
case of free boundaries and other applications and extensions of the method are 
deferred to subsequent publication. 


2. PRELIMINARY LEMMAS ON THE DrRICHLET INTEGRAL 


1. Boundary value problem and minimum of the Dirichlet integral. We 
suppose that we can solve the boundary value problem of the potential equation 





* Cf. a subsequent publication and footnote 24. 

10 Proceedings of the Natl. Acad. of Sciences, vol. XXII (1936) pp. 367-372, 373-375. 
Douglas’s notes indicating his method for the general case of a prescribed topological 
structure (see footnote 5) were either published or submitted to the editors while my com- 
munications were in proofs. Therefore it seems fitting to state expressly that my publica- 
tions do not contest Douglas’s claim to priority. 
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Ap(u, ») = O for a domain B in the u, v-plane bounded by k circles C; , «++ , Cx 
or, what is equivalent, that we know Green’s function for such a domain. For 
; = 1 the solution is given by the elementary Poisson integral. We further 
consider as known” the following 

Lemma 1. Let the function q(u, v) range over the set of all functions continuous 
in the domain B and on its boundary, having piecewis NPE nat: devine 
tives in B, and assuming prescribed boundary values on the boundary C,, +--+ , Cx. 


Let the Dirichlet Integral 
D(q) = II (qi. + a2) du dv 
B 


admit finite values. Then the minimal value d = d(B) of D(q) is attained for and 
only for the function g = p, which solves the corresponding boundary value prob- 
lem of Ap = 0. 


Lemma la. Let the domain B have an additional circular boundary C*. Let 
the function q(u, v) satisfy the same conditions as in Lemma 1 for Band C,, --- , 
(., but with no boundary values prescribed on C*. Then the minimal values 
d, of D(q) is attained for and only for the potential function q = p, , which has the 
prescribed boundary values on C,, ++: , Cy and has a vanishing normal deriva- 
tiveon C*. We have D(p.) = d, = d,(B). 

Here d, = d,(B) refers to the minimum with respect to the prescribed bound- 
ary values on C, , Cp +--+ C;, and, in addition, arbitrary values on C*. 

The function p, can be obtained as the solution of an ordinary boundary value 
problem for a circular domain consisting of B and the image of B by reflection 
on (*, whereby boundary points corresponding by reflection carry the same 
boundary values. 

We add the remark: The statement subsists if instead of functions q, p 
vectors 3, x are substituted in the Dirichlet Integral. 

The following lemma (not used for solving Plateau’s Problem in the simplest 
case k = 1 in §3) states that in the variational problem D(q) = min = d or 
D(q) = min = d, the lower limit d or d, is not noticeably affected, if we restrict 
the range of competition for g by imposing the condition that q shall vanish (or 
be constant) in a point set contained in a sufficiently small neighborhood of a 
fixed point P of B. 


Lemma 2. If d isthe lower limit of d(B) or d,(B) asin Lemma 1 or laand d, the 
same lower limit under the additional condition that q vanishes on a prescribed point 


Se LL LS 


uA simple proof can be found e.g. in Hurwitz-Courant, Funktionentheorie, 3rd ed. 
Berlin, 1930, part 3 and in Courant-Hilbert, Methoden der mathematischen Physik, Bd. II, 
Chapter 7, §1 (in press). 

“A function is called piecewise-continuous in B, if it is continuous except for isolated 
points and a finite number of ares of curves with continuous tangents in B where it may have 
discontinuities of the first kind. 
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set A inside a circle C, of radius r = € around P, then we have lim... d. = d, and 
more precisely d S d, S$ d + a(e), where o(e) is a quantity depending only on ¢ and 
tending to zero with e. This relation holds uniformly for all boundary values for 
which |q| < M with fixed M. 

The same is true tf B contains the point at infinity, C. denotes a circle of radius 
1/¢ around the origin and the point set A lies outside C, . 

Proor. We certainly have d, = d because the minimum problem defining d, 
originates from that defining d by the addition of new restrictions, thus narrow- 
ing the range of competition. We have to show that for sufficiently small ¢ 
functions gq. can be found for which the additional condition is satisfied and for 
which D(q.) < d + ¢, where o = o(e) can be chosen arbitrarily small. Indeed, 
if p is the function in the original problem for which D(p) = d we obtain from p 
another function q satisfying the additional conditions by putting ¢.(u, v) = pr 
where in polar coordinates, r being the distance from the point P, we have” 


rir) = 0 for rSe 


r(r) = 1 for r= ~Ve 


2 r 
ee dl <r< 
r(r) too - for ex<rs ve. 
We have further 
D(r) = ngs —0, as e—0 
log € 


and 
D(q.) = D(p) + D'(pr) 


where the symbol D’ denotes that the Dirichlet Integral is to be extended over 
r = Ve. Considering the inequalities | +| < 1; |p| < M and using the in- 
equality 


[D(g, YI - [ff (Guu + PvWv) dudv}’ 
< [Jf (cuba | + | Gove |) dude}? 


Ss Div) Di) 
we find from 


D'(pr) = / / 4 (pi + ps)dudv + / i p(r, + 72) dudv 
rSve rSve ; 


+ ff PT(PuTu + Potr) dudv 
rsve 





13 If P is the point at infinity we choose with polar coordinates around the origin 
t(r) = O for r = 1/e; r(r) = 1forr < 1/Ve 
t(r) = — 2 log (re)/log ¢ for 1/e = r = 1/Ve 
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that 
D'(pt) < D'(p) + M’D'(r) + 2M[D'(p) D'(7)} 
but forr < Ve we have | pu | S M/h; | p. | S M/h where h is an upper bound 
‘or the distance between the circle C, and the boundary circles C,."* 
Hence it follows that 


4 M’4r  M’4 
Di(pr) & Fyre — Toot + EH [e/log (1/3! = o(@ 





and 
D(qe) = D(p) + o(e) = d + ofe) 


as was stated. 


The same consideration also proves the lemma for the case of the boundary 
value problem for vectors. 

Astatement corresponding to Lemma 2, only pointing in the opposite direction 
(and also not used for the case k = 1 of Plateau’s Problem in §3), is the following 


Lema 3: With the notation of Lemma 2 we consider for the domain B — K, = B,, 
where K, is the circular domain r S ¢ bounded by C, = C%, the lower limit d,(B.) of 
D(q) if q has the same properties as in Lemma 1 and Lemma 2, but if nothing 
about q is prescribed on the boundary C,. 

Then there exists a quantity o(€) depending only on «€ with o(e) > 0, as e > 0 
such that 


d(B.) 2 d(B) — o(e) 


for all boundary values of q equally bounded by | q| = M. 

In other words: Leaving out from the domain B the circular domain K, and 
permitting to the functions q arbitrary values at the new boundary C, of B. = B — K. 
does not improve the lower limit noticeably, if € is small enough. 

Proor: In the notation of Lemma 1 and Lemma la we have to show 


. min Ds,(q) = Ds,(p.) = do(B.) = d(B) — o(e) = Ds(p) — o(e) 
o(e) > 0 for «— 0, 


where p, is the potential function regular in B, having on the circles C, the 
preseribed boundary values and on C, = C* vanishing normal derivatives. 

We put p + » = p,; :p is the potential function regular in B, having the 
prescribed boundary values and D(p) = d. OnC,wehavev = 0. Further 


Ds,(po) = Ds,(p) + Ds,(v) — 2 | oP ds 





Sone Here and later we are making use of the fact: If the absolute value of a potential func- 
tion is less than M on a circle of radius h in which the function is regular, then the deriva- 
tives in the center have an absolute value less than M /h. 
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where @/dr means the normal derivative and s the are length on C,. The 
potential function p being regular throughout B, we have everywhere | p| < 
and therefore on C, : 

\dp| . M 

|< 
where h again is an upper bound for the distance of C, to C, .” 


2M and 


Further | » | < 


Ds(p) = d — Dx,(p) = d — 2xe M*/h’ 
because in K, we have 
Pu + Py < 2M°/h’. 
Therefore 
Ds.(po) > d — a(e) 


with o(e) = 2ae M’/h’ + 4a M’/h which proves our lemma. 


Obviously the same lemma holds for potential vectors instead of functions. 
We further shall need the following very elementary remark: 


Lemma 4. Let p(d) be a non-negative piecewise continuous function in the 
intervalO Sa SdrS bd with 


[ p(ajdra = M. 


with « = M/log t, so that € can be chosen arbitrarily small, not depending on p(d) 
but ony on the bound M, if t becomes sufficiently large. 

In particular we may choose, in applying this lemma, a = 4; ta = V5, t = 
1/6 and make 6 sufficiently small to obtain a prescribed small e, provided 
that a is small enough. 

Proor. Ifina < \ S tawe had p(d) > e/d it would follow that 


Then there exists in every subinterval a S dX S ta a value Xo for which p(ro) S €/o 


ta 
J p(A)d\ > elogt = M. 


A consequence of basic importarice for our treatment of Plateau’s Problem is 
the following 


Lemma 5. Suppose that in a domain B of the u, v-plane bounded by k circles 
C,,-++, Cy the vector r(u, v) is continuous in the domain and on its boundaries C,, 
has piecewise continuous first derivatives in B, has the bound M for the Dirichlet 
Integral: D(x) < M and maps the circles C, , «++ , Cy in a continuous way respec- 
tively on k prescribed Jordan curves T,,-+-+- , Ty in the m-dimensional t-space. 





18 See footnote 14. “ 
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Let 0 be a point in B or outside B, C, the part of the circle with radius r around O 
lying in B. Then there exists for every sufficiently small 5 a value rp with 6 S mm S V6 
wo that on every connected arc of C,, the oscillation of the vectors x does not exceed 
the quantity 

(5) = [44M /| log 6 |}? 


(In this the oscillation of x is counted as zero if there exists no arc of C, in B.) 

In particular, for O on C and 6 so small that C, consists of a single arc, there 
exist two points A1,A2onC at the same distance r. from O with | r(A1) — r(As) | S €(6). 

We note that « only depends on the bound M and 6 and that therefore our lemma 
applies uniformly to all vectors x with D(x) S M and all domains B. 

It may also be noted, that exactly the same lemma and the same proof hold, if B 
is any domain in the u, v-plane bounded by Jordan curves, not necessarily circles. 

Proor. Because of the supposed continuity of r in B and on the boundaries it 
is sufficient to prove our lemma not for B but for a subdomain B’ bounded by 
circles concentric to the circles C, and arbitrarily near to them. Then for B’ 
the domain integral D(x) can be written as a double integral. By again using 
the notation B, C instead of B’, C’ we consider with polar coordinates 7:3 around 


0 and with s = rd, 
p(r) = J tids 
Cr 


and define p = 0, if the circle of the radius r has no arc in our domain. Now 
we certainly have 


[ p(r)dr S Dit) SM 


where a and b are arbitrary limits. Taking a = 6 and b = V6 we find for two 
arbitrary points P and Q on C, by means of Schwarz’s inequality 


[ rt, ds 


Hence on account of Lemma 4, (r(P) — r(Q))” S ¢ for a suitable value r = 7% 
with e = [4rM/| log 6 |]. 


\x(P)- 2Q)/ s < aar tids = 2nrp(r). 








Lemma 5 does not require the continous curves I’, to be curves without mul- 
tiple points (Jordan curves). 

From Lemma 5 we infer easily another lemma 6 which will be very essential 
for our further reasoning. This Lemma, however, requires the curves I’, to be 
Jordan curves because in its proof the following property of a Jordan curve will 
be used: For a Jordan curve I there exists a function n(e) with n(e) > 0 for 
‘> 0,so that any two points on I with the distance less than e are endpoints 
of an are of T with the diameter not exceeding n(). 
lt refers to a sequence of vectors ti, f2,°** , In, *** Satisfying the assump- 
tions of lemma 5 and mapping C, on a Jordan curve I, in a monotone contin- 
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uous way. Such a sequence is called equicontinuous on the boundary circle 
C, of B if for any pair of points P, Q on C, with distance less than 4 we have 
| rn(P) — xn(Q) | < «(6) where ¢(6) — 0 for 5 — 0 and e(5) independent of xn. 
If the sequence is not equicontinuous on C, there exists at least one point R of 
non-equicontinuity on C,; that is, there exists on C, a sequence of points P,, and 
of points Q, both converging to a point # and a positive constant a, such that 
| tn(Pn) — tn(Qn) | > a@ for infinitely many n. By choosing a suitable sub- 
sequence and denoting it again with x, we may assume that this inequality 
holds for all n. Now we state 


A 

















Fias. 1A and 1B 


Lemma 6. Let R on C, be a point of non-equicontinuity for the sequence of 
vectors t, which satisfy the assumptions stated above. Let D(tn) < M be equally 
bounded by the bound M. Let b be a fixed arc on C, with the endpoints A, B con- 
taining the point R but otherwise arbitrarily small and let b’ be the complementary 
arc of C,. Then at least for a subsequence t, the image B of b defined by tp will 
cover all I, , except for an arc B’ whose diameter tends to zero as n increases. 

In other words: The mapping of C, on I, by rz tends to a degeneration in such a 
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way that any small neighborhood of a point R is mapped on nearly the whole closed 
curve T',. 

Proor. By Lemma 5 there are for every n on C,, e. g. on C;—for 6 as small 
aswe please—two points P, Q (depending on n) at the same distance 7» from 
R with 6 S ro < Vd such that 


| za(P) — tn(Q) | < (6) = [24M/| log 5 |f*. 


The images P’ and Q’ of P and Q on I; therefore divide I, into two ares 
3and B’ one of which has a diameter less than n(e) and therefore less than any 
prescribed quantity as soon as 6 is small enough. Now after choosing 6 we 
choose n so large that the distance of the points P, and Q, described above, 
from R is less than 6. Since 8, as the image of the arc P R Q, must for fixed 6 
and sufficiently large n be contained in the image 8 of b and since the diameter 
of Bexceeds a we have that the diameter of the image 8’ and all the more the 
diameter of the image f’ of b’ is less than 7 and tends to zero with 4; q.e.d. 


CoroLLaRy. The same lemma and the identical proof hold if the vector r,, does 
not map C, on a fixed curve T,, but on a continuous curve T'S" which tends to the 
Jordan curve 1, with increasing n."*° This convergence must be such that if two 
points A,, B, of I$" tend to two points A, B of I, then the points in the 
are A,B, on T'S” must also tend to the points of the corresponding arc AB on 
T, (“strong” convergence); but the curves I'S"? need not necessarily be simple 
curves without multiple points. They may form loops which, of course, disap- 
pear in the limit. 

Further it may be remarked that the same lemma holds if the vectors r, 
do not belong to a fixed domain B, but to a circular domain B™ which con- 
verges to a circular domain B. 


3. PLATEAU’S PROBLEM FOR ONE Contour (k = 1) 


1. The variational problem. We start with the following 


ProsteM I. Let T be a prescribed Jordan curve in the m-dimensional x , «-- , 
Tm-space (or x-space); let a surface S bounded by T be given in parametric vector- 
representation by a vector x(u, v) in the unit circle B of the u; v-plane with the 
boundary C, such that x is continuous in B + C, maps C in a continuous and 
monotonic way on T', and has piecewise” continuous first derivatives in B. We 
further suppose that under this condition the Dirichlet Integral 


D(z) = 4 J [ (x. + 25) dudv 


ee tal 


That is, each point of ') has an arbitrarily small distance from I if n is sufficiently 
arge, 


" See definition in footnote 12. 
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is capable of finite values."* Then we ask for a vector x for which D(z) = d attains 
the lower bound d. 

We observe: The Dirichlet Integral D(x) is invariant under conformal mapping. 
Hence all the corresponding problems for other domains B’ conformally equiva- 
lent to B are equivalent. E.g. we may, by a linear transformation, transform 
the unit circle into itself so that three given points on C are coordinated to three 
fixed points on T. Accordingly we shall assume in the following that this three 
point condition is satisfied for the vectors r under consideration. 


2. Solution of Problem I. Without knowing a priori whether a solution of 
Problem I exists we are sure of the existence of a minimizing sequence 1,, 
te, ++: of admissible vectors for which D(r,) — d for n — © while always 
D(t,) 2d. Therefore certainly these Dirichlet integrals are bounded. Now 
we state: The boundary values of the vectors r, are equicontinuous. Indeed, 
otherwise, after the choice of a suitable subsequence, we would have a point R 
of non-equicontinuity on C. But this, by Lemma 6 contradicts the three-point- 
condition, because this condition excludes the possibility of an arbitrarily small 
arc b of C being mapped on the whole curve I except for an arbitrarily small 
segment. 

On account of the equicontinuity we can choose a subsequence of the r, 
—again called r,—which converges uniformly on the boundary C. 

With these boundary values we solve the boundary value problem of the 
potential equation Ar = 0 for B and thus obtain a sequence of potential vectors 
having the same boundary values as the r, and having, on account of Lemma | 
in §1, Dirichlet Integrals not exceeding D(r,). 

Since the new potential vectors also are admissible vectors in our Problem I 
they form all the more a minimizing sequence which we again may call n, 
te,°**. The uniform convergence of the boundary values of these vectors 
implies the uniform convergence in B + C of these vectors to a potential vector. 
Thus, a limit vector r = limn.,, Yn is defined, satisfying the conditions of Prob- 
lem I, and Ar = 0in B. Ineach concentric circle the derivatives of r, converge 
uniformly towards the derivatives of r. Denoting by D, the Dirichlet Integral 
for a concentric circle of radius r < 1 we have therefore for the admissible vector t 
Now letting r tend to 1, we obtain at once D(z) S d, and, since the inequality 
sign < would be in contradiction to the assumption that d is the lower bound, 
we have D(r) = d. That is: r solves Problem I. 





18 This is certainly true if I consists of a finite number of arcs with continuous tangents. 
—Since later d will be recognized as the least possible area spanned by I the condition 
amounts to the existence of a surface of a finite area bounded by I'.—By a simple passage 
to a limit, Douglas has shown that Plateau’s Problem can be solved even if this condition 
is not satisfied. 
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Incidentally, by the same reasoning and referring to the corollary of Lemma 
6 we conclude: The lower limit d depends on the boundary T in a lower semi- 
continuous way. That is: if the curves r tend to I with e— 0 in the strong 
sense and if d(e) is the corresponding lower limit for I then 
(13) d S lim. inf. d(e). 


e—0 


3. The solution r defines a minimal surface. The potential equation Ar = 0° 
is Euler’s equation belonging to Problem I. The prescribed mapping of the 
boundary amounts to two boundary conditions. We shall show that the 
remaining degree of freedom in the boundary values leads to a “natural boundary 
condition” which expresses the character of the surface S as a minimal surface. 

In exploiting the minimizing character of the vector r we need not observe the 
three-point condition, nor the potential character of rt.” Therefore we may 
substitute in the Dirichlet Integral instead of r another vector 3 defined by 
means of concentric polar coordinates r, @ as follows: 3(r, 8) = x(r, ¢) with 
y=0+ a&(r, 8). Here X(r, #) is an arbitrary function with continuous first 
and second derivatives in B + C, € a small parameter. Certainly 3 satisfies 
the condition of Problem I and therefore we have D(z3) = d. Now D(3) can be 
expressed in the following way by r, ¢ instead of r, # as independent variables, 
ifr = r(r, ¢) is substituted: 


1 2x 
2D()) = i I (+ 4a5) rand 
0 0 r 


et ass 2 1 2 2 rdrdg 
-[ {(ee+ aves + (1 + eds) i}. rete 


1 f2r 1 Qr 
1 1 
* I [ (x i 18) rdrdy + « [ [ {2\t ty + do (2 re — :)} rdrdg 
0 Jo r 0 Jo r 


+R. 





Here, the first term is equal to 2d. The coefficient R of ¢ remains bounded as is 
easily seen by Schwarz’s inequality. Therefore we infer from the condition 
D(3) 2 d, by passing to the limit « — 0, that the coefficient of e: 


1 2r 2 
[ [ {2 trfy +o (1 - £)} rdrdg 
0 0 - 


tends to zero with «. Again using Schwarz’s inequality, for a boundary strip 
¢SrS 1 and realizing that ¢ tends to & for e — 0 we obtain the relation 


p 2x 2 
lim [ [ {2 TIrts + ror(E — :)} drd3 = 0 
e>1 Jo Jo i 


“For this concept ef. Courant-Hilbert, Methoden der mathematischen Physik, vol. 1 
(1931), chapter IV, §5. 


" Cf. for the following Rado, l.e.p. 96ff. (See also footnote 8.) 
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where the limit is uniform with respect to all functions X, for which | |, | \, |, | do | 
are equally bounded. This equation, by the usual product integration of the 
calculus of variation and on account of the potential equation Ar = 0 is im- 
mediately transformed into 


2r 
(14) lim Mr, ®)rz-tedd = 0. 
rl 0 
"Now, from the definition of the analytic function of w = u + iv 
y(w) = (tu — itv)’ = (E — @) — iF = Dif) 
B 


by introducing log w as new independent variable we find 


wiy(w) = x ( Ue ) => (+2 - iat). 


d log w : ar av 





Hence, if the symbol $ denotes: “imaginary part,” 
—2rrte = S(w'e(w)) = plu, ») = p(r, 8) 


is a potential function in B, and the equation (14) or 
2r 
(15) [ Mr, #)p(r, 8)dk 0, asr—l, 
0 . 


states that any linear combination of the values of this potential function p ona 
circle with the radius r tends to zero as r tends to 1; from this, since the value of 
the potential function p in any fixed interior point Q: (7o, %) is such a linear 
combination we conclude that p vanishes identically in B. Precisely, we choose 
for A(r, &) a function which vanishes identically in the neighborhood of Q and 
is, for r sufficiently near to 1, identical with the normal derivatives of Green’s 
function for the concentric circle having Q as singularity (Poisson’s kernel): 


2 2 
yy = % 1 


A= } 
2r = r?- — 2rro cos (F — do) + 7?’ 





then the equation (15) immediately becomes lim p(Q) = 0, that is p(Q) = 
p(u, v) = 0 everywhere in B. 

Since the imaginary part p of the analytic function w’g(w) vanishes, this 
function is real and constant in B: w’y(w) = const = c or g(w) = c/w. But 


y(w) is regular at w = 0 and therefore we have c = 0 or g(w) = 0, which ex- | 


presses the character of S as a minimal surface. Therewith Plateau’s Problem 
for k = 1 is solved. 

Once more it may be emphasized that the vector r(u, v) defines a conformal 
mapping of the unit circle on the minimal surface S. 


Further: The minimum value d of the Dirichlet Integral is equal to the area of & 


the minimal surface S. 
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4. Theorems on continuous dependence. The following ApproxmMaTION 
Tarorem proved by Douglas and Rado” is an immediate consequence of the 
preceding theory: 

If the Jordan contours r@ converge with « — 0 to a Jordan contour T in the 
strong sense and if r spans a minimal surface S, whose area d, is bounded by a 
quantity M not dependent on e, then there exists a limiting minimal surface S 
bounded by T with an area not exceeding the lower limit of d, . 

For, let x. be the minimizing vector which maps the unit circle B conformally 
on S, and satisfies a suitable three point condition then by No. 2 the equi- 
continuity of the vectors x, is established. Hence a subsequence of the x, can 
be chosen which converges uniformly to a potential vector r mapping B “ a 
surface S bounded by [. In this passage to the limit the relations E — G = 
F = Qare preserved. The relation D(r) S lim inf d, follows exactly as in No. 2 

In general we can, with respect to the lower limits d, state only lower seeni- 
continuity, and not continuity, in their dependence on the boundary. But 
under suitable restrictions concerning the convergence of I to T the lower 
limit d can be shown to be continuous by a simple direct reasoning. 

Continuity THEOREM. Let 


, 
ti = % + E(t, +++ Lm) (¢ = 1, +--+ m) 
be a transformation of the r-space into the r'-space with 
e 
lé| Se, ds Se 
OX, 








benferming T into I’ and the minimizing vector x belonging to T into another 
vector t continuous in B + C, with piecewise continuous first derivatives in B and 
mapping B on a surface bounded by YT’. Let the lower limits belonging to T and 
I respectively be d and d’. Then we have d' S d(1 +5), withd = (1+ me)’ — 1 
tending to zero with e. 

Proor. On account of Schwarz’s inequality we have 


D(t’-— x) = > i / (= ~ ars) 4 (= - *28) dude < méD(z). 


k Ox, Ou k OX, Ov 








Hence 
(VD(z’) — VD(zx))’ S m’eD(x) 
and therefore because of D(r) = d, D(r’) = d’ we have d’ < (1 + m 6)’d. 


pring mapping theorem. As Douglas has observed, the result of No. 3 
curve in the ! — as! 2, (@%1 = 2, % = y) when I is a Jordan 
mapping of rh Y-P me, Riemann’s mapping theorem: There exists a conformal 
poles e unit circle of the w-plane on the interior of a Jordan curve T in the 
Sy 


| For reference g Vv 
ee Rado’s report. Douglas also proved a more ge 1t y 
the wes arse fs rn Sh p general theorem, where 
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where the limit is uniform with respect to all functions d, for which | |, | d,|, |X | 
are equally bounded. This equation, by the usual product integration of the 
calculus of variation and on account of the potential equation Ar = 0 is im- 
mediately transformed into 


2r 
(14) lim Mr, Prt-tedd = 0. 
0 


rl 


“Now, from the definition of the analytic function of w = u + iv 
g(w) = (tu — ite)” = (EF — G) — UF = De fi(w)P 
BL 


by introducing log w as new independent variable we find 


d log w iz ar av 





Hence, if the symbol $ denotes: ‘imaginary part,” 
—2rzto = 3(w'e(w)) = plu, ») = p(r, 8) 


is a potential function in B, and the equation (14) or 
2r 
(15) [ Ar, F)p(r, F)dk 0, asr—l, 
0 . 


states that any linear combination of the values of this potential function p ona 
circle with the radius r tends to zero as r tends to 1; from this, since the value of 
the potential function p in any fixed interior point Q: (7, 3) is such a linear 
combination we conclude that p vanishes identically in B. Precisely, we choose 
for A(r, &) a function which vanishes identically in the neighborhood of Q and 
is, for r sufficiently near to 1, identical with the normal derivatives of Green’s 
function for the concentric circle having Q as singularity (Poisson’s kernel): 


2 2 
_f —%% 1 


X e 
2r =r? — 2rro cos (& — Bo) + 7?’ 





then the equation (15) immediately becomes lim p(Q) = 0, that is p(Q) = 
p(u, v) = 0 everywhere in B. 

Since the imaginary part p of the analytic function w’¢(w) vanishes, this 
function is real and constant in B: w’g(w) = const = ¢ or g(w) = c/w. But 
¢(w) is regular at w = 0 and therefore we have c = 0 or g(w) = 0, which ex- 
presses the character of S as a minimal surface. herewith Plateau’s Problem 
for k = 1 is solved. 

Once more it may be emphasized that the vector r(u, v) defines a conformal 
mapping of the unit circle on the minimal surface S. 

Further: The minimum value d of the Dirichlet I ntegral is equal to the area of 
the minimal surface S. 
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4. Theorems on continuous dependence. The following ApproxmMaTION 
TaroreM proved by Douglas and Rado” is an immediate consequence of the 
preceding theory: ms 

If the Jordan contours T“’ converge with « — 0 to a Jordan contour T in the 
strong sense and if r spans a minimal surface S, whose area d, is bounded by a 
quantity M not dependent on e, then there exists a limiting minimal surface S 
bounded by T' with an area not exceeding the lower limit of d. . 

For, let r. be the minimizing vector which maps the unit circle B conformally 
on S, and satisfies a suitable three point condition then by No. 2 the equi- 
continuity of the vectors x, is established. Hence a subsequence of the r, can 
be chosen which converges uniformly to a potential vector rx mapping B on a 
surface S bounded by T. In this passage to the limit the relations EH — G = 
F = Oare preserved. The relation D(r) S lim inf d, follows exactly as in No. 2. 

In general we can, with respect to the lower limits d, state only lower semi- 
continuity, and not continuity, in their dependence on the boundary. But 
under suitable restrictions concerning the convergence of I to I’ the lower 
limit d can be shown to be continuous by a simple direct reasoning. 

ContINvITY THEOREM. Let 


a; = tj + (a, +++ tm) (i = 1,-++ m) 
be a transformation of the r-space into the x’-space with 
0&; 
| &: | Se, Se 








transforming T into I’ and the minimizing vector x belonging to T into another 
vector x’ continuous in B + C, with piecewise continuous first derivatives in B and 
mapping B on a surface bounded by TY’. Let the lower limits belonging to T and 
I" respectively be d and d’. Then we have d’ < d(1 +8), withd = (1+ me)’ — 1 
tending to zero with e. 

Proor. On account of Schwarz’s inequality we have 


a dé; d2.\" df; O2x\" 2 
mE GE a) ee) amen 


Hence 





(VD(z') — VD(x))’ S m’€D(x) 
and therefore because of D(r) = d, D(r’) = d’ we have d’ S (1 + m 6)'d. 


d. Riemann’s mapping theorem. As Douglas has observed, the result of No. 3 
Contains, for the special case m = 2, (a, = x, 22 = y) when TI is a Jordan 
curve in the x, y-plane, Riemann’s mapping theorem: There exists a conformal 
oe of the unit circle of the w-plane on the interior of a Jordan curve T in the 
» Y-plane. 
$$$, 


4 " For reference see Radd’s report. Douglas also proved a more general theorem, where 
¢ boundedness of d, is not required. 
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The following remark may be added: In the case m = 2 the integral 


A= If (tuYo — Lv Yu) dudv 
B 


represents for all admissible vectors x in the Problem I the fixed area A included 
in the Jordan curve [. Therefore instead of attempting to minimize the 
Dirichlet Integral we could just as well start with the variational problem 
D(r) — A = min. or 


Ii, {(2u — yo)” + (a + yu)?} dudv = min. 


This is exactly the famous variational problem which Riemann considered in his 
doctor’s thesis. Of course, the minimum value here is zero, and accordingly the 
solution satisfies the Cauchy-Riemann equations. 

Riemann’s mapping theorem for the interior of Jordan curves is obtained by this 
method merely on the basis of the knowledge of Poisson’s integral. Moreover, 
our method establishes directly: The conformal mapping of the interior B of the 
unit circle on the interior G of a Jordan curve T implies a continuous one-to-one 
mapping of the boundaries C and T (See also No. 6). Indeed, that C is mapped 
continuously on T was shown above as a consequence of lemma 5. Conversely, 
toeach point on I corresponds only one point on C. This also follows from 
lemma 5. For, if the inverse conformal mapping of G on B is given by the func- 
tions u(x, y), v(x, y) we have 


II (uz + uy + v3 + v)) dady = 2r. 


Now we consider a point Q on I and small circular arcs C, with the radius r 
around Q which together with an arc of I bound simply connected subdomains 
G, of G having Q as boundary point. On account of lemma 5 we can make the 
diameter of the image of C, in B arbitrarily small for sufficiently small values of r. 
Hence the diameter of the image B, of G, must tend to zero together with r. 
Consequently the nested domains B, define a single limiting point P on C 
which corresponds to Q.” 


6. The solution of Plateau’s problem furnishes a one-to-one mapping of the 
boundaries. For the general case of Plateaus problem with m > 2 the one-to-one 
correspondence of the boundaries can be proved as follows: 

Since according to our construction the mapping of C on I is continuous and 





*2 For the reader who is interested in conformal mapping as such, it may be stated that 
the same reasoning subsists for the mapping of the unit circle on a general domain not 
necessarily bounded by a Jordan curve. Then our circular ares C, define nested domains 


G, in G whose limiting points form a ‘‘prime end,” and it is such a prime end to which a | 


single point P on C corresponds. Our reasoning establishes the one-to-one correspondence 
between the prime-ends of G and the points of C. 
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eo ipso monotonic we only have to prove that a whole are b on C never cor- 
responds to the same point, e.g. r = 0, on I. 

If b corresponds to the point r = 0 we could, by an elementary transformation, 
map B conformally on a half unit circle B’ so that b corresponds to the diameter 
PQ. The minimizing vector is transformed into a vector r’ in B’ for which, 
because of the invariance of the Dirichlet Integral, Dg:(r’) = d. 

Now we complete B’ to the whole unit circle by affixing the complementary 
half circle B’”’ and define r’ = Oin B”’. Then for the unit circle B = B’ + B” we 
have D(r’) = d, and ¢ is an admissible vector in our variational problem I. Since 
r’ is certainly not a regular potential vector in the whole circle B we have an- 
other admissible potential vector 3 with the same boundary values and with 
D(;) < d (Lemma 1), which contradicts the minimum-character of d. There- 
fore no such arc b can occur, and our statement is proved.” 


4, PLaTEAU’s PROBLEM FOR k Contours. PREPARATIONS 


1. Heuristic considerations. If the boundary I of the required minimal 
surface S consists of k oriented Jordan curves I; , --- , T, and S is to be mapped 
on a domain B in the u, v-plane with the boundary C consisting of k corre- 
spondingly oriented curves C;, --- , C;, then we have no longer complete free- 
dom in the choice of this domain. For, two domains, in particular two circular 
domains, are conformally equivalent, if and only if certain conformal invariants, 
the moduli, coincide. Without basing our theory on the knowledge of this 
fact we therefore will in our variational problem leave sufficient leeway for the 
choice of our circular domain B. 

In the case kK > 1, we must expect that the problem itself requires certain 
conditions for its solvability. or, if the curves are too far apart or otherwise 
misplaced, the corresponding least area problem may have a solution consisting 
of several separated surfaces each bounded by only a part of the system of 
curves I, In this case for the lower limit 6 of the area in consideration we have 
b= 5’ + 6” where 6’ and 8” are the corresponding lower limits for the system TI” 
consisting of one part of the I’, and for the complementary system I”. 

It is easily seen that under all circumstances the inequality 6 < 5’ + 6” holds. 
Indeed, a system of two surfaces S’ and S” bounded by I’, I” resp. always 
can be modified into a surface S with T' as boundary by joining S’ and S” by a 
tiny pipelike connection with arbitrarily small area; therefore the lower limit 
corresponding to I cannot exceed the sum 6’ + 8”. 


Inthe case § = 6’ + 6” a minimizing sequence s , 8 , «++ of surfaces bounded 
es 

* This proof does not make use of the character of our solution as a minimal surface. 
Taking advantage of the result E — G = F = 0 Douglas gives another proof in the fol- 
lowing way: Since the potential vector r is constant on b it can be analytically extended, 
by the principle of reflection, beyond b, and therefore is regular on b. If s denotes the arc 
length on b we have x2 — x2 = 0. But since x, = 0 on b, the consequence is r, = 0 on b. 
This implies that on b all the first derivatives of the potential vector r vanish which leads 
to the absurd consequence that rx is constant throughout its domain of existence. 
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by T and with areas tending to 6 must be expected to have the tendency to 
degenerate into at least two separate parts in the following way: On S,, there 
exists a closed curve 7’, with its diameter tending to zero, so that T’,, separates 
S, into two parts, one bounded by I’, the other by I’. 

These heuristic considerations for the area do not apply immediately to our 
Dirichlet Integral. We therefore will give in No. 3 and in the following section a 
precise formulation and a proof of corresponding statements for the Dirichlet 
Integral. 


2. The variational problem. We consider in the wu, v-plane a circular domain 
B with boundary C consisting of k circles C, , --+ ,C;. Whether this domain is 
enclosed in one of these circles C, or contains the infinite point of the plane of the 
complex variable w = u + iv does not matter. In the domain B again z(u, v) 
denotes a vector, continuous in B + C, having piecewise continuous first deriva- 
tives in B and mapping the boundary circles monotonically in the prescribed 
sense on the prescribed Jordan curves T,, --- , I’, in the m-dimensional space. 
The lower limit of the Dirichlet Integral for all these admissible vectors r and 
fixed B is called d(B). The corresponding lower limit, if not only r, but also 
the circular domain B, can be chosen arbitrarily, may be called d, the “absolute 
minimum.” (d is therefore the lower limit of the values d(B)). Now we again 
consider 


ProsuieM I. To find a circular domain B and in it an admissible vector x for 
which D(x) attains its absolute minimum d. We expressly suppose as in the 
case k = 1, that our boundary TI allows finite values of the Dirichlet Integral. 

If in our variational problem the domain B is fixed we shall occasionally 
denote it by Problem I’ or by Problem I(B). 

It may again be emphasized that because of the invariance of the Dirichlet 
Integral under conformal mapping we can replace B by any domain obtained 
by a linear transformation of the w-plane. In particular we can choose one of 
the circles C, as the unit circle and establish on this unit circle a three-point 
condition just as for k = 1. Or we can require that two circles C; and C; be 
concentric, C; being the unit circle, and that one fixed point on C, be transformed 
into a fixed point on T,. Or we may replace a domain B contained in a circle 
C, by another circular domain which contains the infinite point. 

We shall assume B inside the unit circle C;. Then we consider a subset 
C’ of the set of boundary circles, and among them C;. The corresponding 
curves T\, +++ form a subset I’ of the boundary [. The circles C’ define a 
circular domain B’ included in C;. The complementary set C’’ of boundary 
circles C, defines a circular domain B” containing the point at infinity, and the 
corresponding curves I’, form a subset I’’ of the boundary I so that we have 
C’+C” =C, 1+ 1" =. The original domain B is the product of B’ and 
B’’, that is the point set common to these two domains.., 

If in our variational problem I or I(B) we replace the domain B by B’ or B" 
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and I’ by I” or I’ we have to consider lower limits d(B’), d(B’’) for fixed domains 
and the absolute minima d’ or d” which depend only on I’ or I’ respectively. 


3 Lemmas concerning the lower limits of D(r). 

Lemma a. Jf I’ and I” are two complementary sets of boundary curves T, 
ie. I’ + I’ = Land gf d, d’ and d” are the corresponding absolute minima then 
we haved Sd’ +d”. 

Proor. We consider a circular domain B’ included in the unit circle C; 
so that there exists an admissible potential vector xr’ which maps B’ on a surface 
bounded by I’ and which for a prescribed small 6 satisfies Dg:(r’) < d’ + 6. 

If 0 is an arbitrary point in B’, e.g. the origin, we cut out from B’ a concentric 
circular disc K, bounded by the small circle C* with the radius ¢« around OQ. 
For the remaining domain B. = B’ — K. we consider the new variational 
problem obtained by imposing the new boundary-condition r = 0 on C*. By 
Lemma 2 we have for the corresponding lower limit d’(B{) the inequality 


d'(B.) < D(t’) + o(6-) < d’ +6 + o(6) 





Fig. 2 


where o(e) > 0 for € > 0. Accordingly we have in Bi an admissible vector 3’ 
for which 


Dz'(3’) S d’ + 6 + o(e). 


In the same way we consider a domain B” containing the point at infinity; 
from B” we cut out the exterior of a sufficiently large circle with the radius 
1/earound O; in the remaining domain BY we have a vector 3’’ which vanishes 
at the circumference of the large circle, which satisfies on the other boundary cir- 


pt ate arg. as 
pee in B, the conditions for admission in our variational problem and the 
condition 


Dy,'(3"") Sd” + 6 + of¢). 


Now by a similarity transformation with the factor ¢ we contract BY into a 
domain included in the circle C* with the radius ¢ around O and again call the 
new domain BY, and the corresponding vector 3”. The value of the Dirichlet 
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integral Dg’’(3’") is not changed by this transformation. For the domain 
B = B. + Bi we have certainly, if 3 denotes 3’, 3’’ respectively, 


Ds(3) < d’ + d” + 26 + 2o(e). 


If we impose on the vectors in the variational problem defining d(B) the 
additional condition r = 0 on C* and therefore narrow the range of competition, 
we obtain a lower limit d(B, e) which certainly is not smaller than d(B). But our 
condition r = 0 on C* obviously establishes. two independent variational prob- 
lems for B, and By and r = 3is admissible. Therefore we have 


d < d(B) S dB, ¢-) S Das) S d’ + d” + 26 + 2o(e) 


and since 6 as well as ¢ could be chosen arbitrarily small while d does not depend 
on 6 and ewe haved S d’ + d” as stated in the Lemma. 

The considerations of the preceding Lemma are supplemented by another 
Lemma pointing in the opposite direction and useful later for k > 2 in excluding 
the degeneration of our parameter-domain. We consider again a finite circular 
domain B = B, with the following property: the set of boundary circles ( 
is divided into two complementary sets C’ and C’”’. One of these sets C” 
consists of circles inside a circle C, of the radius r = ¢ around a fixed point 0 of 
B. For all the other circles C’ the distance r from O shall remain above a fixed 
quantity h. If e« tends to zero we say that the domain B, tends to separation. 


Lemma b. If the domain B, tends to separation then for the lower limit of the 
values d(B,) the inequality 


lim inf d(B,) = d’ + d” 


e—0 
holds. Precisely 
d(B.) 2d’ +d” — a(e) 


where a(e) tends to zero uniformly for a fixed bound h and for a fixed bound M for 
|x|on I. In the particular case k = 2 the more precise limiting equation 

lim d(B,) = d’ + d” 

e—0 
as true. ; 
Proor. Let B’ be the finite domain bounded by C’. Removing the interior 
K, of the circle C, = C* with the radius r = » = Ve around O from B’ we obtain 
the domain B’ — K, = B,. Now we consider the lower limit do(B,) of the 
Dirichlet Integral Dz‘(r) if the vector x in B, maps C’ on I’, but does not have 
prescribed boundary values on C*. Lemma 3 of §2 states that 


do(By) = d(B’) — o'(n) 2d’ — o'(n). 


where o’(n) tends to zero with » uniformly for a fixed bound h and for a fixed 
bound M for|r|on I. 
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In the same way we obtain with corresponding notations 
do(By) 2 d(B") — on) 2d” — on) 


where the index » refers to a domain bounded by C” and the circle C, = C* 
and where the boundary values on C* of the vectors in competition are free. 

Now we return to our variational problem I (B,) defining d(B,). While in 
the proof of Lemma a we increased the lower limit by narrowing the range of 
competition, we now widen the range of competition by easing the conditions 
for admission, and we therefore obtain a not larger lower bound in the following 
way: 

We permit the admissible vectors r to be discontinuous at the circle C, = C*. 
In this new variational problem the two domains B, and By are entirely separate 
and therefore the new lower limit is equal to the sum of the corresponding lower 





Fia. 3 


limits d)(B,) and do(B,). We therefore obtain, considering the inequalities 
above, 


d(B.) = d(By) + d(By) 2d’ + a” — o'(n) — 0"(n), 
which for e— 0 and o(e) = o’(n) + o’(n) contains the statement of our lemma.”™ 


lemma c. If in a sequence of domains B, with « — 0 two boundary circles 
Ci, Cs with radii above a fixed bound come closer than e, then lim... d(B.) > ©; 
that is the lower limits d (B.) are not bounded. 

Proor. Without restricting the generality we may suppose that C; is the 


unit circle and Cy, approaches, not shrinking to zero, a fixed point R on C;. 
eee 

PP so k = 2 we know from the considerations of Lemma a) that d(B.) S d(B’) + 
(B )+ o(e) with o(e) tending to zero. Hence in this case we really have the equality 
sign limo d(B) = d(B’) + d(B"’) =d'+d". 
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Then for sufficiently small 6 all circles with radii r between a fixed, small, 5 
and V6 around RF intersect C; and C2 in two points P and Q. Since (; is 
mapped on T; and Cz; on I: we certainly have for every admissible vector y in 
B, that | r(P) — r(Q) | 2 a where ais the positive distance between I, and 1). 
But on account of Lemma 5, §2 there exists a pair of points P, Q for which, 
with Dz,(r) = M., 
27M, ] 

? 


hence 
2 
M, = — |log 8. 
2r 


This shows that also d(B.) = 4(a’/r)-| log 5|, and since 5 can be chosen 


arbitrarily small, our lemma is proved. 


5. SOLUTION OF PLATEAU’S PROBLEM FOR k = 2 


1. Solution of Problem I. In the case of two contours (k = 2) the solution 
proceeds very simply because B can be chosen as an annular ring, C, being the 
unit circle, Cz a concentric circle of the radius g. Let d be the lower limit of the 
Dirichlet Integral in Problem I of §4, d’ = d,, d’’ = dz the corresponding lower 
limits for the one-contour case with Ci, IT, respectively C2, T2: as boundaries. 
By Lemma a we have d; + d; 2d. If the equality sign holds, then the lower 
limit is certainly approximated by a minimizing sequence of surfaces tend- 
ing to degeneration. We exclude this possibility by expressly making in Problem 
I the assumption” for the boundary I 


(16) d<d+da. 


Now let m1, %2, °** be a minimizing sequence of vectors; Bi, Be --- a corre- 
sponding sequence of annular rings. Lemma b of §4 shows that the radii 4, of 
C, cannot have zero as lower limit, because for such sequences of rings the lower 
limit d(B,) must be not less than d; + d2, while according to our assumption 
(16), lim Dz,(t,) < di + de. 





24 This condition can be interpreted as follows. We consider on a surface S bounded by 
land I all closed curves topologically equivalent on S to these boundary curves. Let the 
lower limit of their diameters be a. Then, if we impose in Problem I the condition a = 0, 
the lower limit will be d: + d,. Our inequality now requires that the additional condition 
« = 0 increases the value of the lower limit d. This has been generalized by M. Shiffman 
(See also footnote 9) in the following way: Instead of Problem I we consider a Problem Ta 
by requiring that for our admissible surfaces we have a = a where a is any given number. 
If then by imposing the new condition a = a the lower limit is actually increased, it can be 


shown that Problem Ia has a solution which gives a minimal surface with a > 4. This J 


solution may be different from that obtained by Problem I. : 
The same principle can be applied to obtain other solutions of Plateau’s problem if we 
replace a by another suitable continuous functional of the surface r(u, v). 
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On account of Lemma c in §4 no subsequence of the g, can tend to 1 because 
the Dirichlet integrals D(z,) are bounded. Hence at least for a subsequence of 
the vy the domains B, tend to a domain B where B is an annular ring between the 
ynit circle C; and a circle C2 having a radius g with 0 < q < 1. 

The boundary values of r, on the boundaries C; and C2 of B, are equicontinuous. 

Proor. If this were not true e.g. on Ci we could, on account of Lemma 6 of 
§2, find at least a subsequence of the r, for which an arbitrarily small fixed arc b 
on C; containing a fixed point R would be mapped by yx, on an arc I, — v7, 
nearly covering I’; entirely; y, is a small part of IT’, tending to a single point, 
which we may assume, without loss of generality, to be the point r = 0. We also 
may assume that the minimizing sequence yz, consists of potential vectors: 
Ar, = 0. Now we put r, = r = 9 + 4 wherey and ; are also potential vectors 
and where 


y = ron(C\; ;= 0onC, 
y = 0on C2; 3 =ronc,. 
We have 


D(e) = Die) = De) + DG) +2] [Gone + senda 


Applying Green’s formula and observing that 3 = 0 on Ci, y = 0 on C2, we obtain 
(7) Dit.) = Div) + DG) — 2 [2 Bas 

c, or 
where the last integral is extended over the contour C, , s denotes the arc length 
on (; , 0/dr differentiation with respect to the radius r. 

On this circle | 43/dr | is equally bounded by a certain bound M. For the 
components of 3 vanish on C; and hence this vector can be analytically extended 
as a potential vector, by the principle of reflection, beyond C, into a concentric 
ring between the radii g and 1/g. Since the components of 3 are bounded in this 
ring by |3| S$ A, where A is the greatest distance of I’ from the origin, the 
components of the derivatives on C; have the bound A/(1 — q) = M. For the 
values | ¢ | on b we have just as well the bound A, while on the complementary 
are Cy — 6 we have with arbitrarily small ¢ and for sufficiently large v the 
inequality |x| < ¢. Therefore, if 1 is the length of b, 


a3 2A’ A 

2 — ——— ——‘2r = 

| [,e%a Rink tes ea 

wee can be chosen arbitrarily small as well as «, if v is large enough, o(v) tends 
zero as y increases. Hence we have from (17) 


D(t,) 2 Diy) + Ds) — of) 
or since D(y) = dy, D3) 2 da, 


D(t,) 2 di + dz — o(v); 
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and for v > © d = d; + dz, in contradiction to our assumption (16). This 
proves the equicgntinuity of the boundary values of x, on C;, and similarly 
on C2. i 

On account of this fact we can choose a subsequence of the x, for which the 
boundary values converge uniformly. Therefore the corresponding potential 
vectors also converge uniformly in B to a potential vector r which maps C on [ 
and for which, with the same reasoning as in §3, we have D(r) S d and therefore, 
since d is the lower limit for admissible vectors and since x is admissible, D(r) = d. 

Thus, Problem I is solved by a potential vector x, or by the surface § 
defined by r. 


2. The solution furnishes a minimal surface S. Since C;, C2 are concentric 
circles we can proceed as in §3 for k = 1. We perform a variation of the mini- 
mizing vector x(r, #) (in concentric polar coordinates) again replacing r by 
3(r, 8) = r(r, ¢), with ge = ¥ + eX(r, 8). Thus we find exactly as before, 


2r 2r 
(18) lim if A ; v)ry trTs di — i Are ; dnt todd = (0, 
0 0 


ry l 

ra°re 
As before in §3, No. 3 we conclude from this equation: The analytic function 
y(w) = E — G — 2iF is expressed in B by g(w) = c/w” where c is a real constant. 
For: we may choose \ in the neighborhood of the two boundary circles as 
identical with the normal derivative of Green’s function for a fixed singular 
point Q in B and the ring 7» S r Sm. Then (18) expresses the fact that 
the imaginary part of w’¢(w) vanishes in Q.” 

We have to show that in the equation w’g(w) = c the constant ¢ vanishes. 
Here our former argument of §3 collapses because the point w = 0 does not 
belong to B. But we obtain the desired relation c = 0 as the variational 
condition, not yet exploited, which states that we cannot reach a smaller 
lower limit d by variation of the domain B, i.e. of the radius g. This variation 
with respect to the size of the circle C can be performed by the following method. 

To get rid of the difficulty which arises from our lack of knowledge about the 
derivatives of r at the boundaries, we replace the domain B by another con- 
centric annular ring B’ between the circles Cj: r = 71 < 1 and C2: r = 72 = p > 4; 
r, &} again are concentric polar coordinates. We show first that the minimum 
property of our solution with respect to the domain B implies a similar property 
with respect to B’. The potential vector r(r, 8) which solves Problem I is 
analytic on C; and C} so that the values r(r1; 8) = fi(d) and r(p, 8) = fold) are 
analytic functions of the angle # The domain B consists of the domain B' 
plus the two annular rings Ri:7; S$ r S$ land R2:q¢ <r S p. Now we performa 





25 If we do not want to make use of Green’s function for a ring, but only of Poisson’s 
kernel we may choose ) in the neighborhood of one of the circles as this Poisson kernel and 
as zero otherwise; then our equation yields (cf. the general case discussed later in §6, 
No. 2) that the imaginary part of wp(w) vanishes first on C; and second on C2, therefore 
identically in B. 





(wh 
fun 
pro 

T 
aga 
Cr 
ring 


i(u, | 
t at 
are Q 


but 
fore j 

Ne 
the s 
entia 
integ 


By Us 
We tr 








his 
rly 


‘ial 
ay 
re, 


ric 
ini- 


ion 
wnt. 


lar 
hat 


1e8, 
not 
nal 
Jler 
‘lon 
od. 
the 


arty 
I is 
are 
| B' 
ma 


on’s 

and 
1 §6, 
fore 


PLATEAU’S PROBLEM AND DIRICHLET’S PRINCIPLE 705 


variation with the annular ring B’ replacing the inner circle C; by another 
circle C2: =o =tp. In the newring B* we define a potential vector 3(r, 3, «) = 
;(u, v, o) as the vector which has the boundary values f,(#) on Cj and fo(8) on CP. 
Obviously we have 3(u, v, p) = r(u, v). Now we state: The Dirichlet Integral 


D*(3) = 4 / i _ Gu + 8) dudv = D(o) 


(where the superscript* indicates that B* is the domain of integration) is, as a 
function of ¢, a minimum for o = p; B* = B’. (In other words: The minimum 
property obvious for the original ring B ttself holds also for concentric rings.) 

To prove our statement we first affix to our domain B* the original ring R, 
again; further we affix the annular ring R?: tg Sr S tp = o to the inner circle 
(> of B*. Ris transformed into R: just by a dilation. Now we consider in the 
ring domain G = B* + R, + R? the vector 3 which is identical with x in Ri, to 





Fia. 4 


i(u, », c) in B* and whose value at every point of R} is identical with the value of 
tat the corresponding point of Rz. The new domain G and in it the vector 4 
are admissible for competition in Problem I. Therefore we have 


De(3) = Dr,(3) + Dat(3) + D*(3) = d = Dr, (t) + Dr,(t) + De-(x); 


but according to our definition, Dp,(;) = Der,(r) and Dr(;3) = De,(r). There- 
fore it follows immediately that D*(;) = Ds-(r), which is our statement. 

Now since our potential vector 3 depends analytically on the parameter o 
the same is true for the Dirichlet Integral D*(;) = D(c). Hence we can differ- 
entiate with respect to the parameter o according to the rules of the elementary 
integral calculus. Thus we obtain the equation 


2r 
=- [ elt. + ry) dd + aff (3u3ue + jo bee) dudo | 


=p |\o=p 


0 
= — 
= D(c) 





o=p 


By using Green’s formula, putting ds = pd? and observing that 3¢ = 0 on Cj, 
We transform this into 


0= -{[ (ru. + ri)ds — 2 { \r-ds with = je 
r=p r=0=p 
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Now vr. + = x + rand according to the definition of 3(u, v, c) 
A = 3e(p, ¥, o) = ae = ° 


Hence 
(19) “(tz — t)ds = 0. 
r=p 
By virtue of w’g(w) = r°(¢? — x2) — 2ir’r,-z, our formula (19) becomes 


R w o(w)ds = 0 
|w|=p 
where ® denotes the real part. 
Therefore our variation of the domain B results in the following fundamental 
condition: 
For every concentric circle r = p we have 


(20) R w' o(w)ds = 0. 
r=p 
Substituting in (20) c = w’¢(w), where c is real, we find immediately c = 0 or 
¢g(w) = 0. Therefore x defines a minimal surface, and Plateau’s Problem for 
k = 2 is solved. 


3. Additional remarks. First we observe: The minimum d is the area of the 
minimal surface S. 

Further: The minimum d depends in a lower semicontinuous way on the bounda- 
ries T. Here again the boundaries I which approach I in the strong sense 
as e tends to zero need not consist of simple curves. To prove the statement we 
may assume that the minima d, belonging to the boundaries I“ are bounded 
in e. We consider a subsequence for e such that d.—> d where the bar indicates 

the lower limit with respect to «. We have to prove d 2 d. 

Now we have two alternative possibilities 

1) de> di+d¢ — Xe) with > 0 for e> 0 

2) There exists a positive fixed a and a subsequence of ¢ tending to zero such 

that for this subsequence d, < d, + ag ~~“ 
In the first case we have immediately for the lower limits the relation d = d’ + @’ 
since for k = 1 already d’ = d', d’ = d” is known from §3, No. 2 and since 
d' + d” > don account of Lemma a, the relation d > d is established. 

In the second case we consider for our sequence ¢ the minimizing potential 
vectors x. belonging to the variational problem I for r® and the domain B. 
with D(z.) = d.. Lemma (b) of §4 excludes degeneration of B, because of the 
assumption 2) with fixed positive a. Hence using also Lemma 6 of §2 we call 
choose at least a subsequence ¢ for which B, tends to a limiting circular domain B. 
Equicontinuity of the x. on the boundary circles follows exactly as before in 


No. 1 and therefore we have at least a subsequence of vectors z. uniformly 
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converging to a potential vector x for which d S d and which satisfies the 
conditions of the problem I for the boundary I and for the domain B. Our 
theorem is thus proved. 

At the same time we recognize that r defines a minimal surface and that we 
have proved the following 

APPROXIMATION THEOREM. Under the assumption d < d. +d. — aa sub- 
sequence at least of the minimal surfaces 8, for the contours T° converges to a 
minimal surface solving Plateau’s problem for the contour YT, provided that the areas 
of the surfaces S, remain bounded.” 

Exactly as in §3, No. 4 for k = 1 our statement concerning semicontinuity of d 
can be replaced by a Continuity Theorem the formulation and the proof of which 
are identical to that in §3. 


4, Conformal mapping for doubly connected domains. As an application 
of our theory for the special case of m = 2 dimensions of the x-space we obtain 
the result: 

Every twofold connected domain G in an x, y-plane bounded by two Jordan curves 
T,, T: can be mapped conformally on an annular ring B. The conformal map- 
ping of the open domains G and B establishes a continuous one-to-one correspon- 
dence between the boundaries. 

The mapping theorem and the continuity of the mapping of C on I follows 
from our general theory for m = 2 if we can verify a priori the inequality 
d < d, + d, where d; and dz are the minima for the corresponding minimum 
problems for the single contours T;, IT: resp. Since for single contours the 
problem was solved and thus the possibility of the mapping theorem was proved 
we know that d; and dz are the areas included in IT; and I: respectively. If we 
knew that d also represents the area of G we would have immediately d = d; — dz 
if, as we shall assume, Ie is included in I, ; and all the more d < d; + de. 
But the relation d = d; — dz follows only after we have solved problem I for 
k = 2and thus have proved the possibility of the conformal mapping of B on G. 
Therefore it is now our task to verify the inequality d < d; + dz directly. 

To this end we use a typical argument of continuity based on the theorems of 
No. 3. Suppose problem I is solved for a domain G, then the equality d = 
d; — d, and hence the inequality d < d,; + dz holds. Now let G’ be a neigh- 
bouring domain bounded by I; and YT; and originating from G@ by a small 
deformation of the x, y-plane as described in the continuity theorem of No 3. 
Then by this theorem the inequality d’ < dj + d: will be obtained also for the 
domain @’; this remark enables us, if we start with a circular domain G, for which 
the solvability of problem I and the conformal mapping is trivial, to pass with a 
finite number of steps to an arbitrary polygonal domain G. Precisely, we 
Suppose that for all domains G in consideration the area d; included in the 


es 


“For k = 2 Douglas has shown that this theorem can be extended to cases of unbounded 
areas. Cf. Radd’s report. 
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outer contour IT; is equally bounded by d, < M, while all the inner contours 
I, shall include an area d; > p where p is a fixed positive number. If for G 
problem I is solved we have certainly d = d, — d2. 

Now we consider a transformation of the 2, y-plane into the 2’, y’ plane: 
x =a E(x, y), y’ = y + n(2, y), where the functions &, n are continuous in 
G+ I and the first derivatives of g, n are allowed to be discontinous only along 
straight lines in G. G’, I’, d’, dy, dz refer to the transformed domain. With a 
small positive «and 6 = (1 + 26)? — 1 we require 


lt&l<¢ |&l<« Iml<¢ |ml<«6 lEl<6 |al<e 


and we choose ¢ so small that dj < M, d; > p, 6M < 3p and |d, —di| < 1p, 
To the straight lines of discontinuity in G correspond analytic lines in B by the 
supposed conformal mapping and therefore our continuity theorem can be 
applied. It states for the lower limits in problem I for G’ 


d’<d(i+2)* =d+di<d+Méi<d+ip, 


hence, since according to our assumption, d = d; — dz < di — p, we have 
d’<d—p+3p< d; <d;+d3. Therefore for G’ the inequality d’ < di + d; 
is proved; consequently problem I can be solved and d’ is the area of G’.. Thus 
the inequality d’ < d; + dz implies again the much stronger relations 


d’ = d, — dz < di + dz — Qp. 


We apply this result by joining an arbitrary polygonal domain G = Gy witha 
circular domain G) by a sequence of domains G,, G2, --- with the following 
properties: a) G,, +--+ Gy are bounded by polygons, b) for all these domains 
we have the fixed bounds M, p described above, c) G, is transformed into G,41 
by a transformation of the type described above.” 

Since for G) problem I is solved by a domain B congruent to G , the solvability 
follows successively for Gi, G2,---,Gy = G. By a passage to a limit with 
polygonal domains G we finally can solve the problem, on the basis of the 
approximation theorem of No. 3, for any domain G bounded by arbitrary Jordan 
curves. Therefore the possibility of the conformal mapping of the interior of B 
on that of G is established and at the same time the continuous mapping of C on I. 
That also the mapping of I on C is a continuous correspondence is seen exactly 
as in the case of one contour in §3. 

Incidentally, we now can show for arbitrary m in exactly the same manner as 
in the case k = 1 that: Our solution of Plateau’s problem establishes a one-to-one 
correspondence between the boundaries C and TY. 





a The possibility of constructing such a chain is obvious on the basis of elementary 
topology. E.g. we may assume that two consecutive polygonal domains differ only in one 
corner. The transformations of one polygon into the next one can be effected by piecewise 
linear transformations. 
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6. PLATEAU’s PROBLEM FOR ARBITRARY k 


In the case k > 2 we may ease our task by assuming that Plateau’s Problem is 
already solved for smaller values of k and further that the lower semicontinuity 
of the lower limit d in its dependence on the boundary [I is already established 
for smaller values of k. 

Also the possibility of conformal mapping of any domain B of the u, v-plane 
on a circular domain can be assumed provided that B is bounded by less than k 
Jordan curves. This mapping implies a one-to-one correspondence also on the 
boundaries. ‘Therefore it follows from the initial remarks in §2 that in varia- 
tional problems I for less than k contours it does not matter whether we choose B 
as a circular domain or as any domain with a corresponding number of Jordan 
contours. 

In the Problem I we may take C; as the unit circle, Cz as a concentric circle 
inside of C,; and the other circles C, in the annular ring between C; and C2. 
Again let B, , tn be a minimizing sequence of such circular domains and cor- 
responding potential vectors. Again we make the assumption 


(21) d<d'+d" 


for every partition of C in C’ + C” and correspondingly of Tin I’ + Ir” 
(cf. notations of §4). 

Under this condition we shall, show: The problem I has a solution which rep- 
resents a minimal surface bounded by T and conformally equivalent to a circular 
domain B. Further: The theorems of §5 concerning lower semicontinuity 
and continuity of the lower bound d with respect to the boundary, the approxi- 
mation theorem, the theorem on the possibility of conformal mapping of any plane 
domain bounded by k Jordan curves on a circular domain, and the one-to-one cor- 
respondence of the boundaries, subsist also for k > 2. 


1. Solution of the variational problem. 

We state: 

a) The sequence of domains B,—or a suitable subsequence—converges to a 
circular domain B. 

b) On each boundary circle of B the r, are equicontinuous functions of the 
are length or the angle. 

¢) The potential vectors r,—or a subsequence—converge uniformly in B to a 
potential vector r which solves Problem I. 

To prove a) we have to exclude the following possibilities: 

First: B tends to separation in the sense explained in §4, in which case Lemma 
b) of §4 would yield d = lim d(B,) = d’ + d” which is incompatible with (21). 

Second: Two boundary circles of B,, none of them shrinking to a point, 
become arbitrarily near each other for certain increasing indices n. This 
contradicts Lemma ec) of §4. 

Third: Certain boundary circles of B, shrink to a point on one boundary 
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circle e.g. C; whose radius remains above a positive bound and which therefore— 
if we choose a suitable subsequence—converges to a limiting circle. 

To exclude this last type of irregularity is a somewhat more delicate task. 
We illustrate our reasoning by the figure 5 for the typical case where the circle (, 
converges to a point R on the unit circle C,. Around R we again introduce 
polar coordinates r, ®. On account of Lemma 5 of §2 we see: For an arbitrarily 
small fixed 5—and sufficiently large n—there exists a circular arc c of radius r 
with 6 S r S V6 around RB joining two points P, Q on C; and including (;, 
on which the oscillation of the vector r = r, is less than [27M//| log 5 I = ¢(6),M 
being a bound of the values D(r,). Without loss of generality we may assume 
that on the arc c we have | x, | < (6) for all n. 

The arc c together with the arc b’: PRQ of C; forms a closed curve c + b’ and 
together with the complementary arc b’’ of C, forms the closed curve c + b’’. 
If R is a point of equicontinuity on C, then the oscillation of our vector r on the 
curve T’ = c + Db’ remains less than a quantity which tends to zero with 6. 
If R is a point of nonequicontinuity the same is true for the curve T” = c + b” 





Fia. 5 


on account of Lemma 6 §2 at least after we choose a proper subsequence 1, . 
The image of the arc b’ by the representation r,(u, v) is called 6’, that of b’’ is 
called B”’ so that we have B’ + 6” = T,. One of these arcs #’ or B”’ has a 
diameter tending to zero with 6, which also is true for the diameter of the image 
7 of c. 

c divides B = B, into the domains B’ and B”, with B’ + B” = B and with 
connectivities k’ < k and k” < k so that our theory is established for them 
according to our assumption. The boundaries of B’ are mapped by f, on a 
system of continuous curves I” and the boundaries of B” on another system 
of such curves I”. If 6 = 6, tends to zero, I” and I” tend to a partition 
of T' into I’ and I” plus an isolated point ¢ = 0 which however according 
to Lemma 2 of §2 will not affect the lower limit of the Dirichlet Integral. 

Now in the minimum problem defining d(B) = d(B,) we ease the conditions 
for admission by allowing r to be discontinuous on c but only in such a way that 
the boundaries of B’ and B” remain mapped on I’ and I'’”. Then the lower 
limit certainly will become smaller or at most equal to the value d(B). The 


=— es £9 


an 








sk. 
, C; 
uce 
rily 
IST 


_M 
me 


ind 
b”’. 
the 
h 6. 
. 5” 


PLATEAU’S PROBLEM AND DIRICHLET’S PRINCIPLE 711 


new minimum problem refers obviously to two independent domains B’ and B” 
and the corresponding lower limit is equal to the sum of the two lower limits for 
B’ and B” under the condition that their boundaries are mapped on I” and 
7”. Thus in an obvious denotation we have 


d(B) = d(B’, r”) + d(B”, r’”), 
hence all the more 
d(B) = a(r") + a(r”) 


if on the right side we introduce the absolute lower bounds corresponding to the 

boundaries I”? and I’”. Now we let n tend to infinity and at the same time 6 

to zero; then the left side of our inequality tends to d while on account of the 

semicontinuity of d for k’ < k and k’’ < k the lower limit of the right side can 

not be less than d’ +d”. Therefore we obtain immediately d = d’ + d” which ‘ 

contradicts our condition d < d’ +d". Hence the third possibility of degenera- 

tion of our minimizing sequence B, is excluded. ; 
Therefore the sequence of domains B, , or at least a subsequence, converges 

toa circular domain B bounded by k circles. The equicontinuity of the bound- 

ary values of the vectors r, now follows exactly as in §6 and also exactly in the 

same way we obtain an admissible limiting potential vector x in B for which 4 

D(t)=d. This potential vector therefore solves Problem I defining a surface S it 

in the r-space. 


i eg = 


a 


2. The solution S is a minimal surface. 

To identify the potential surface S as a minimal surface requires somewhat 
deeper reasoning fork > 2. We first establish the natural boundary conditions 
on C, originating from the degree of freedom in the boundary representation for 
thecurves T,. For that we consider one of the boundary circles e.g. C; (C; may 
include the others). Let r, # again be concentric polar coordinates and let 
\(r, }) be a function with continuous derivatives in B + C, vanishing identically 
except in a neighboring ring adjacent to C,;. Then the natural boundary 
condition for C; is exactly as before in §§4, 5 uniformly in ): 

2: 


lim Ar, Prz-to dd = 0. 
0 


rl 


Or if we put as before 
TGts = $(w*e(w)) = pu, v) _ p(r, 3), 


p(u, v) being a potential function, 


2: 


(22) lim | Xr, 8)p(r, 8) dd = 0. 
r—1 J0 





IfQis, as in §3, a point in B we may again choose ) in the strip adjacent to C, 
as the Poisson kernel belonging to the interior of the circle with the radius r 
and the point Q. Then 


PRO OF REG PP oe LI 








712 RICHARD COURANT 


2r 
[°r6, er06, 040 = 1,(@) = 1,6, 0) 
is a potential function of u, v or r, & regular for r < p and equal to the fixed 
potential function p on r = p. Now formula (22) states that IT,(Q) tends to 
zero uniformly for every closed subdomain as p tends to 1. From this there 
follows by an elementary reasoning: 

The potential function p has the boundary values zero on C, . 

Proor. The difference p(Q) — I1,(Q) = ,(Q) = w,(r, 8) is a potential 
function which has the boundary values zero for r = p and exists in a ring 
1 =< r S p with fixed | which lies entirely in B. On r = I the function w, is 
bounded because p is regular in B, and for p — 1 we have II,(Q) — 0. Now the 
potential function w,(Q) can be analytically extended by reflection beyond r = p 
into the ring < r = p'/l. Therefore in every interior concentric ring R the deriy- 
atives of w, are equally bounded with the same bound N. Now if Q in B 
has a distance less than h to C; and all the more to C, then we certainly have for 
sufficiently small h, | w,(Q)| < Nh. Therefore for p — 1 because of w, — p 
we obtain, for Q fixed, | p(Q) | S Nh, which proves that p(Q) indeed approaches 
zero uniformly when the distance h to C; tends to zero. 

Therefore p is regular also on C, and assumes there the values zero. 

In the same way we show: If a, is the center of the circle C, of radius p, then 
the imaginary part of the function (w — a,)* ¢(w) vanishes on C, . 


(23) . S[(w — a)*o(w)] = 0 on C,. 


These boundary conditions which for k = 2 and k = 1, a, = 0 amount to the 
fact that $(w’g(w)) = 0 throughout B (not only at the boundaries) have here 
a more complex appearance. 

Our task is now to obtain the desired relation g(w) = 0 in B from these con- 
ditions (23) by combining them with the further conditions which express the 
fact that variations of the size and the position of the boundary circles C, 
cannot improve the lower limit d. 

The variation of the radii of the circles C, yields in exactly the same way as in 
§6 the conditions 


(24) R [. (w — a,)’ o(w) dt = 0 

Cy 
where this integral is extended over a circle C; concentric to C, and sufficiently 
near to it. 


We shall show by a similar reasoning that the variation of the center a, of ¢, 
yields for C, the two additional conditions 


(25) x [ Pee 


(26) 3 [ ear oe 
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: — , : 
where again the integrals are extended over concentric circles C, sufficiently 


ar to C,. 
"To establish these variational conditions we perform as in §6 a simple simul- 7 
ed taneous variation of the minimal vector ¢ and the minimal domain B. First we : 
to replace B by another domain B’ which is bounded by circles C} concentric and | 
Te sufficiently close to C,. Let R, denote the ring between C and C’. The values 


of the minimizing potential vector x on C;, are analytic functions J,(8) of the | 
polar angle corresponding to this circle. | 








ial We now replace B’ by another circular domain B* depending on a parameter ¢ : | 
ng with boundaries C? which originate from the boundaries C} by parallel trans- 
is formations. We further transfer the boundary values f,(8) from C; to C} by the ; 
he corresponding parallel transformation. With these fixed boundary values we ; 
= p solve the boundary value problem for B* and thus define in B* a potential vector . 
lv- ' 
B Cy 
for 
p ' 
es 
en ' 
| 
he 
ore j 
mY 
n- FI 
he 
C, 
in Fig. 6 
i(u, v, €-) whereby 3(u, v, 0) = r(u, v) is the original minimizing vector. Affixing 
the ring R, to C? by a parallel transformation we obtain a domain B, = B* + 
»R, RF denoting the ring R, after the parallel transformation. In B, we 
ly define a vector 3 which is equal to 3(w, », «) in B* and which in the ring R? has 
the same values as r in the corresponding points of the ring R,. Obviously the 
¢, vector ; and the domain B, are admissible in our Problem I and hence because 


of the minimum property of B and x we have 
Dz,(3) = Da+(3) + 22 Des(3) 


= Dze(3) + D> Dr, (2) 
> Delt) = De(t) + X De, (2). ] 
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Therefore we obtain Dg+(3) = Dzg-(r). In other words: The minimum property 
of x with respect to the position of the centers subsists also for subdomains 
bounded by circles concentric to the boundary circles C, . 

After this preparation we again can take advantage of the analytic character 
of the boundary values of ron C;. We suppose now that B* originates from B’ 
by shifting only one circle C} parallel to the u-axis by the distance e, the other 
circles remaining fixed. Then 3 (uw, v, ¢) has continuous derivatives of every 
order with respect to u, v, é’ in B* and on its boundary and from our result it 
follows that 


9 p,.(3) =0 fore =0. 
de 


Again applying elementary rules for the differentiation of an integral with 
respect to a parameter we get 


2| (ju gue + 30 Gve) dudv + [. (3. + 3)dv=0 fore =0 
B’ Cy 


where the second integral is a line integral around the closed curve C?. Green’s 
theorem on account of A; = 0 now gives, if again r and # are polar coordinates 
concentric to C, and s = rd, 


-2 he3rds + [. (32. + 3) cos dds = 0 fore = 0. 
Cy Cy 


Now on C> for e = 0 we have that 3,(u, v, 0) = x, and on account of the definition 
ge(U, 0,0) = tu. Butfromr, = x, cos? + zr, sin & we infer 


—(r. + x3) cos & + 2r,2, = (E — G) cos 8 + QF sin 8 
= (1/r) R[(w — a,)g(w)]. 


Hence our equation becomes 


(25) a [. (w — a,) o(w) de = 0. 


In the same way we find by performing a variation (parallel transformation) of 
C’ parallel to the v-axis that 


(26) 3 [ , (w — a,)e(w) dd = 0. 


The totality of our variational conditions can be written in a concise form. 
First (25) and (26) can be combined in the form 


(27) [ (w — a,)p(w)de = 0. 





27 To verify this we only need the Poisson kernel for a single circle C, . 
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Further, on C, we have w — a, = re’ and au(w — a,) dd = dw. This last con- 
dition therefore can be written in the form 


(28) z g(w)dw = 0. 


Similarly we integrate the condition (23) for C, with respect to 3 and combine 
this equation with (24). We thus obtain 


[co - adolw) dw = 0 


’ 


and on account of (28)** 
(30) [ wo(w)dw = 0. 


It remains to prove the THrerEM. Jf in a circular domain B the conditions 
(23), (28), (30) hold, then g vanishes identically in a 
With the proof of this theorem Plateau’s Problem for k contours is solved. 


3. Proof of the preceding theorem.” We shall show that the assumption that 
y(w) is not identically zero leads, by counting the zeros of g(w) in B, to an 
absurd consequence. Accordingly let us suppose that y does not vanish identi- 
cally. Then in the closed domain B + C ¢ has only a finite number of zeros, and 
consequently the function (w — a,)* g(w) which is real on C, also has only a 
finite number of zeroson C,. We first prove that at C, this function has at least 
four zeros which separate arcs where the function is positive from those where it 
is negative. Without restricting the generality we may assume that the circle 
under consideration is the unit circle, so that for w = c’’ and dw = iwds, 


wo(w) = f(9) 


*®Cauchy’s integral theorem now shows that the integrals of the functions g(w) and 
we(w) not only vanish for these closed curves C; , but for every closed curve lying in the 
domain B+ C. That means first that the function ¢ is the derivative x’ of a single valued 
analytic function x(w) in B + C and that again x is the derivative of another single valued 
regular analytic function ¥(w) in B + C. In other words, we have 


e(w) = y''(w) 
where ¥(w) is a single valued regular analytic function in B + C. 


This statement concentrates the essence of our variational conditions with respect to 
the domain B. Thus our variational conditions present themselves in the following form 


(29) SI(w — a,)*y’"(w)] = 0 on C, g = y'"'(w) 


with y single valued and regular in B + C. 

** We can express our condition in the following form: Let 0/dr denote the normal 
derivative on the circle C: then (w — a,)*y’'(w) = 0°y/dr? is the second normal derivative of 
¥ ” C, and (29) expresses that it has a vanishing imaginary part on C,. From this we want 
toinfer: y is a linear function of the form vy =a+t bw. 

‘ ong method of the following proof was kindly suggested to me by Hans Lewy in 
erkeley, 
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is a real periodic function of the angle # for which, by (30) and (28), 
2r 
(31) [ f(9) di = 0 
0 


(32) I _ f(8) cos (& — &) dd = 0 


holds for every %. But such a periodic function f(#) has indeed at least 4 zeros 
as described above.” 

Now let N = 0 be the number of zeros of g(w) in the interior of B. This 
number is expressed, if the circle C; contains the other circles C,, by the formula 


k 
mniN = |, dloge + > _ d log o(w) 
C1 v=2 Cy 


—o— 





Fia. 7 
where now, C, denotes a path of integration coincident with C, except for little 
halfcircles cireumventing the zeros of g on C, as in figure 7. But 


2riN = . d log [(w — a1)’ 9(w)] — , d log (w — a)” 


+> if. d log [(w — a,)’ o(w)] - |, d log (w — a} 


v=2 


or 


2riN = [. d log [(w — a1)*¢(w)] — 4x 


+ 2 ‘f. d log [(w — a,)’ ¢(w)] + sri} 


pd 


(33) 





31 The equation (31) shows that there are at least two such intervals f(#) > 0 and f(#) <0 
separated by 2 zeros. If there were not at least four such intervals with alternatingly 
different signs (their number must be even) with at least 4 zeros as endpoints, that is, if we 
only had two zeros we could by changing the origin # = 0 suppose these zeros in the form 
Band —8. Then the function (cos # — cos 8) f(8) would have the same sign for all values ? 


Qn 
and the integral | (cos # — cos 8) f(#)d8 could not vanish, in contradiction to (32). 
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But each of the small halfcircles circumventing a zero winds around this zero 
in the negative sense as indicated in figure 7 and leads from real values of the 
integrand (w — a,) ¢(w) to real values and therefore contributes to the integral a 
multiple of —at while the other part of C} on which (w — a,)* ¢(w) is real does 
not contribute anything to the imaginary part. Each of the integrals therefore 
contributes at least —4az to the imaginary part; hence the right side of (33) is, 
except for the factor 7, less than or equal to —8z and it would follow that 


0 S 2xN S — 87, 


which is absurd. Consequently we have ¢(w) = 0 identically and our theorem 
is proved. 


4, Additional remarks. a) Exactly in the same way as in the previous 
paragraphs by applying our result to the case m = 2 we obtain the following 
theorem on conformal mapping: 

Every domain of the x, y-plane bounded by k Jordan curves can be mapped 
conformally on a circular domain of the u, v-plane.” The mapping implies a 
one-to-one correspondence of the boundaries. 

b) Our solution of Plateau’s Problem furnishes also for m > 2 a one-to-one 
correspondence of the boundaries C and T. The proof proceeds exactly on the 
same lines as in §3. 

c) The lower limit depends on the boundary TI in a lower semicontinuous way. 
Also this fact follows exactly along the same lines as in the case k = 2, 

d) The approximation theorem and the continuity theorem of §§3, 5 remain 
valid for k > 2. 

Thus the statements in the introduction of §6, assumed as true for k — 1 
contours, are established for k contours and hence the proof is completed. 

Finally we notice: the lower limit d is equal to the area of the minimal surface S. 


7. SOLUTION OF PLATEAU’S PROBLEM AND THE PROBLEM OF LEAST AREA BasED 
ON CONFORMAL MAPPING 


1. Preliminary remarks. If instead of basing the proof of Riemann’s map- 
ping theorem and its generalizations on the general theory of Plateau’s Problem 
we do not decline taking advantage of fundamental facts concerning conformal 
mapping of domains in a plane we can considerably simplify the solution 
of Plateau’s Problem.® 

Thus we also can easily establish the fact: Our solution of Plateau’s Problem 
furnishes at the same time the surface of least area bounded by T. 
TS 

“This theorem for arbitrary k has previously been proved in different ways by Koebe 
and by the author (ef. Hurwitz-Courant, Funktionentheorie, Berlin 1931). The proof 
contained in the present paper seems to be essentially more elementary. 

* For these facts ef. Hurwitz-Courant, Funktionentheorie, Part III, Berlin, 1931, Courant, 
Crelle’s Journ. Vol. 165 (1931) p. 247 ff. and a paper to be published. 
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We again start by solving Problem I as before. Then the use of conforma] 
mapping serves to identify the solution as a minimal surface .* 

The domain B can either be chosen as a circular domain as before or—in a 
way more elementary from the point of view of conformal mapping—as q 
“Schlitz” domain. A “Schlitz” domain is the whole u, v-plane including the 
point at infinity, but cut along k straight segments, all parallel to the w-axis, 
The two edges of each of the cuts form a component C, of the boundary C. 


(C, 





cCe 
£6 








[C. 
Fig. 8 


The new method for the solution of Plateau’s Problem is based upon the two 
following theorems: 





THEOREM (a). Every k-fold connected domain of the plane with k simple 
Jordan contours can be mapped conformally on a domain B e.g. of the “ Schlitz’- 
type B whereby the boundaries are mapped in a one-to-one continuous way.” 


THEOREM (8). Let a k-fold connected domain G in the u, v-plane consist of two 
or more parts G,, Ge, +++ which may be separated or adjacent and which are 
connected in the following way: Some analytic arc of the boundary of a part G, shall 
correspond by an analytic transformation of w = u + iv to an analytic arc of the 
boundary of (another or the same) G, and corresponding points may be considered 
as identical. (Thus interior points of these arcs become interior points of G.) 
Then the domain G can be mapped conformally on a simple domain B of the above 
type so that corresponding points on the corresponding parts of the boundaries of the 
G, become identical and that the boundary of G corresponds in a one-to-one way to 
that of B. In this it is assumed that such a mapping is topologically possible.” 

In other words: Theorem 8 says that a domain G connected in abstracto can 
be realized in concreto geometrically by conformal mapping of the composing 
domains. 

An example for a domain G as considered in our theorem is the unit circle in 
the u, v-plane, cut along the v-axis between v = 0 and v = 3, the two edges 





*4 Another method using conformal mapping was as mentioned before, pointed out by 
Douglas and Radé and in a somewhat different way by McShane. 

%6 The one-to-one correspondence of the boundaries has to be interpreted in such a way 
that the opposite points at a cut have to be counted as different. 

*6 This theorem is also of a quite elementary character although apparently never stated 
explicitly. I shall give a simple proof for (a) and (8) and for some generalizations on 
piecewise Riemannian manifolds in a separate paper. 
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being coordinated by the transformation v’ = 2v°. Theorem £ states: The unit 
circle with this cut can be mapped on the unit circle G’ with another cut so 
that after the mapping corresponding points become coincident. 


v 


Fig. 9 
From the point of view of method it may be worthwhile mentioning that (a) 
and also (8) can be obtained directly by nearly the same reasoning as in §§2-6 
only on the basis of the boundary value problem of potential theory and the 
corresponding minimum property of the Dirichlet Integral. By this remark the 
subsequent proof of the least area property could be made independent of 
preliminary knowledge in conformal mapping. 


2. Solution of Plateau’s problem. Suppose Problem I is solved by the vector 
rinthe domain B. Our task is to prove g(w) = 0. We cut B by an arbitrary 
straight segment Z through a point P; e.g. a segment v = const. 

Thus we obtain a new domain B’ with the boundary C’ consisting of C and the 
two edges of the cut L. Between the two edges of L we establish an analytic 
one-to-one correspondence leaving the endpoints of L intact. (In other words 
we define a domain G where corresponding points on the two edges of L are 
identified.) 

Now we replace Problem I by the following: 


ProsLeM II. Let 3 be a vector in B’ continuous in B' and its boundary C’, 
mapping C on T, having continuous boundary values identical at corresponding 
points of the two edges of the cut L and having piecewise continuous first derivatives in 
B'. Then we ask for the minimum value dy of Ds:(3) obtained by admitting all 
possible correspondences between the edges of L. 

In other words: we renounce in Problem I continuity of r along L, but we still 
require that r map the two edges of L on the same curve in the r-space, the 
mappings of the two edges being equivalent by an analytic transformation. 
Now we state the following 

THEorEM: The minimum dyin Problem II is the same as in Problem I and is 
attained by the original solution x of Problem I. This follows easily by means 
of our theorems (a) and (8). 

We consider any vector 3 corresponding to a domain B’ complying with the 
conditions of Problem II for our domain B’, and defining along the cut L a 
one-to-one analytic correspondence. On account of the theorems (a) and (8) 
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we can map B’ conformally on a new domain B* so that corresponding points 
of the edges of L become identical. Let the vector 3 pass by this conformal 
mapping into the transformed vector 3*. We certainly have, by the invariance 
of the integral under conformal mapping, Ds+(3*) = Dzs-(3). By adding the 
image points of L to B* we obtain a new domain B and we are now sure that 
3* is continuous in B and that 3* satisfies the conditions of Problem I for B. 
Hence 


Ds:(3) = Dae(3*) = Da(3*) 2d 


which proves our theorem since in the particular case of Problem I for the original 
domain B we have Dz(r) = d. 

Problem II gives us the advantage of more freedom for the variation than we 
had in Problem I. We exploit the minimum property of the solution r of 
Problem I with respect to Problem II in the following way: Assuming our cut L 
through P as a segment v = constant we replace r(u, v) by 3(u, v) = r(u + 
e\(u, v), v) where ¢€ is a small parameter and \(u, v) vanishes identically every- 
where except in a small rectangle R adjacent to one edge of L; X is analytic, 
otherwise arbitrary in R, e.g. \ = A(u)u(v) where A(u) = 0 at the endpoints of 
L and u(v) = 0 at the upper edge of R. 





R 
Ce 


Fia. 10 
Now we have 3.(u, v, 0) = Ar, and the variational equation 











® D3) =0 fore =0 
de 


becomes, since 3 and D depend analytically on ¢, and differentiation may be per- 
formed under the integral sign 


II (3u3ue + jvjve)dudv = 0 fore = 0, 
R 


or on account of Green’s formula 


[ t,du = 0. 
L 


Because of the arbitrariness of \ we obtain on L, hence in P, rut, = F = 0. 
If instead we take L as a segment u — v = const. we get exactly in the same 
way 


(tu -v)(tu ty) = E-G=0 


whereby our task of identifying our solution as a minimal surface is completed. 
The preceding reasoning shows in general: If the conditions for admission in 
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Problem I are lessened by admitting discontinuities of x of the type described above, 
along a finite number of analytic arcs, the minimum in this new Problem II remains 
equal to d and is attained by the solution x of Problem I. 


3 Our solution furnishes the least possible area. To prove the least area 
property of our solution we recall the following definition of the area of a surface 
§: If II, is a sequence of polyhedral surfaces which approach S, then the lowest 
possible limit of the areas of all the polyhedra is the area of S. 

Now let us suppose first that the boundary curves I, are polygons. We 
consider an arbitrary polyhedron II bounded by I with triangular sides S,— 
which is no restriction of generality—and the edges A;. We subdivide the 
domain B into a set of triangles B, the edges L; of which are straight lines or arcs 
of circles so that the edges L; and the triangles B, correspond topologically to 
A, and S,. 

Now we pass from Problem I with the lower limit d to Problem II which differs 
from Problem I in so far as the admitted vectors 3 are allowed to be discontinuous 
along the edge L; mapping both sides of the edge L; on the same analytic curve 
and establishing an analytic correspondence between the two edges. Then we 
know from No. 1 that the lower limit in Problem II again is d. 

Finally we replace Problem II by Problem III imposing on the vectors the 
additional condition that they shall map Z; on A;. For the lower limit d* 
of Problem III we certainly have d* > d because the range of competition in 
Problem III is narrowed with respect to that in Problem II. But the lower 
limit in Problem IIT simply is equal to the sum of the corresponding lower limits 
referring to the mapping of the triangles B, on triangular surfaces bounded by 
the same lines A; as the plane triangle S, and the minimum is the area of the 
triangles S,. (The boundary values in this mapping are analytic on account 
of the principle of refleetion.) Therefore d* is exactly the area of the poly- 
hedron II while d is the area of the solution of Problem I. This proves our 
statement immediately. 

If T does not consist of polygons it can be approximated by polygons, and 
on account of the definition of the area S as the lower limit of the areas of 
approximating polyhedra we obtain the desired general theorem immediately 
from the preceding result concerning the special case of polygonal boundaries. 

With this result we are able to interpret our previous inequalities d < d’ + d” 
etc. as inequalities referring to lower limits of areas, which intuitively is more 
satisfactory than the original definition. 


8. PLareau’s PROBLEM FOR ONE-SIDED MINIMAL SURFACES AND FOR MINIMAL 
SurFaces oF HiGHER GENUS 


It may happen—as was emphasized by Douglas—that a smaller lower bound d 
for the Dirichlet Integral is obtained if surfaces of a higher topological structure 
bounded by I’ are admitted in our variational problems, e.g. one-sided surfaces 
of the type of a Moebius strip or surfaces of higher genus topologically not 
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equivalent to a simple domain B of the u, v-plane. In this §8 we will show briefly 
that our method can dispose also of these cases in full generality. 

To this end we have to represent surfaces S with the boundary T = T, +... 
+ Ty by vectors x(u, v) in a domain B of the u, v-plane with the prescribed 
topological structure. Such a domain B can be obtained from a simple domain 
B* by establishing one-to-one analytic correspondences between certain parts 
of the boundaries of B* and by considering corresponding points as identical 
that is, attaching to them the same values of the vectors r._ E.g. if S and henee 





Fia. 11 














Fig. 12 

B shall be an orientable (two sided) surface of genus p we may consider a circular 
domain B* containing the point at infinity, bounded by k circles C,, «++ Ci— 
which correspond to '—and by p pairs K,, K; of circles. K, shall correspond 
to K, by a linear transformation of w which transforms B* into another circular 
domain outside B*. Corresponding points are identified and thus B* becomes 4 
domain of genus p. 

Another suitable normal form of a plane domain of genus p with k boundary 
curves is the “Schlitz domain.” (Cf. §7). Such a Schlitz-domain consists of 
the whole wu, v-plane cut by k straight segments C,,--: , Cx parallel to the 





ued 
qua 
ua 
sep) 
indi 
Her 


of ¢ 


don 
bou 
tral 
tion 
spol 
don 
cire 
char 
of 0 


tabl 


seql 
or 1 








iefly 


ibed 
nain 
arts 
ical, 
ence 


ular 


ond 
ilar 
oS a 


ary 
; of 
the 


PLATEAU’S PROBLEM AND DIRICHLET’S PRINCIPLE 723 


y-axis, further by p quadruples of such infinite cuts as in figure 12. Each 
quadruple of the infinite type of cuts consists of two pairs of cuts parallel to the 
yeaxis extending tou —> + © and lying vertically above the other, one pair 
separating the other pair. The edges of the cuts correspond to each other as 
indicated in figure 12 so that the corresponding points have the same coordinate u. 
Here also corresponding points are identified. Also limiting cases, when cuts 
of different pairs partly coincide must be considered. 

Non-orientable (one-sided) surfaces can be topologically represented by plane 
domains in a similar way. E.g. we consider again a circular domain B* with a 
boundary circle M which is transformed into itself by an analytical (linear) 
transformation 7' of the variable ® = u — w for which the iterated transforma- 
tin 7 T is the identity and which leaves no point on M invariant. Corre- 
sponding points on M shall again be identified; then B* becomes one sided. A 
domain B bounded by k circles Ci, by p pairs K,, K , of circles and in addition by q 
circles M, --- M, as described above is, for g > 0, a one sided surface of the 
characteristic’ N = 2p + q. This characteristic number N and the character 
of orientability define the topological type of the surface. 

In a similar way one can consider Schlitz domains B representing non-orien- 
table surfaces of given characteristic. 

A surface S in the x-space bounded by the fixed contours T can—as a limit of a 
sequence of such surfaces—degenerate into a surface of smaller characteristic 
or into two or more separate surfaces bounded by complementary sets I’, 
I”’,-+- of T respectively and having a sum of characteristics not exceeding N. 
If the prescribed topological structure is one sided, the degeneration may yield 
one or more one sided parts. Correspondingly we have to consider degeneration 
of the domain B in the u, v-plane. E.g. a sequence of circular domains B, as 
above may tend to separation exactly as in §6, or one or more of the circles M, 
may shrink to points or the same may happen to a pair of circles K,, K, ., etc. 

Similar degenerations may occur with Schlitz domains. We shall call such 
degenerate surfaces S or non-degenerate surfaces with lower characteristic with 
the total boundary T' surfaces of a lower topological structure. 

To investigate the possibility of a minimal surface with the boundary I 
and the prescribed topological structure we consider again the variational prob- 
lem I for domains B of one of the types defined above, where the vectors ad- 
mitted must have the same values in equivalent boundary points. 

Exactly as in §4 we find the following result. For a given boundary IT we 
cannot improve the lower limit d in Problem I by passing to a lower topological type. 

Now the following general theorem holds:* 

If to given T and given topological structure the lower limit d in Problem I—or 


ihe corresponding area of a surface—is really smaller than for lower topological types, 
Wigipatiicsnenne aia 
The characteristic and the character of orientability are the only topological invari- 
ants of our surfaces except for the number k of contours. For one sided surfaces it is always 
— to choose q either as 1 or as 2, or else to choose p as 0. 
See Douglas loc. cit. footnote 5. 
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then Problem 1 has a solution x which constitutes a minimal surface bounded 
by I having the prescribed topological structure and moreover giving the least pos- 
sible area spanned by T' in comparison to all surfaces of not higher topological type. 

To prove this theorem we first have to solve problem I along the lines of §& 
excluding degeneration of the minimizing sequence B, of domains and securing 
equicontinuity of the minimizing vectors by means of the supposed inequalities, 
Then we have to verify that the solution is a minimal surface, either by the 
method of §6 or by the method of §7, the latter of which requires a slight gen- 
eralization of the mapping theorems of §7. The details, not essentially different 
from those in the preceding sections of this paper, will be given in another 
publication. 

In the same way as for N = 0 the solution can be recognized as the solution 
of the problem of least area. 


Concluding remarks. The methods developed in this paper permit applica- 
tions to various other variational problems. At this place it may only be stated 
that a slight modification allows us also to solve Plateau’s Problem if the bound- 
aries of the minimal surface are not entirely fixed, but if parts of the boundary 
arcs are free to move on prescribed surfaces of less than m dimensions. In this 
case, under suitable assumptions, for a minimizing sequence of domains and 
vectors the existence of a limiting domain B again can be established. On the 
boundary C of the domain equicontinuity subsists on those parts which corre- 
spond to fixed parts of the boundary I, while for the other parts of the boundary 
C of B a certain uniformity in the approximation of the points r(u, v) to points 
on the prescribed surfaces can be established whereafter the solution proceeds 
in the same way as in this paper. The method becomes particularly simple if 
the non fixed boundary surfaces are linear and therefore the principle of reflection 
can be applied to the construction of the solution.” 


New Yorx UNIVERSITY. 





39 See a paper by E. Ritter soon to appear. 
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ARITHMETIC FUNCTIONS ON RINGS 


By MorGcan Warp 


(Received September 1, 1936) 
I. INTRODUCTION 
1. The classic arithmetic properties of the Lucas"!’ function 


Un = toe, a+f8B a8 rational integers, 

ean be shown to depend ultimately upon its periodicity to any integral modulus 
and its divisibility property: u, divides um if n divides m. While the first 
property extends to any recurring series of integers” and the second 
may be similarly generalized," “!:"™ the divisibility property is shared by 
numerous functions bearing no evident relation to recurring series, such as the 
totient function and its generalizations™ and the polynomials y, of Halphen™ 
associated with the rational multiplication of the Weierstrass $ and o functions. 

I show here that a much more extensive generalization is possible which not 
only reveals inner connections between the arithmetical properties of the Lucas 
function, but also appears to be of some independent interest. 

The generalization consists in systematically developing the divisibility prop- 
erties and modular periodicity of a function y = ¢, where z lies in an abstract 
commutative ring” while y lies in a structure® (usually another ring). 


2. Let 0 be a commutative ring, 2 a structure. We assume that to each 
element x of o there corresponds a unique element 


X = $(z) = ¢: 


of 2. In the phraseology of general analysis, we call ¢ a function on 0 to ¥. 
%, % are values of o, a, b specific elements of 0. We call ¢ arithmetic if ¢. 
divides ¢ in = whenever a divides b in o. 

If 0 and = are both the ring of rational integers, and ¢_, = —@,, an arith- 
metic function is equivalent to M. Hall’s™ divisibility sequence." If o itself 
is a structure, say a principal ideal ring, any homomorphism between 0 and 


cca ae 


‘The [1] refers to the list of references concluding this paper. 

*The Lucas function is brought within the scope of this generalization by letting 
uu, = —Usn . 

‘We use the term recently introduced by O. Orel! in these Annals. Equivalent terms 
are dual group, lattice. 

See the references in Halll! for earlier work on these sequences. 
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the values of ¢ in = with respect to cross-cut or union (O. Ore" pp. 416-419) 
defines an arithmetic function. 


3. We use the following notation: ¢ denotes the structure of all ideals of 
0, a, +: , z elements of 0, a,--- , 3 ideals of 0, (a), --- , (z) principal ideals, 
We use «| y, r DY, C ¢ for division in 0 and 4G, zy, ry for product, and (r, y), 
[r, »] for union and cross-cut respectively.” 

Corresponding entities in 2 are denoted by capital letters. We use 
A,-::,Z for values of ¢ in 2. These are on occasion imbedded in a ring 
©. ~ then denotes the structure of all ideals of O. We use Y%, --- 3 for ele- 
ments of = and write X D Y), Y & *X for X divides Y, (X, Y), [¥, Y] for union 
and cross-cut. If ¥ divides X = ¢,, we write X = 0 (mod %) even when the X 
are not imbedded in a ring. 

Ordinary Greek letters ¢, p, u, 7 stand for functions. 

4. Following Ore," we define the structure = by means of its division rela- 
tion > and not by postulates on the cross-cut and union. 


(41) ¥D*X;fX DY OIZthn*X¥ DZ. X = Y if and only if ¥ D Y and 
9 DX. WewriteX DYorYCXLX D York = Y. 
The cross-cut [¥, 9] is defined by 
(4.2) D(X, Dl, 9 DIX, Yl; if ¥ D 3B and Y D B, then [X, 9] DB. 
The union is defined by 
(4.3) (%, 9) 2%, %, Y) DY; if 3 DX and 3 D Y then 8 2 (, Y). 


Let @ be any sub-set of 2. Since the division relation in 2 determines that 
in Q, a pair of elements %, 8 of Q may have a cross-cut and union satisfying 
definitions (4.2), (4.3) for all elements of 2. We write then [%, Blo, (A, Be 


denoting the set relative to which we consider the cross-cut or union by a | 


sub-seript. Obviously 
(4.4) (A, B) D (A, Ba D [A, B] D (A, Blo. 


We call a set closed in this sense with respect to cross-cut and union a structure 


within X. If (A, Bo = (A, B), (A, Blo = [A, B] for every pair of elements | 


of Q, we call Q a sub-structure of =. (Ore"”! p. 409.) 
If any set of elements of >, finite or infinite have a unique cross-cut and 
union, we shall say that 2 is a completely closed structure. 


II. Divisors or ARITHMETICAL FUNCTIONS AND THEIR RANKS OF APPARITION 


5. Let @ be an arithmetical function on o to =. An element of = dividing 


one or more values of ¢ is said to divide ¢ or to be a divisor of ¢. Obviously : 


any factor of a divisor of @ divides ¢. Hence: 





5 An arithmetic function need not however determine any structure homomorphism. 


® The meaning of the symbols (...) and [...] is reversed in Ore’s paper!). See section4. FF 
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TuzoreM 5.1. The set of all divisors of an arithmetical function is closed 
under union. 

We denote this set by A. 

Let { be any divisor of ¢. If & Da, we call aa place of apparition of A in ¢. 
We now assume : 

Axiom 1.’ The places of apparition of every divisor of ¢ form an ideal of o. 

The ideal r corresponding to a divisor ¥) is called the rank of apparition of 9) 
ing. We write r = p(Q). The set of all ranks of apparition is denoted by 6. 
The following theorem is now obvious. 

TuroreM 5.2. The correspondence between divisors and ranks of apparition 
defines an arithmetical function p on A to G. 

We cannot prove that the set A is closed under cross-cut as well as union. 
We assume: 

Axiom 2. The set A of all divisors of ¢ 1s a completely closed sub-structure of >. 

TueorEM 5.3. If %, B are divisors of ¢ and M = [°A, B], then [e( A), p(B)] = 
p(M). 

Proor. By axiom 2, Mt is a divisor of ¢ and by (4.2) % DM. Hence p(X) D 
aM) by theorem 5.2. Similarly p(B) D p(Mt) so that [p(%), p(B)] D p(M) 
by (4.2). 

Assume that m lies in [p(2{), p(B)]. Then m = 0 (mod p(%)), m = 0 
(mod p(B)) by (4.2). Hence ¢, = 0 (mod %), dm = 0 (mod YB) or by (4.2) 
again, dm = O (mod Mt). Hence m = O (mod p(M)) so that p(M) D 
[o(2l), p(B)]. 

TuzoreM 5.31. “Decomposition THEorEM.” If the values of @ lie in a 
commutative ring 2 with a unit element and if A, B are any two divisors of ¢ such 
that (2, B) = O, then p(AB) = [p(A), p(B)]. 

Proor. If (%, 8) = ©, then [M%, B] = AB (van der Waerden,"” p. 45). 

If ois a principal ideal ring, the following theorem allows us to replace axiom 1 
by a simple structure condition. The result is independent of axiom 2. 

‘THEOREM 5.4.° If o is a principal ideal ring, the places of apparition of every 
divisor of @ form an ideal if and only if @ defines a homomorphism with respect 
lo union between o and the values of ¢ in >. 

Proor. If 0 is a principal ideal ring, the union (m, n) of (m) and (n) is a 
principal ideal (d): we write d = (m,n). Let % be a divisor of ¢, and assume 
that gm = 0 (mod Y%), dn. = 0 (mod Y%). Also assume that (m, n) = d in 0 
implies that (dm ,@n) = ¢¢@in Z. Then by (4.3) ¢2 = 0 (mod A). Nowd|m, 
d\n. Hence d|m — nso that ¢g Ddm—-n. Hence by (4.1) dn—-n = 0 (mod Y%). 
Thus if m and n are places of apparition of Y%, so ism — n. But since ¢ is 
arithmetical, if a is a place of apparition so is xa, x any element of 0. Hence 
the places of apparition of 9% form an ideal. 

Assume conversely that o is a principal ideal ring and that the places of 





seta to assume the places of apparition form a module, since ¢ is arithmetical. 
iven by Wardl'2] for the case 0 and = the ring of rational integers. 
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apparition of any divisor 2 of @ form an ideal a = (a). Let (mn, ¢,) = D, 
and let (d’) be the rank of apparition of D in ¢ (Theorem 5.1). Since m, n 
lie in (d’), d’| m, d’|n. Hence if (m, n) = d, d'|d by (4.3). Hence ¢, = 
0 (mod D). But since d| m, d|n, 4 Dom, a D on SO that 4 D D by (43). 
Thus ¢@g = D 


6. It is possible to have divisors A, B of @ for which p(X) = p(B) A ¥ ¥. 
Let M = [A, B]. Then by Theorem 5.3, p(M) = [(W, o(B)] = p(°). Thus 
the set of all elements 3 of A such that p(3) = 7 is closed under cross-cut. 
Hence by axiom 2, for every rank of apparition n there exists a divisor t of ¢ 
such that 


(6.1) p(t) = n; if € divides ¢ and p(€) = nthen CDM. 


We call such a divisor a maximal divisor of ¢.° We denote the set of all maximal 
divisors of ¢ by 4. 

THEOREM 6.1. Let % be any divisor of ¢ and a its rank of apparition. If X 
is a maximal divisor of @ such that a D p(N), then A D N. 

Proor. Let [%, N] = B. B is a divisor of ¢ by axiom 2. Hence p(%) 
exists, and by: theorem 5.3, p(B) = [p(2), p(IM)] = (MN) since ¢(%) D p(N). 
Since Jt is maximal, 6 DF. But AD SB. 

As a corollary, we have 

THEOREM 6.11. Jf % and B are maximal divisors of ¢ with ranks of apparition 
a and b respectively, then % DB when and only when a D b. 

THEOREM 6.2. The set g of all maximal divisors of ¢ is closed under union. 

Proor. Let D = (WM, B). By (4.3), 


(i) DDADDSB; 
(ii) Ifi€ DA, C DSthen €C DD. 


By theorem 5.1, D divides ¢. Let d be its rank of apparition and € any divisor 
of @ such that p(€) = d. By (i) and theorem 5.2, p(©) D p(A). Hence 
since % is maximal, € D A. Similarly € DB. Hence € DD by (ii) so that 
D is maximal. 


THEOREM 6.21. If %& and B are maximal divisors of ¢ and (A, B) = D then | 


(p(2), p(B)s exists and equals p(D). 

Proor. By theorem 6.2, D is maximal. Hence by theorem 6.11, if @ = 
p(2), 6 = p(B), ¢ = p(C) and d = p(B), (i) b Da, d D §; (ii) ife Dac 2b 
then ¢c Dd. (i) and (ii) are the definition of union. 

Since to every rank of apparition corresponds a maximal divisor, in view of 
theorem 6.21 and 5.3, we can state 

THEOREM 6.211. The ranks of apparition of the divisors of ¢ form a structure 
within G. 





® For example let ¢, denote the n‘* of the Fibonacci numbers 1, 1, 2, 3, 5, 8, --* - Then 
dw = 4181 = 37 X 113. Hence for % = (37), B = (113), n = p(X) = o(B) = (19) while 
M = (4181). 
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TaeorEM 6.3. If YX and B are maximal divisors of ¢, then the cross-cut M = 
(ul, B), within @ exists, and pW) = [e(2), e(B)]. 

Proor. Let [%, B] = 2. By axiom 2, Rt divides ¢. Let m = p(Y) and let 
M be the corresponding maximal divisor such that m = p(M). Then MN DM. 
[say that M = (A, B],. For AD M, B DM by (4.4), (4.2). Let C€ be 
any other maximal divisor such that YD C,B DE. Then RN D C by (4.2). 
Hence p(M) D p(G) by theorem 6.2, so that p(M) D p(C). Since M and C 
are maximal, J D C by theorem 6.1, so that M = [A, Bl, by (4.2). 

TurorEeM 6.31. The maximal divisors of ¢ form a structure within Y isomorphic 
(Ore,""' pp. 416-418) to the structure of ranks of apparition within &. 

Proor. Theorems 6.3, 6.2, 6.11. 


III. Moputar PEriopiciry 


7. We assume henceforth that the values of ¢ lie in a commutative ring ©. 
Y now denotes the structure of all. ideals of ©, so that the values of ¢ qué ele- 
ments of 2 are principal ideals of ©. 

For the present ¢@ is any function on 0 to ©, not necessarily arithmetical, 
and é denotes the structure of all modules of ». We use small German letters 
now for modules instead of ideals. If m is a module, m = 0 (mod m) means 
m contains m. 

Let S be any element of 2. If there exists an element m # 0 of 0 such that 


(7.1) dzim = oz (mod S), every x of 0,” 


Z is called a modulus of @, and m a period of ¢ modulo S. The periods (0 in- 
cluded) obviously form a module, 8 the characteristic module of ¢ modulo ©. 
We shall also call 8 the module of S, writing 


(7.2) $= u(S). 


Let II denote the set of all moduli of ¢ in Z, and # the set of all characteristic 
modules in. Clearly as in section 5, we have 

THEOREM 7.1. II is closed under union. 

THEOREM 7.2. y is an arithmetic function on II to G. 

We cannot prove in general that II is closed under cross-cut. We assume: 

Axiom 3. The set of all moduli of is a completely closed sub-structure of >. 

Then the following theorems follow precisely as in section 5. 

ToeoreM 7.3. If %, B are moduli of ¢ and if M = [A, B], then w(M) = 
lu(%), w(B)). 

Tarorem 7.31. “Decomposition THEorEeM.”” If %, B are moduli of @ 
and (2, B) = 9, then w(AB) = [u(), w(B)]- | 





ee 


“We shall omit this phrase henceforth, reserving the letter x exclusively to denote 
every element of o. 

" Stated in Wardl!4I for linear recurring series. The analogous theorems 5.31 and 10.31 
appear to be new. 
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8. The theory of maximal moduli exactly parallels the theory of maximal 
divisors. 

For every possible module of periods n there exists a maximal modulus 
such that 


(8.1) u(N) = n; if u(S) = n, Samodule, S DN. 


TuHeEorEM 8.1. Let U be any modulus of $, a its characteristic module. Then, 
if N is a maximal modulus such that @ D a(N), A D MN. 

TuHeorEM 8.11. Jf YX and B are maximal moduli of & with characteristic 
modules a and b respectively, then X% D B when and only when a D 6b. 

TuHeEoreM 8.2. The set of all maximal moduli of $ is closed under union. 

THEOREM 8.21. If % and B are maximal moduli of ¢ and (A, B) = BD, then 
(u(2), u(B))» exists and equals p(D). 

THEOREM 8.211. The characteristic modules of the moduli of o form a structure 
within G. 

TueoreM 8.3. If & and B are maximal moduli of o then M = [A, Bl, exists, 
and uM) = [u(A), u(B)I. 

THEOREM 8.31. The maximal moduli of ¢ form a structure within = isomorphic 
to the structure of characteristic modules within G. 

It is easily seen that if we assume in analogy with axiom 1, 

Axiom 4. The periods of any modulus of ¢ form an ideal. 

Then all the theorems of this section and the preceding one hold if the word 
module is everywhere replaced by ideal, and the notation a, --- , 3 is under- 
stood to mean ideals instead of modules. 


IV. RestricteD Preriops. RELATIONSHIPS BETWEEN DIvisors AND Mopvti 
OF AN ARITHMETIC FUNCTION 


9. The concept of “restricted period” which we formulate abstractly here is 
very important in the theory of the Lucas function and linear recurring series 
in general. (Carmichael,”! Ward™.) As in sections 7, 8 we assume that the 
values of ¢ lie in a commutative ring © containing a unit element. Let © be 
an ideal of ©. If there exist elements M and m of © and 0 such that 


(9.1) dzim = M¢, (mod GS) all z in o 
(9.11) ((M),S) =D 


then m is called a restricted period of ¢ modulo S, and M a multiplier of ¢ 
modulo ©. 

TueoreM 9.1. The multipliers of ¢ modulo S are closed under multiplication. 
The restricted periods of ¢ modulo S form an additive semi-group. 

Proor. Assume that ¢z:m; = Mid, (mod S), ((M;), S) = 9,1 = 1 - 
Then $24-m,4+m, = Midsim, = Mi Mod, (mod GS). Also (Van der Waerden,' 
p. 45) ((M, M2), S) = ©. 

We shall now assume 
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al § AXIOM 5.” For any modulus S the multipliers of ¢ modulo S form a multi- 
plicative group in © (Ward," p. 162). 
N We denote this group by S. 


TuEoREM 9.11. The restricted periods of ¢ modulo S form a module. 
Proor. With the notation of theorem 9.1, let N; be the inverse of M, in %, 
so that VN; M; = 1 (mod ©). Then by (7.2) 


berm—m, = Ni Midz—my+m, = Ni Mi Medz—~m, = Ni Med, (mod S). 


ic By axiom 5, theorem 7.1 Ni Mz is a multiplier so that m:, — m, is a period. 
TurorEM 9.2. Let S be a modulus, G its group, 8 its restricted period. Let 
T be any divisor of S. Then T also is a modulus. If HK is its group and t its 


on restricted period, § & KH, t D 8. 
Proor. Clear. : 
re TuEorEM 9.3. The set of all moduli of and the set of all moduli of restricted 
periods are identical. 
ts, Proor. If S is an ordinary modulus, its group of multipliers consists of the 
single element 1 of ©. On the other hand, if S is a modulus of restricted 
¢ —H  periods, S has the multiplier 1 by axiom 5 and hence is an ordinary modulus. 


TurorEM 9.31." Jf r(S) and u(S) are respectively the module of restricted 
periods and the module of periods of the modulus S of $, then 7(S) D u(S). 
Proor. Clear from Theorem 9.3 and axiom 5. 


STA RNR A eet tte 


rd 

T- 10. In view of theorem 9.3, it is unnecessary to show that the moduli of the 
restricted periods of ¢ are closed under union, and theorem 9.2 makes it evident 

-" that 7 is an arithmetical function on # to ¢. Even if we retain axiom 3 of 


_ 


section 7, we cannot prove the analogue of theorems 5.3 and 7.3 viz.:—“If 
1, B are moduli of @ and if M = [YA, B], then (Mt) = [7(W), 7(B)].” We 
is must content ourselves with 7(Mt) & [7(H), 7(B)]. 


les To see why this lack occurs, let us try to show that [7(2%), 7(@)] & 7(M). 
he @ If mis any element of [7(2), 7(%)], we infer from (4.2) that 
| > 
. zim = Mo¢, (mod %), dbzrim = Noz (mod B) 
(M1), YM) = 9, ((N), 8) = ©. 


To show that m lies in 7(M), it is necessary and sufficient to show that there 
exists an element S of © such that 





$z:m = Sz (mod MN), ((S), M) = ©. 
on. Since YD M, B DM, we must also have 
9 S = M (mod 9), S = N (mod 8). 
(11) TT 
“This axiom always holds if © is a ring of algebraic integers or more generally when- 
: ever the ring O/S is finite. 
4 “ Generalizes Carmichaelll, p. 355. 
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Now such an element S need not exist. For example, take for © the ring 
of rational integers, and let & = (6), 8 = (9), M =5,N=4. Then M = (18), 
and no S exists. 

On the other hand if (2%, 8) = ©, such an S does exist since the Chinese 
remainder theorem holds in a commutative ring with unit element (van der 
Waerden,"”! p. 85). Thus a “decomposition theorem’”’ holds for the restricted 
period analogous to theorems 5.31 and 7.31. 

Decomposition THEOREM 10.31. Jf U, B are moduli and (A, B) = O, then 
(AB) = [r(W, 7(B)]. 

Since theorem 7.3 fails, we cannot introduce maximal restricted period moduli, 
and the theorems of sections 6 and 8 have no analogues. 


11. It remains to discuss the relationship between the rank of apparition 
and restricted period of any element of 2. Let us suppose that ¢ is an arith- 
metic function on 0 to , and that axioms 1, 2, 3 and 5 hold. 

Consider the elements ¢ and ¢;. Since x | 0, 1| 2 for every zx of 0, ¢. D % 
and ¢, > ¢, for every value of ¢in ©. The simplest way to satisfy these two 
conditions is for ¢) to equal the zero element and ¢; the unit element of the 
ring . An arithmetic function with this property will be called normal. We 
assume 

Axiom 6. ¢ is a normal arithmetic function on 0 to ©. 

THeEoreM 11.1." Every modulus of ¢ is a divisor of ¢, and the rank of apparition 
of any modulus divides its restricted period. 

Proor. Let S be any modulus, m a restricted period of ©. Then since 





dm+ze = Mo, (mod S), om = Md = 0 (mod S). 
Hence m = 0 mod p(S). 
CALIFORNIA INSTITUTE OF TECHNOLOGY. 
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“4 This result generalizes a theorem of Halll on linear divisibility sequences. For the 


Lucas function, the rank of apparition and restricted period are equal. 
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SUR ADDITION HOMOLOGIQUE DES TYPES DE TRANSFORMA- 
TIONS CONTINUES EN SURFACES SPHERIQUES 


Par Karo. Borsvuxk 
(Received February 1, 1937) 


Deux transformations continues ¢ et y d’un espace métrique séparable M 
en une surface sphérique n-dimensionnelle S, sont dites homologues, lorsque 
tout vrai cycle © de M ‘ est transformé par ¢ et y en vrais cycles ©, et ©, homo- 
logues dans S,. L’ensemble S*? de toutes les transformations continues de 
VM en S, se décompose ainsi en classes des transformations homologues dites 
types d’homologie’ ou h-types. Pour tout ¢ ¢ S» le h-type contenant ¢ sera 
designé par [y]. Une transformation x e¢ S* sera dite h-somme des transforma- 
tions v, ¥ € Sx’ , lorsque pour tout vrai cycle € de M on a CG, ~ ©, + G dans 
S,. Il résulte de cette définition que le h-type de la h-somme x de ¢ et y est 
défini d’une maniére univoque par les h-types [vy] et [y]. Ceci nous permet de 
traiter le h-type [x] comme la somme homologique (h-somme) des types [¢] 
et [y]. 

L’univocité de cette somme étant une conséquence immédiate de sa défini- 
tion, il n’en est pas ainsi quant 4 son existence. Toutes les fonctions ¢ « Sy 
étant dans le cas dim M < n homologues 4 une constante, la question d’existence 
de la h-somme ne se pose que pour les transformations en S, des espaces de 





‘Un complexe algébrique (aux coefficients arbitraires) K est dit e-complexe de M, 
lorsque tous ses sommets appartiennent A M et que la distance maximum entre deux som- 
mets d’un simplexe de K est <e. Deux e-complexes K, et K, de M sont dits n-homologues 
dans M (notation: K; ~, K2 dans M), lorsqu’il existe un 7 complexe K de M dont la fron- 
tiére est égaled Ki — Ko. Une suite € = {C;} s’appelle vrai cycle de M, lorsqu’il existe un 
sous-ensemble compact Mo de M tel que C; est un e;-cycle de Mo, avec lim,_,,, €: = 0, pour 
tout? = 1,2, ++». Dans le cas ot la dimension de C; est 0, nous admettons en outre que 
lasomme de ses coefficients est égale 4 0 (c.4 d.nous ne considérons que des cycles qui sont 
“berandungsfihig”). Par la somme de deux vrais cycles € = {C;} et ©’ = {C;} de M on 
entend le vrai cycle € + ©’ = {C; + C;}. Deux cycles € et ©’ de M sont dits homologues 
dans M (notation: © ~ ©’ dans M ) lorsqu’il existe un sous-ensemble compact M ode M 
et une suite {n;} de nombres positifs convergente vers 0, pour lesquels C; ~,,; C; dans Mo 
pour tout? = 1,2, --- . Chaque fonction continue ¢ transformant M en un autre espace 
N fait correspondre aux cycles C; de M les cycles C;,, de N qui constituent un vrai cycle 
(Ci, } de N, désigné par Cy. 

* N™ désigne l’ensemble de toutes les transformations continues de M en sous-ensembles 
deV. Dans le cas ot N est compact, on considére N¥ comme un espace métrique en posant 
oly, y) = Sup p lo(x), ¥(x)] pour tout 9, y e N™. 


‘Comp. P. Alexandroff et H. Hopf, Topologie I, Berlin 1935, p. 321. 
‘Les définitions des fonctions homologues, du type d’homologie et de la h-somme sont 


— sans aucune modification dans le cas des transformations de M en un espace 
arbitraire N 
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dimension = n. Les résultats récents de M. H. Freudenthal® donnent une 
réponse affirmative 4 cette question dans le cas ou l’espace M est compact et 
sa dimension est < n. Ensuite j’ai donné® un procédé plus général qui permet 
en particulier de démontrer |’existence de la somme en question dans le cas oi 
la dimension de l’espace M (compact ou non) est < 2n — 1. 

Dans cet ordre d’idées je vais démontrer dans ce travail que la h-sommation 
des h-types de S% se laisse toujours effectuer quand dim M <2n. Ilse trouve 
en outre que, grace aux résultats récents de M. H. Hopf, cette derniére inégalité 
ne se laisse remplacer dans le cas général par aucune inégalité moins restrictive. 


1. Lemme. Soit a ¢ S, et b, b’ ¢€ S, — (a). L’ensemble [S, Xx (a)] 
+ [(a) X S,]' est un rétracte par déformation’ de Vensemble Sn X S, — (b, b’). 

D£MONSTRATION. La surface sphérique S, se laisse obtenir du cube euclidien 
n-dimensionnel Q, ~ E ; [| 2: | S$ 1;7 = 1, 2, --+ n] par l’identification 

ii eon’ 

de tous les points de sa frontiére. On peut admettre que c’est le point a qui 
dérive de cette identification. Les points b et b’ appartiennent alors 4 l’intérieur 
de Q, et par conséquent po = (6, b’) est un point intérieur du cube euclidien 
Qen = Qn X Qn. Il en résulte que la projection p* de p du centre pp sur la 
frontiére de Qe, est définie d’une maniére univoque pour tout p € Qe, — (pp). 
En posant 

g(p, t) = point du segment pop* tel que p(p, g(p,t)) = t-p(p, p*), on obtient 
une fonction rétractant par déformation l’ensemble Qe, — (po) en la frontiére 
du cube Q2,. Remarquons maintenant qu’on déduit l’ensemble S, x S, du 
cube Q2, en identifiant des points (2, y) et (x’, y’) lorsque ils ne se distinguent 
que par les “coordonnées” appartenant A la frontiére de Q,. La frontiére de 
Q2, est transformée par cette identification en l’ensemble [S, X (a)] + [(a) X 8, 
et par conséquent, la fonction g(p, ¢) fait la rétraction demandée. 


2. THtorEME 1. Si la dimension de Vespace M est < 2n, la h-somme existe 
pour chaque couple de h-types de S*. 





5H. Freudenthal, Die Hopfsche Gruppe, Compositio Math. 2 (1935), p. 134-162. 

°K. Borsuk, Sur les groupes des classes de transformations continues, C.R.de |’Ac. des 
Sc.202 (1936), p. 1401-1403. Les difficultés que l’on rencontre dans la définition de h- 
somme des transformations continues univoques n’existent pas pour les transformations 
continues multivoques. La somme homologique se laisse définir pour ces derniéres trans- 
formations sans aucune hypothése sur la dimension. Voir 8. Lefschetz, Sur les trans- 
formations des complexes en spheres, Fund. Math. 27 (1936), p. 106. 

7M X N désigne le produit cartésien des espaces M et N, c.i d.l’ensemble de tous les 
couples (x, y) ot x e M et y € N, métrisé par la formule 


al(z, y), (2, y’)] = Volz, 2’)? + oly, y’). 


* A est dit rétracte de M par déformation, lorsqu’il existe une fonction continue g(z, t) 
de deux variables z « M et 0 S t S 1 dont les valeurs appartiennent 4 M et telle que g(z, 0) 
= z pour ze M, g(M, 1) = A et g(x, 1) = z pourze A. 
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DémonstRATION. Soient yg, ¥ « Sx. Il faut démontrer qu’il existe une 
fonction x € S™“ constituant une h-somme pour les transformations ¢ et ¥. En 
considérant le couple (v(x), ¥(z)) comme une seule transformation f(x) = (¢(z), 
y(x)) de M en S, X S, on obtient une correspondance biunivoque et bicontinue 
entre SY X Sh et (Sn X S,)“. L’homotopie’ des fonctions f(z) = (¢(x), ¥(z)) 
et f'(z) = (e'(z), ¥'(z)) dans (S, X S,)“ est par conséquent équivalente avec 
’homotopie simultanée de ¢ avec ¢’ et de y avec y’ dans S*¥. La dimension 
de M étant < 2n, il existe’ une fonction f” homotope 4 f dans (S, X S,)™ et 
telle que la dimension de f’’(M) est < 2n. Il en résulte qu’il existe pour un 
point a arbitrairement donné dans S, un point (0, b’) « (S, X S,) — [f’(M) 
+ (a) X Si + Sn X (a)]. Tlexiste en outre, d’aprés le lemme, une déformation 
continue g(p, t) de l'ensemble S, X S, — (6, b’) en lui-méme telle que g(p, t) 
est une fonction rétractant S, X S, — (6, b’) en [S, X <a)] + [(a) X S,]. 
La formule f(x) = g[f’’(«), ¢] fait correspondre a cette déformation une déforma- 
tion continue de la fonction fo = f”’ en une fonction f; dont les valeurs appartien- 
nent d[S, X (a)] + [(a) X S,]. Or fi est de la forme (y’, y’) ot g’ et y’ sont 
respectivement homotopes (et par conséquent aussi homologues) 4 ¢ et y et 
satisfont 4 la condition: pour tout « e M une des valeurs ¢’(x) et y'(x) est égale 
ia. Par conséquent les ensembles fermés M,; = Ely(x) = a] et M2 = Ely(x) 


= a] constituent une décomposition de M telle que 
(1) ¢'(M;) = ¥'(M2) = a. 
Il en résulte qu’on obtient une fonction x ¢ Si lorsqu’on pose 


0) x(x) = y'(x) pour ze M,, 
x(x) = ¢’(x) pour x e Me. 


Les fonctions g’ et y’ étant homologues respectivement a ¢ et y, il ne reste 
qu’a démontrer que la fonction x définie dans M = M, + M:z par les formules 
(2) constitue une h-somme de fonctions ¢’, y’ e Si satisfaisant 4 la condition 
(1). 


On prouve facilement” qu’il existe pour tout vrai cycle € = {C;} de M un 





* Deux fonctions ¢, y « N¥ sont dites homotopes dans N™, lorsqu’il existe une famille de 
fonctions {yg} C N™ dépendant d’une maniére continue du parametre 0 < ¢ < 1 et telle 
que go = get gi: = ¥. Une fonction homotope 4 une constante est dite homotope 40. On 
salt que deux fonctions homotopes sont aussi homologues. 

C'est une conséquence facile d’un théoréme de M. W. Hurewicz, sur les transfor- 
mations continues d’un espace métrique séparable M en S,. Voir son travail: Uber 
Abbildungen topologischer Raéume auf die n-dimensionale Sphdre, Fund. Math. 24 (1935), 
D. 146. Cf. aussi mon travail: Sur les transformations continues n’augmentant pas la 
dimension, Fund. Math. 28 (1937), p. 91, th. 3. 

"Cette partie de la démonstration reste valable pour les transformations continues 
aux valeurs arbitraires (et non seulement pour les transformations en surfaces sphériques). 

“Voir par exemple mon travail: O zagadnieniu topologicznego scharakteryzowania sfer 
euklidesowych (en polonais), Wiadomogci Matematyczne 38 (1934), p. 12. 
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vrai cycle homologue 4 © dans M tel que tous les sommets de chacun de ses 
simplexes appartiennent 4 un des ensembles M,. Or, on peut admettre que 
c’est le vrai cycle € qui satisfait 4 cette condition. On a par conséquent 
C; = KS? + K{”, ou K{” est un complexe de M,. Les fonctions ¢’ et y’ trans- 
forment € en vrais cycles Gy = {Cig } et Gy = {[Ci,y} de S,, od C;, = K'"), 
+ K§?,, et Ciy = Ki. + K®).. Dans le cas od la dimension du cycle C, 
est > 1, tous les simplexes du complexe K{” sont transformés par ¢’ en 0 et 


par conséquent K$”,, = 0; pareillement K,, = 0. Il vient: 


(3) Cie +Ci,y = KEY. + KY. 


Or, cette relation persiste aussi dans le cas ot la dimension du cycle C; est 0. 
En effet, en désignant par a; la somme des coefficients du complexe K$”’ on a 
Cig = ma+ KS”, et Ci,y = Ki) + cea, ce qui entratne (3), car la somme 
a, + a2, égale Ala somme des coefficients du cycle C;, disparait.’ Pour achever 
la démonstration il ne reste done qu’é remarquer que le cycle C;,, en lequel la 
fonction x transforme C; est, d’aprés (2), égal A K$"), + K?,.. 


3. Remarquons maintenant que: 

1° L’opération de h-sommation est associative et commutative, 

2° Le h-type de la fonction constante go joue pour l’opération de h-sommation 
le rdle de l’élément 0, car go transforme chaque vrai cycle de M en 0. 

3° a désignant une fonction continue transformant S, en elle-méme avec le 
grade —1, on a pour tout vrai cycle € de S, |’homologie dans S,, entre les vrais 
cycles ©, et —C. Par conséquent, en posant ¢’(x) = ay(x) pour tout ¢ « Sy 
on obtient une fonction opposée 4 ¢, ¢.d d. une fonction telle que la fonction 
constante constitue une h-somme de ¢ et ¢’. 

Les propositions 1°, 2° et 3° et le théoréme 1 nous conduisent au corollaire 
suivant: 

Coro.uaire. Les h-types de transformations d’un espace M de dimension 
< 2n en S, constituent un groupe abélien dans lequel la h-sommation joue le 
réle de Vaddition. 


4. Nous allons maintenant montrer que l’inégalité dim M < 2n ne se laisse 
pas en général remplacer dans le théoréme 1 par une inégalité moins restrictive. 
On a notamment le théoréme suivant: 

Tutorbme 2. On peut trouver pour tout nombre pair n des transformations 
continues de la variété 2n-dimensionnelle M = Sn X Sp en Sn pour lesquelles 
une h-somme n’existe pas. 

Posons 


(4) g(x, y) = ¥(y, x) = x pour tout (2, y) e Sn X Sn. 


Soit a un point arbitrairement donné de S,. La fonction ¢ transforme la 
surface sphérique S, X (a) en S,, avec le grade 1 et la surface sphérique (a) X Sn 
avec le grade 0, tandis que y transforme S, X (a) avec le grade 0 et (a) X Sn 
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avec le grade 1. Or une h-somme xo € S;"*"" de ¢ et y transformerait chacune 
des surfaces sphériques S, X (a) et (2) X S, avec le grade 1. Mais dans le 
as ou n est un nombre pair, une telle fonction xo n’existe pas.” 


5. Nous avons démontré dans le Numéro précédent que le manque d’une 
transformation continue de S, X S, en S, transformant chacune des surfaces 
sphériques Sn X (a) et (a) X S, en S, avec le grade 1 entratne qu’il n’existe 
pas de h-somme pour les fonctions ¢ et y définies par les formules (4). Par 
conséquent, l’hypothése dim M < 2n est indispensable dans ces cas pour la 
validité du théoréme 1. Réciproquement nous allons maintenant montrer que 
existence d’une telle transformation x9 permet d’obtenir la thése du théoréme 1 
sans aucune hypothése sur la dimension de l’espace M. 

TutoriMe 3. L’existence d’une fonction xo « S;"**", transformant pour un 
certain a ¢ S, chacune des surfaces sphériques S, X (a) et (a) X S, en S, avec 
le grade 1 entraine que la h-somme existe pour tout couple des transformations 
continues d’un espace arbitraire M en S,. 

DémonstRATION. Etant données deux transformations ¢, y « S%, posons: 


g(x) = (9(2),a); H(z) = (@, H(z); (x) = (2), V2) 


et preuvons uu préalable que pour tout vrai cycle n-dimensionnel € de M le 
vrai cycle Gs est homologue dans S, X S, au vrai cycle Gg + Gy. Dans ce 
but envisageons un cube euclidien Q,4; 4 n + 1 dimensions, dont nous pouvons 
identifier la frontiére avec S,. La frontiére du cube Qenye = Qnii XK Qn4: est, 
d'une part, égale 4 la somme des ensembles Qnii *X Sn et Sn X Qnii, dont la 
partie commune est S, X S, et, d’autre part, topologiquement identique avec 
la surface sphérique Seni1. L’existence d’une déformation continue de Qn41 
en lui-méme au point a entraine que la fonction @(x) est, dans l’espace (Qn41 
x S,)", homotope (et par conséquent aussi homologue) a la fonction ¥(z) et 
dans espace (Sn X Qnsi)”, a la fonction g(x). Il en résulte que le vrai cycle 
W = G — (Cz + Cz) est dans Qi X S, homologue au vrai cycle €; — Cg = 0. 
Pareillement G’ est homologue 0 dans S, X Qn41. En tenant compte du fait 
que chaque vrai cycle de dimension n + 1 est homologue 4 0 dans Seny1 = (Qn41 
X Sn) + (Sn + Qnii), on en conclut™ que G’ est homologue A 0 dans |’ensemble 
8X S,, edd. Cy ~ Cs + Cj dans S, X Sn. 

Ceci établi nous allons montrer que la fonction x « S* définie par la formule 


x(x) = xoly(x), ¥(z)] 








"Voir H. Hopf, Uber die Abbildungen von Sphdaren auf Sphéren niedriger Dimension, 
Fund. Math. 25 (1935), p. 436, th. V. 

‘* Nous nous appuyons ici sur le simple theoreme suivant: Si M est une somme de deux 
sous-ensembles compacts M, et Mz, ot M,-M, contient un vrai cycle n-dimensionnel 
homologue 4 0 dans chacun des ensembles M;, mais non homologue 4 0 dans M,-Mz2, 
alors il existe un vrai cycle de dimension n + 1 non homologue 4 0 dans M. Voir par 
*xemple la note citée dans le renvoi"2, p. 13. 
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est une h-somme de ¢g et y. Il faut démontrer que pour tout vrai cycle € de 
M ona G, ~ © + G dans S,. La surface sphérique S, étant acyclique en 
toutes les dimensions #n, nous pouvons ne considérer que de vrais cycles de 
dimension n. Comme nous !’avons établi, ©» est dans ce cas homologue dans 
S, X S, au vrai cycle ©; + Gj qui est transformé par xo en vrai cycle (G;),, 
+ (€j),,- Or, la fonction x transformant chacune des surfaces sphériques 
S, X (a) et (a) X S, en S, avec le grade 1, le vrai cycle (Cs), est homologue 
dans S,, & G, et le vrai cycle (Cj), & Gy. Tl en résulte €, = (Cs), ~ (G,),, 
+ (Gy)xo ~ Ge + Gy, e.q.fid. 


6. En tenant compte du fait qu’il existe dans le cas n = 1, 3, 7 une trans- 
formation x) remplissant les hypothéses du Numéro précédent,” on tire du 
théoréme 3: 

Coro.ualrRE. Les types d’homologie des transformations d’un espace M en 
S, constituent pour n = 1, 3, 7 un groupe abélien dans lequel la h-sommation 
joue le réle de l’addition. 


VARSOVIE. 





% Voir H. Hopf, l.c. p. 436, th. VI. 


Be raihcvrae 2: + 
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QUARTIC FIELDS WITH THE SYMMETRIC GROUP 
By D. M. Drisin! 
(Received December 8, 1936) 


1. Introduction. As is well known in the theory of algebraic number fields, 
a prime ideal p in a field k characterizes certain subgroups of the Galois group 
of a normal field K | k—the so-called groups of decomposition, of inertia, and 
of ramification. These subgroups describe the behavior of the prime ideal p 
in K and in certain subfields of K. For a given K | k, well-known results in 
algebraic number theory describe this behavior, and, in particular, if K | k is 
abelian, the class-field theory throws further light on the indices of ramifica- 
tion, on the conductor of K | k and the like. 

This paper is concerned with a converse problem. We shall consider the 
possible types of groups of decomposition, inertia, and ramification connected 
with the normal extension of a quartic field over R, the field of the rational 
numbers, having the symmetric group, and determine which of these types 
may exist. 

This problem is one that has been already treated by Hasse’ for the case of 
cubic fields with the symmetric group, and, as a matter of fact, our work is 
intimately connected with his, as we shall soon see. Other work of this same 
nature in which class-field theoretic methods were employed has been done by 
Porusch,’ who considered special metabelian fields, and by Rosenbliith,* who 
studied the “quaternionic’’ field. 


2. Notations. Construction of the tables. For what follows we shall need 
a complete list of the subgroups of the symmetric group of degree 4, and shall, 
in addition, represent certain of these subgroups by permutations on 4 letters 
so that the interrelations of the various groups may thereby be made more 
clear. 

The complete list (excluding the unit element) is: 





‘National Research Fellow. 

*Hasse, Arithmetische Theorie der kubischen Zahlkérper auf klassenkérpertheoretischer 
Grundlage, Math. Zeitschr., 31 (1930), pp. 565-582. 

* Die Arithmetik in Zahlkérpern, deren zugehorige Galoissche Kérper spezielle metabelsche 
ae besitzen, auf klassenkérpertheoretischer Grundlage, Math. Zeitschr., 37 (1933), pp. 

‘Die arithmetische Theorie und die Konstruktion der Quaternionenkérper auf klassen- 
kirpertheoretischer Grundlage, Monatsh. f. Math. u. Physik, 41 (1934), pp. 85-125. 


739 











740 D. M. DRIBIN 


S, the symmetric group itself, 
A, the alternating group of degree 4, 
Gs: {1, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)}, 
Gs , Gs, the conjugates of Gz in S, 
Ge: {1, (12), (13), (23), (123), (132)}, 
Gs, Go, Ge, the conjugates of Gs in S, 

(1) Va: {1, (12)(34), (13)(24), (14)(23)} (Vierergroup), 
Cx: {1, (1324), (1423), (12)(34)}, 
Ci, C7, the conjugates of C, in S, 
Gy: {1, (12), (34), (12)(34)}, 
G; , G7, the conjugates of G, in S, 
C;: {1, (128), (132)}; C3, Cs, C3", the conjugates of C3 in S, 
V2: {1, (12)(34)}; V2, Ve the conjugates of V2 in S, 
C2: {1, (12)};C2,--- , CS” the conjugates of C. in S. 

If, now, N is a normal field with the symmetric group of degree 4, there 


corresponds to the preceding list of subgroups of S, a list of the various sub- 
fields of N over R. We shall mention only 


N, normal of degree 24 =— |, 


Ai, Ae, As, conjugate fields of degree 12 <> V2, V2, V2, 


(2) B, normal sextic field Vi, 
K, Ki, Kz, Ks, conjugate quartic fields << Gs, Gs, Gs, Ge , 
Q, Q , Q. , conjugate cubic fields <> Gs, Gs, Gs, 
Q, quadratic field ~ A. 


The groups associated with each of the fields, as is indicated above, are those 
subgroups associated by the fundamental theorem of the Galois theory. In 
particular, we see also that the group of N | B is V4, that the group of B|R 
is isomorphic to the symmetric group on three letters, and that B is a normal 
extension of the non-normal cubic field Q. It is now clear how the work of 
Hasse, previously referred to, comes into the picture. 

We now explain the construction of the various tables (pp. 744-746). We 
denote by Gz, Gr, and the Gy, , for a given rational prime p, the groups of 
decomposition, inertia, and ramification, respectively, in N. Table A yields 
information concerning those primes p which are not divisors of the discriminant 
of N | R, ie., for which Gr = 1; Table B yields information concerning the 
“regular” prime divisors of the discriminant, i.e., for which Gr # 1, Gr, = 1) 
and Table C yields information concerning the “irregular” prime divisors of 
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the discriminant, i.e., for which Gy, # 1. Table D contains all’ the possible 
cases that, though belonging properly to Table C, will be proved to be impossible 
of realization. 

The possible types of the Hilbert subgroup series are briefly described as 
follows... We have always 


S 2Gz 2Gr DGy, D-:: = Gy, = 1, 


where Gy, ,°** » Gvp,, are all equal, Gy,,,,,°*+* , Gy», are all equal and proper 
subgroups of Gy, , and so on. The groups in the Hilbert series from Gr on 
are normal divisors of Gz, the factor groups Gz/Gr and G,r/Gy, are cyclic, and 
the factor groups Gy,/Gv,,, are all abelian of type (p, p,--:,p). The orders 
of the Gy; are powers of p and Gy/Gy, has order ¢ prime to p. These con- 
siderations yield the types of Hilbert series that are listed in column 1 of 
Tables A-D.’ 

Assume that the orders of S/Gz, Gz/Gr, and Gr are g, f, and e = ep"', 
respectively. Then p decomposes in N in the following manner: 


p = (Pi --- By)’, Ny \x(Bi) = p’. 


Also p’ = 1 (mod e@). These facts yield columns 2 and 4 of the tables. That 
column 2 often gives finer results than are obtained by these means is due to 
the fact that we are combining the results of our tables with those in the table 
in Hasse’s paper. Thus (6, 5)° of Hasse’s table yields only p ~ 2 whereas in 
(B, 3, 2)*—a corresponding case—we get p = 1 (mod 4). 

The groups in the Hilbert series for any subfield = of N are obtained by 
intersecting the groups in the Hilbert series for N with that group in the Galois 
series for N which corresponds to =. Thus, if > = B, and if V4, Gz, Gr, Gy, 
are the corresponding groups, and if the orders of Vs/Gz, Gz/Gr, and Gr are 
j,j, and @, respectively, and if p is a prime ideal divisor of p in B, then 


p= (Pi a $5)’, Nw | a($:) = py. 
To find the decomposition of p in B, we use the well known formulas 
ee’ = e, if =f, G9’ = 9 





That is, all except two that will be disposed of in a footnote a little further on. 

‘For proofs of the various statements that are being asserted here and in the succeeding 
paragraphs, the reader is referred to Hasse’s Bericht, Ja, Jahresber. d. Deutsch. Math.-Ver. 
36 (1927), §§8, 9. 

‘It may be said that further cases would arise were we to choose G; , say, instead of G, , 
but such cases would yield nothing new; their effect would be to permute the subfields of N. 
That is, instead of using K or Q, fields conjugate to K or 2 would be used. 

* (6, 5) will be used to indicate the entry in the sixth row and fifth column of Hasse’s 
table; (B, 3, 2) will be used to indicate the entry in the third row and second column ot 
our table B whereas (B, 3) will simply refer to the case corresponding to the third row 
intable B. We shall continue to employ this convenient notation. 
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S, the symmetric group itself, 
A, the alternating group of degree 4, 
Gg: {1, (12), (34), (12)(34), (13)(24), (14)(23), (13824), (1423)}, 
Gs; , Gs, the conjugates of Gs in S, 
Ge: {1, (12), (13), (23), (123), (132)}, 
Gs, Ge, G’, the conjugates of G in S, 

(1) Va: {1, (12)(84), (13)(24), (14)(23)} (Vierergroup), 
Cy: {1, (1324), (1423), (12)(34)}, 
C;, Ci, the conjugates of C, in S, 
Gy: {1, (12), (84), (12)(34)}, 
G:, Gy, the conjugates of G; in S, 
Cs: {1, (123), (132)}; C3, C3, C3’, the conjugates of C; in S, 
V2: {1, (12)(34)}; V2, V2 the conjugates of V2 in S, 
Co: {1, (12)};C2,--+ , CS the conjugates of C2 in S. 

If, now, N is a normal field with the symmetric group of degree 4, there 


corresponds to the preceding list of subgroups of S, a list of the various sub- 
fields of N over R. We shall mention only 


N, normal of degree 24 = 1, 


Ai, Ae, As, conjugate fields of degree 12 <> V2, V2, V2, 


(2) B, normal sextic field ~ Vi, 
K, Ki, Kz, Kz, conjugate quartic fields << Gs, Gs, Go, G , 
Q, 2; , Q. , conjugate cubic fields <> Gs, Gs, Gs, 
Q, quadratic field oH A. 


The groups associated with each of the fields, as is indicated above, are those 
subgroups associated by the fundamental theorem of the Galois theory. In 
particular, we see also that the group of N | B is V,, that the group of B| 
is isomorphic to the symmetric group on three letters, and that B is a normal 
extension of the non-normal cubic field Q. It is now clear how the work of 
Hasse, previously referred to, comes into the picture. 

We now explain the construction of the various tables (pp. 744-746). We 
denote by Gz, Gr, and the Gy; , for a given rational prime p, the groups of 
decomposition, inertia, and ramification, respectively, in N. Table A yields 
information concerning those primes p which are not divisors of the discriminant 
of N | R, ie., for which Gp = 1; Table B yields information concerning the 
“regular” prime divisors of the discriminant, i.e., for which Gr ¥ 1, Gr, = 1; 
and Table C yields information concerning the “irregular” prime divisors of 
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the discriminant, i.e., for which Gy, # 1. Table D contains all’ the possible 
cases that, though belonging properly to Table C, will be proved to be impossible 
of realization. 

The possible types of the Hilbert subgroup series are briefly described as 


follows... We have always 


S 2Gz 2 Gr D Gy, D**: DGy, = 1 


’ 


where Gy, ,°** , Gv»,, are all equal, Gy,,,,, +++ , Gy,, are all equal and proper 
subgroups of Gy, , and so on. The groups in the Hilbert series from Gy on 
are normal divisors of Gz , the factor groups Gz/Gr and G7/Gy, are cyclic, and 
the factor groups Gy,/Gy,,, are all abelian of type (p, p,--- ,p). The orders 
of the Gy, are powers of p and G7r/Gy, has order e prime to p. These con- 
siderations yield the types of Hilbert series that are listed in column 1 of 
Tables A-D.’ 

Assume that the orders of S/Gz, Gz/Gr, and Gr are g, f, and e = ep", 
respectively. Then p decomposes in N in the following manner: 


p= (Pi °° $,); Ny | r( Bi) = p. 


Also p’ = 1 (mod e@). These facts yield columns 2 and 4 of the tables. That 
column 2 often gives finer results than are obtained by these means is due to 
the fact that we are combining the results of our tables with those in the table 
in Hasse’s paper. Thus (6, 5)° of Hasse’s table yields only p # 2 whereas in 
(B, 3, 2)*—a corresponding case—we get p = 1 (mod 4). 

The groups in the Hilbert series for any subfield 2 of N are obtained by 
intersecting the groups in the Hilbert series for N with that group in the Galois 
series for N which corresponds to =. Thus, if = = B, and if V4, Gz, Gr, Gy; 
are the corresponding groups, and if the orders of V./Gz, Gz/Gr, and Gr are 
j, j, and @, respectively, and if p is a prime ideal divisor of p in B, then 


p= ($F. --- $5)’, Ny | (Bi) = 
To find the decomposition of p in B, we use the well known formulas 
ee’ = é, if’ aa ia 99’ - q; 





* That is, all except two that will be disposed of in a footnote a little further on. 

* For proofs of the various statements that are being asserted here and in the succeeding 
paragraphs, the reader is referred to Hasse’s Bericht, Ia, Jahresber. d. Deutsch. Math.-Ver. 
36 (1927), §§8, 9. 

‘It may be said that further cases would arise were we to choose G; , say, instead of G, , 
but such cases would yield nothing new; their effect would be to permute the subfields of NV. 
That is, instead of using K or Q, fields conjugate to K or 2 would be used. 

*(6, 5) will be used to indicate the entry in the sixth row and fifth column of Hasse’s 
table; (B, 3, 2) will be used to indicate the entry in the third row and second column ot 
our table B whereas (B, 3) will simply refer to the case corresponding to the third row 
in table B. We shall continue to employ this convenient notation. 
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where g’ is the number of prime ideal divisors of p in B, f’ their common degree, 
and e’ their common order. Thus we get’ column 5 of the tables and, in a 
similar manner, column 9. If we represent by d the discriminant of Q | R then 
column 14 merely yields the well-known criterion describing the decomposition 
of a prime in a quadratic field. 

Column 6 will follow if we consider B as the ground field and investigate the 
decomposition of a prime ideal p in B in the quadratic fields A; and A, over B. 

To obtain column 7, we proceed as above but use the rules” 


@-1 g—l 
DEF,;=4, EE;=e, FiF:=f, LG=g, EPG; =6, 
t=0 t=0 


where G is the number of prime ideal divisors of p in K, E; their respective 
degrees and EH; their respective orders. G;, F;, EH; are the corresponding 
numbers of N | K. In the same way (except that we use the numbers 3 and 8 
in place of 4 and 6 above) we get column 8. 

If Dy represents the discriminant of N | R and if (Dy), represents the highest 
power of p contained in Dy , then 


fal (e—1) +(p®1—1) 04 + (p22—1) (vg—v1) + «+ «] 
(Dy) = p ’ 


where p”! is the order of Gy, , +++ , Gv»,, p™? that of Gry, ,°°* » Gry, ete. 
Thus we get column 10. 
Let p:,--*+ ,~, be the prime ideal divisors of p in B. Then 


= of (e—1) +(p F1—1) vy +(p B21) (vg—v1) +--+] 
(Dy | 2)p = (Pr +++ Po) . , 


where the notation refers to the Hilbert subgroup series for B. We then have 
(Dy)p = (Ds)> Nz | (Dy | 2)p- 


The second factor on the right can be easily determined by means of column 5. 


To find (De), , (De)p, (Dx)p, we proceed in a similar manner, using the 
facts 


(Dy)p = (De)'p N(Dy | a)» = (Da)> N(Dy | 2)» = (Dx)> N(Dw i x)o- 
Column 15 yields the contribution of p to the conductors of the ideal groups 





* At this point we can easily dispose of two cases which were not listed in Table D for 
purposes of unity. In the first case, G@ = S, Gz = Gr = A, Gv, = Vu, Gy; = 1; hence 
in B, p = (~if2)’. But according to Hasse’s table, p must be 3 or = 1 (mod 3), whereas we 
must have p = 2. 

In the second case, G = Gz = S, Gr = Gy, = Vs, Gy,41 = 1; hence in B, p = 9. But 
by Hasse’s table such a case cannot exist. 

107 = 0 is to be interpreted as the absence of a subscript. In such fields as K and Q, 
there will be a “‘preference”’ of a certain prime ideal divisior of p in K or & but this prefer- 
ence depends on our choice of K from its set of four conjugates, or of @ from its set of con- 
jugate fields. See footnote on page 741. 
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ee, in B to which the A; are the class fields. By the class-field theory (since the 

ha A; are quadratic over B), these conductors are equal to the discriminants of 

1en the A; |B and the latter quantities are easily obtained. 

ion It remains only to discuss the determination of the indices of ramification 
that are listed in column 3. These values (corresponding to existent cases) 

the are gleaned from Table EF, which gives all of the possible values for (v, , v2) 

B. according to the considerations that we shall now make. 


We employ the following known facts. If K | k is cyclic of prime degree 1 
and if v is the number of the groups of ramification in K of a prime ideal divisor 








{ of l, then 
' el , el 
ive lsvs , with » = —— or (v, l) =1, 
, [—1 l—1 
ing 
d 8 where e is the order of {in 1. Furthermore, if k contains all the /* roots of 
ot unity, then e* = i : i is an integer and the exact power of [ that divides 


%x)%, the conductor of K | k, is” (*°*, 
Finally, we need a result of Speiser” which states that if p is the prime dividing 
the orders of a series of groups of ramification in a normal field K | k, and that 
te. if vy; and v; are two indices of ramification, then v; = v; (mod p). 
We employ these theorems by noting that N | A; is quadratic and that N | A 
is cyclic of degree 3 (where A corresponds to C; in the Galois series for N). 
The results are given in Table E. 


3. The irregular prime divisor 2. In this section we shall study the cases 





sil in Table C arising from the irregular prime divisor of the discriminant of N | R, 
two. We must first learn to what power a prime ideal divisor p of 2 may occur 

; in the discriminant of a relatively quadratic field A |B, where A = B(vV x) 

Lo. and yw is an integer in B. 

the We may assume that if p is a prime ideal divisor of 2 that u is divisible by 
at most p'. We write » = (p’”)q, where q is divisible by at most p', m = 2” mi, 
h = 2h, where h is the (absolute) class number of B, and mh is odd. If 
m’ = h’, then 

” ph = (per’*'s)thgh = wien, (w; in B), 

for and Vig = wt"? V/y, so that B(Vu2) = B(Wu) and uw is divisible by at 

nce most p’. 

we If m’ < h’, we can determine an integer z in B such that’ p?"’*""""—P || x, 

aut Then 

" ji = px” = (p*'*)?z, 

od Hasse, Bericht, Teil IT, §9. 





2 Speiser, Die Zerlegungsgruppe, J. f. Math. u. Physik, 149 (1919), p. 182. 
‘8 By p« || m is meant: p*| m, and p2*!| m is false. 
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TABLE D 
G Gz | Gr | Gyo, | G¥r, | GV v4 | we? Sth 
1| S | @ | Gs | Gs 1 Ve | 1 pite: pite: 
els ia|v | Vs | 1 | 4 pita pitn 
| | ite 
3 S V4 V4 | Vs | V2 1 pita p 2 
4| S| A | Vs | Vi | 1 1 ‘pity pite 
TABLE E 
Case | Possible (v; , v2) 
CG) (1, -), 8, -), 6 -) 
(C, 2) 5 (1, -), (8, —1); (1, -) only when d = 3 (9) 
(C, 3) (, -) 
(C, 4) (1, -), (2, -) 
(C5) | (1, -) 
(C6) Q, -), @-) 
C,7) (1, -), (2, -) 
; (D, 1) (1, 3), (1, 5), (1, 7) 
(D, 2) (, -) 
(D, 3) (1, 3) 
(D4) (l, -) 





(3) 
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4u 


where p and o are integers in B. Hence 
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where r is divisible by p', at most. Since B(v/x) = B(v/j), we repeat the 
argument in the preceding paragraph, since now m’ = h’. 
Every integer in (BVu) has the form 
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are integers in B. Hence p = 2up, o = 26, with p and ¢ integers in B, so that 


(4) up =a (mod 4x). 


2-1 


The relative discriminant of (3) is é Since the discriminant of B(Wu) | B 
is the greatest common ideal divisor of all the eu, we must determine a solu- 
tion p, ¢ of (4) for which é'u is divisible by a minimum power of p. We indi- 
cate by e the order of p in 2 and by V the order of p in the discriminant of 
B(Vu) | B, that is, p* || 2, p” || discriminant of B(v‘x) | B. 

TueorEM 1. When » = 0 (mod pp), V = 2e + 1. When u is prime to », 
V is even, V = 2V’, and V’ ts in fact that integer for which 


2 


x (p 


mn 2(e—V " 


has a solution x (not necessarily integral) in B, while 
2 


x (p 


2(e—V 7“ 


mu 
is unsolvable. 

Let » = O(p). By (4), up = & (mod p We get, sequentially, 
c= O(p), p = O(p), ¢ = 0(p’), p= 0(p’), --,¢6= O(p"™), so that yu = 
(py). Hence V = 2e + 1 in this case. 

Let u be prime to p. Then, since 6°” is divisible by p only if «is, V is even, 
V=2V’. Since, by (4), up’ = & (mod p”), p = 0(p"’) and™ 


a 
(2) (mod ” aaiiaiig ¥ 
o 


-\2 
Conversely, let » = (2) (mod p**”) where ¢ and f are integers in B and V’ 
p 


i : 


Le 


has the minimum value; since u is prime to p, we may assume that f¢ is prime 
top. If p|| a, then u(pr"’)? = (ex"’)? = of (mod p”) and oj = O(p’”’), 
so that V > 2V’. If V = 2V’ +1, then oy = O(p” *’), «1 = O(p” ™) and 
¢ = 0(p), whereas we had taken ¢ prime to p. Hence V = 2V’ and the theorem 
is established. 

For what is to follow we must make a digression on the number of incon- 
gruent quadratic residues modulo certain powers of » that are prime to p 
(“prime” quadratic residues). 

TurorEM 2. Modulo » or p’ there are o(p) incongruent prime quadratic residues. 
Ife = 2, then modulo »* or p* there are ¢(p’) incongruent prime residues, whereas 
modulo p’ there are g(p*) such. There exist numbers in B that are prime quad- 
ratic residues modulo ° (or p*) and are non-residues modulo »° (or p’). 

Every integer a prime to p gives rise to a prime quadratic residue modulo p, 
namely a. If a; (¢ = 1, 2,--- , o(p)) ranges over a complete set of incon- 
gruent integers prime to p, then so do their squares. For, if ai = a; (mod p), 
then a; = ta; = a; (mod p), since —1 = +1 (mod ). 


14 Vy’ 


can be taken Se, since always there exist solutions of (4) with p° || A, @. 


















748 D. M. DRIBIN 


If, now, 8; (j = 1, 2, , N(p)) ranges over the N(p) wera residues 
modulo » that are = 0 mene p), then the a; + 8; (i = 1, 2,--- e() 
j = 1,2, , N(p)) constitute a complete set of g(p*) prime residues modulo y y. 
For a fixed | 1, “all the a; + B; yield the same quadratic residue modulo p, and 
(a; + 8;)” = (ax + B:)’ (mod p’) implies i = k. For, then a? = a? (mod p), so 
that again a; = a, (mod p). Hence there are o(p’)/N(p) = ¢(p) i incongruent 
prime quadratic residues modulo p’. 

Modulo yp’ the situation is similar. We now let a; range over the ¢(p’) 
incongruent prime residues modulo p’ and let 8; range over the N (p) incon- 
gruent residues modulo p* that are = 0 (mod p’). Then, as before, we get 
(a; + B;)” = (az + 8)” implies 7 ory For, aj = aj(p’) ond 0O=a;-a= 
(ai — 2aia, + az) + 2ox(a; — ax) = (ai — ax)’ (mod p’) (since e > 2 and 
a; = a, (mod p) so that 2(a; — ax) = O(p*)). Hence a; = a, (mod py’) so that 
i = k. There are, then, ¢(p)/N(p) = ¢(p’) incongruent prime quadratic 
residues modulo »’. 

In a similar manner, we treat the cases for the moduli p* and yp’ and the 
results are those stated in Theorem 2. 

It remains to prove the last part of the theorem. If yu is a prime quadratic 
residue modulo p’ and if £; ranges over the N(p’) incongruent numbers modulo 
py that are = 0 (mod p), then the numbers » + &; form a set of N(p’) incon- 
gruent values modulo p*. Since there are only ¢g(p’) incongruent quadratic 
residues modulo p’, there can be at most ¢(p’) values « + £; which are quadratic 
residues modulo p’. Since g(p’) < N(p°), it follows that there exist numbers 
win B such that « = 2° (mod p’) is solvable for x in B, whereas » = y’ (mod y’) 
has no solution for y in B. 

A similar argument shows that there exist quadratic residues modulo p’* that 
are not quadratic residues modulo p’. Theorem 2 is, therefore, completely 
proved. 

By means of Theorems 1 and 2 we can now ascertain which cases in Table C 
that correspond to 2 as an irregular prime divisor cannot exist. We consider 
the various entries in Table E. 

In case (C, 1) according as v = 1, 3, or 5, we must have p = 2°(p’), u 4 y'(P); 
w=2x(p), u # y’(p°); and wp # a’ (p). As we have already shown, there exists 
a » in B for which the first two conditions can be satisfied. v # 5, for every 
integer prime to p is a ——_ residue modulo p. 

In case (C, 4), §? = 1, F = yp with »v = 1,2. The case v = 1 is im- 
possible, as every ‘ilies prime to : is a quadratic residue modulo p; the case 

= 2 may, however, be realized. 

The discussion of the remaining cases is very similar to that of the first four 
and need not be gone into further; the application of Theorems 1 and 2 is direct. 


4. Questions of existence of normal fields of degree 24 having the symmetric 
group. All normal fields N | R having the symmetric group and realizing 2 
given Hilbert subgroup series for a rational prime p are included among the 





field 
degr 
pent 
U 
grou 
adv’ 
If 
imn 
with 
It 
(b) 


and 


be IS 
fror 
case 








idues 
¢(p); 
lo y’, 
, and 
d), 80 
ruent 


o(p’) 
1con- 
> get 


ratic 
dulo 
con- 
ratic 
‘atic 
bers 


|p’) 


that 
tely 


eC 
der 


5 


p); 


ists 
ery 


QUARTIC FIELDS WITH SYMMETRIC GROUP 749 


felds B(W/u1, Vue) where B is a normal sextic field with the symmetric group of 
degree 3, in which p has the desired properties, and B(VWu), B(~W/u2) are inde- 
pendent quadratic fields over B. . 

Under what circumstances such a field N is normal’ with the symmetric 
group of degree four is a question not answered by the present paper. We can 
advance somewhat closer to a solution, however, by the following considerations. 

If G is the group of such a field N, and if N is normal, then the question 
immediately arises: What groups G of order 24 have as subgroups S; and V,, 
with Vs as an invariant subgroup, and with G/V.4 isomorphic to S83? 

Itcan be shown” that there are exactly four such groups. These are (a) S,, 
(b) Ss X Va, (ce) ® = {A, B, Q} where 


A'=B=Q@=1, BAB=A™", A'QA=Q", BQ=QB, 
and (d) = {A, B, Q} where 
A‘=B=Q@=1, AB=BA, A'QA=Q", BQ=QB. 


The case (b) of the direct product can be eliminated if at least one of yu; and 
uw isnot a rational number. But the cases (c) and (d) are not so easily removed 
from consideration and further study of this question will be necessary to isolate 
eases (a), (ec), and (d), cases corresponding to different types of quartic fields. 
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‘4’ For normalcy alone we need only require that the ideal group H in B corresponding 
to N asa class field over B be invariant under all the automorphisms of B. But to impose 
the condition that N shall have, in addition, the symmetric group of degree four as 
Galois group is a problem of greater depth. 

We denote by S; and S, the symmetric groups of degree 3 and 4, respectively. 

The details of this demonstration, while strictly elementary, are not given here, for 
the proof, employing the known list of groups of order 24, is of a computational nature. 
These will be given in a later paper of the author. 





